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Can brane cosmology with a vanishing Λ explain the observations?
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A plethora of models of the universe have been proposed in recent years claiming that the present
universe is accelerating, being driven by some hypothetical source with negative pressure collectively
known as dark energy which though do not appear to resemble any known form of matter tested
in the laboratory. These models are motivated by the high redshift supernovae Ia observations.
Though low density models, without dark energy, also appear to fit the SN Ia data reasonably well,
however, they are ruled out by the CMB observations.

In this paper, we present a warped brane model with an additional surface term of brane curvature
scalar in the action. This results in shifting the dynamical curvature of the model from its geometrical

counterpart, which creates profound consequences. Even for Λ = 0, the low energy decelerating
model successfully explains the observed locations of the peaks in the angular power spectrum of
CMB. This model also fits the high redshift supernovae Ia observations, taken together with the
recently observed SN 1997ff at z ≈ 1.7, very well. Additionally, it also fits the data on the angular
size and redshift of the compact radio sources very well.

PACS numbers: 9880, 9880E, 9880H, 0420

I. INTRODUCTION

In the past few years, there has been a spurt of activity in discovering models of the universe in which the expansion is
accelerating, fuelled by some self-interacting smooth unclustered fluid with high negative pressure collectively known
as dark energy (for a recent review, see [1]). These models are mainly motivated by the high redshift SuperNovae
(SN) Ia observations which cannot be explained in the framework of the canonical Einstein deSitter model (a model of
the decelerating expansion of the universe). The dark energy-models are also supported by the recent measurements
of the fluctuations in the power spectrum of the cosmic microwave background (CMB) radiation which appear to
indicate that the universe is spatially flat and, hence, Ωtotal ≈ 1 [2, 3]. However, the contribution form the total
mass density, including the dark matter, is only about one third: Ωm0 ≈ 0.3, which comes from the studies of the
evolution of cluster abundances with redshift, measurements of the power spectrum of large-scale structure, analyses
of measured peculiar velocities as they relate to the observed matter distribution, and observations of the outflow of
material from voids [4] (the subscript 0 denotes the value of the quantity at the present epoch). Thus, the remaining
two thirds of Ωtotal can easily be accounted by the dark energy.

The simplest model for dark energy is the cosmological constant Λ, which is though plagued with the so called
the cosmological constant problem: why don’t we see the large vacuum energy density ρv ≡ Λ/8πG ≈ 1076 GeV4,
expected from particle physics which is ≈ 10123 times larger than the value predicted by the Friedmann equation? A
phenomenological solution to this problem is supplied by a dynamically decaying Λ [5, 6, 7] or by an evolving large-scale
scalar field, commonly known as quintessence, which can produce negative pressure for a potential energy-dominated
field [1]. A plethora of models of dark energy has erupted from these ideas in the past few years claiming that the
present universe is accelerating [1]. It should be noted however that despite its consistency with the observations,
the nature of dark energy is a mystery at present. It does not seem to resemble any known form of matter tested
in the laboratory. As yet, we have no direct indication that it really exists. In fact, a more natural value of
the cosmological constant is zero (which could either be due to some symmetry or due to a dynamical adjustment
mechanism) rather than an extremely small value but still non-zero. There have been numerous suggestions that the
apparent complications can be eliminated by modifying the laws of gravity [8].

In this paper, we show that the present observations − measurements of the angular fluctuations in the power
spectrum of the CMB, magnitude-redshift observations of the high redshift SN Ia including SN 1997ff of z ≈ 1.7,
angular size-redshift observations of the radio sources of size milliarcsecond − can successfully be explained without
a Λ-term and the universe is still decelerating. The background model, we consider for this purpose, comes from
the warped brane cosmology with an addition of a brane curvature scalar in the action. Higher dimensional (brane)
models, inspired by the superstring theory solutions, are acquiring attention. One possibility of great importance
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arising from these models is that the fundamental Planck scale in the higher dimensions can be considerably smaller
than the usual Planck scale in our 4-dimensional spacetime. This would have profound consequences for models of
the very early universe. For ready reference and also for completeness, we describe the model in the next section.
Observational and cosmological consequences of the model are studied in the following sections.

II. THE MODEL

In brane cosmology, the homogeneous, isotropic Robertson Walker (RW) universe can be envisioned as a hyper surface
embedded in the Schwarzschild anti-deSitter (AdS) bulk spacetime. For the RW metric

ds2 = −d t2 + S2(t)

(

dr2

1 − kr2
+ r2d θ2 + r2 sin2 θ d φ2

)

, (1)

the Israel junction conditions [9] yield a Friedmann-like equation which has some additional terms [10, 11, 12]:

H2 =
8πG

3
ρ

(

1 +
ρ

2σ

)

+
λ

3
+

C

S4
− k

S2
, (2)

where S is the scale factor, G and λ are respectively 4-D gravitational and cosmological constants, σ is the brane
tension and C is the mass parameter of the bulk black hole. The energy density ρ = ρm + ρr (ρm ≡ ρmatter,
ρr ≡ ρradiation), where ρm has contributions from baryonic as well as dark matter (discrepancies between the apparent
baryon content of galaxies and galaxy clusters and their dynamically inferred masses). Equation (2) differs from the
usual Friedmann equation of the standard cosmology in the following two terms. Firstly, the ρ2 term which arises
from the corrections in the stress tensor, by imposing the junction conditions; and secondly, the dark radiation term
C/S4, which arises from the projection of Weyl curvature of the bulk black hole on the brane and behaves like an
additional collisionless and isotropic massless component. However, as we shall show later, these modifications die
out at low redshifts.

If one considers quantum corrections to the bulk-brane action, then further modifications to the Friedmann equation
can be obtained. One such correction, which is also needed for stress tensor regularization [13], has been widely
discussed in the brane world scenarios [14, 15, 16]. It is achieved by adding the Ricci curvature scalar of the brane
as a surface term in the action. In warped brane models, this shifts the curvature parameter k (= 0,±1) of the RW
metric to keff ≡ k − α and equation (2) leads to [14, 16]

H2 =
8πG

3
ρ

(

1 +
ρ

2σ

)

+
Λ

3
+

C
S4

− (k − α)

S2
(3)

where

α = b

[

√

π Gσ

3
l − 1

16 π Gσ l2

]

, (4)

Λ = λ − 3 b

l

√
3πGσ

[

8 π Gσ l2

9
+

1

4πGσl2
− 1

]

, (5)

C = C

[

1 + b

(

3 − β2

3 β

) ]

, β = 4 l

√

π Gσ

3
. (6)

Here b is a small dimensionless parameter through which the brane curvature couples to the action and l is the radius
of curvature of the bulk spacetime. Equation (3) provides the model which we shall be considering in this paper.
Some cosmological implications of this model have been studied earlier by considering a non-zero Λ [16].

By interpreting the different energy density components in units of the critical density, in the usual forms:

Ωm ≡ 8πG

3H2
ρm, Ωr ≡

8πG

3H2
ρr, ΩΛ ≡ Λ

3H2
, Ωdr ≡

C
S4H2

, Ωkeff
≡ (k − α)

S2H2
, (7)

equation (3) reduces to,

H2(z) = H2
0

[

Ωm0 (1 + z)3
{

1 +
ρm0

2σ
(1 + z)3 +

ρr0

σ
(1 + z)4

}

+ Ωr0(1 + z)4
{

1 +
ρr0

2σ
(1 + z)4

}

+ ΩΛ0 + Ωdr0(1 + z)4 − Ωkeff0 (1 + z)2
]

. (8)
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Constraints have been put on the brane tension σ by requiring that the relative corrections to the Newtonian gravity at
short distances should be small. This constrains σ by σ > 109 GeV4 [17] giving (ρr0/σ) < 10−61 and (ρm0/σ) < 10−56.
Thus the terms containing σ in equation (8) are significant only for the redshifts z > 1015 and equation (8) reduces
to the following in the later epochs:

H2(z) = H2
0

[

Ωm0 (1 + z)3 + (Ωr0 + Ωdr0)(1 + z)4 + ΩΛ0 − Ωkeff0 (1 + z)2
]

. (9)

The dark radiation term is constrained by the big bang nucleosynthesis (BBN) by requiring that the change in the
expansion rate due to this term be sufficiently small, so that an acceptable helium-4 abundance is produced. This
yields 0 ≤ Ωdr0 ≤ 0.11 × Ωr0 [18]. Note that the horizon condition of the black hole in the bulk requires that Ωdr

should be non-negative for the cases k = 0 and 1 [10, 11, 19]. By using the energy momentum conservation, the

deceleration parameter q ≡ −S̈/SH2 can be obtained from equation (3) in the form

q(t) =
4πG

3H2
(ρ + 3p) − Λ

3H2
+

C
S4H2

=
Ωm

2
+ Ωr + Ωdr − ΩΛ. (10)

The effective curvature index (k −α) in equations (3) and (9) now serves the role of the dynamical curvature, since
the expansion dynamics of the model, by using (9) at z = 0, can be written solely in terms of the source terms:

H2 = H2
0 [{1 + zΩm0 + z(2 + z)(Ωr0 + Ωdr0)}(1 + z)2 − z(2 + z)ΩΛ0]; (11)

and it does not have any term of α. The same is true for other quantities, like the deceleration parameter and the
expansion age of the universe, which do not have any term of α. However, the different distance measures do depend
on α (at least for the non-zero k, as will become clear in the following), through the dynamical curvature. It should
be noted that, unlike the standard cosmology, the dynamical curvature of the model is different from its geometrical
curvature k, which has profound consequences in the model. To illustrate this point, we derive different distance
measures in the model.

If a light source of redshift z is located at a radial coordinate distance r1, its luminosity distance dL, angular
diameter distance dA and proper motion distance dM are given by

dL = (1 + z)S0 r1, dA =
S0 r1

(1 + z)
, dM = S0 r1, (12)

where r1 can be calculated from the metric (1), giving

1

S0

∫ z

0

dz′

H(z′)
=















sin−1 r1, when k = 1

r1, when k = 0

sinh−1 r1, when k = −1.

(13)

It is worth noting that in deriving equations (12, 13), the only assumption one needs to make, is that of the validity of
the RW metric given by equation (1) and hence they hold for all the RW models. The present radius of the universe
S0, appearing in equations (12) and (13) which measures the curvature of spacetime, can be calculated from equation
(7) as

S0 =

√

(k − α)

(Ωtotal − 1)
H−1

0 , Ωtotal ≡ Ωm0 + Ωr0 + Ωdr0 + ΩΛ0. (14)

An interesting case arises when the model is geometrically flat (k = 0). More explicitly, this case can be represented
by Ωm0 +Ωr0 +Ωdr0 +ΩΛ0 +Ωα0 = 1, where the virtual Ωα is defined by Ωα ≡ α/S2H2. This is analogous to the case
Ωm0 + Ωr0 + ΩΛ0 = 1 of the standard flat cosmology. Since the expansion dynamics as well as the different distance
measures do not depend on α in the k = 0 model, Ωm0, ΩΛ0, etc. can vary freely (by choosing suitable Ωα0) and
can produce an Ωtotal significantly different from 1 (unlike the standard cosmology: Ωtotal = 1). This is, in fact, the
only apparent difference (apart from Ωdr) between the present (k = 0) model and the standard flat cosmology. In
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the latter case, the source parameters are constrained to remain on the plane Ωm0 + Ωr0 + ΩΛ0 = 1; whereas in the
former case, they are constrained by Ωm0 + Ωr0 + Ωdr0 + ΩΛ0 + Ωα0 = 1. The only other constraint the parameters
have to satisfy is 1 + Ωm0z + z(2 + z){Ωr0 + Ωdr0 − ΩΛ0/(1 + z)2} ≥ 0, coming from equation (11). This gives more
leverage to the parameters Ωm0 and ΩΛ0

and hence a bigger parameter space is allowed than in the flat standard
cosmology. Additionally for a given α, one can still estimate S0 (for the cases Ωtotal 6= 1) in a geometrically flat model

through S0 =
√

α/(1 − Ωtotal)H
−1
0 , which is otherwise not possible in the standard cosmology. This implies that α

is, respectively, positive or negative according as Ωtotal < 1 or Ωtotal > 1. For Ωtotal = 1, the model reduces to the
standard flat model. In this paper, we shall keep ourselves limited to the case k = 0. A more general analysis will be
done elsewhere [20].

We would like to mention about an alternative interpretations of the term α/S2 appearing in equation (3). In fact,
the 1/S2 fall off is a typical characteristic of a ‘pseudo’ source with equation of state ρ+Σi pi = 0 which corresponds to
topological defects, like cosmic strings and textures [21]. However, it neither contributes to the deceleration parameter
nor to the Hubble parameter, as we have seen earlier. It would, therefore, be more appropriate to consider this term
as a shift in the dynamical curvature of the standard cosmology and not as a source term.

III. OBSERVATIONS OF THE FLUCTUATIONS IN THE POWER SPECTRUM OF CMB

The small fluctuations (anisotropies) in the temperature of CMB offer a glimpse of the epoch in the early universe
when photons decoupled from the cosmic plasma at zdec = 1100. Before this epoch, matter and radiation were
tightly coupled and behaved like a single fluid. At z = 1100, the temperature dropped sufficiently to let the protons
capture electrons to form neutral hydrogen and other light elements (recombination). As the electrons, which had
trapped photons, disappeared reducing the opacity for Thomson scattering, the photons decoupled (last scattered)
from matter. The primordial quantum fluctuations, in matter as well as radiation, themselves may have their origin
in the period of inflation. In the case of matter these fluctuations grew due to gravitational instability forming the
present structure. However, the radiation has been streaming freely since decoupling. It has been highly redshifted,
down to the micro region, and carry the picture of the last scattering surface left imprinted in the form of angular
anisotropy in its intensity.

The initial fluctuations in the tightly coupled baryon-photon plasma oscillate at the speed of sound driven by
gravity, inertia of baryons and pressure from photons. This continues until the recombination epoch. Physically these
oscillations represent the hot and cold spots on the fluid generated by compression and rarefaction by a standing
sound or acoustic wave. Thus the wave which has a density maximum at the time of last scattering, corresponds to a
peak in the power spectrum. In the Legendre multipole space ℓ, this corresponds to the angle subtended by the sound
horizon at the last scattering. Higher harmonics of the principal oscillations, which have oscillated more than once,
correspond to secondary peaks. These locations of the peaks are very sensitive to the variations in the parameters
of the model and hence serve as a sensitive probe to constrain the cosmological parameters and discriminate among
various models [22, 23].

The angular power spectra of the temperature fluctuations in CMB have recently been measured in many experi-
ments, like, BOOMERANG, MAXIMA, DASI, CBI, etc. [2, 3]. Bernardis et al have recently measured the ranges of
the first three peaks from their improved analysis of a bigger sample of the BOOMERANG data [2]: ℓpeak1

: 200−223,
ℓpeak2

: 509 − 561, ℓpeak3
: 820 − 857 at one sigma level; and ℓpeak1

: 183 − 223, ℓpeak2
: 445 − 578, ℓpeak3

: 750 − 879
at two sigma level. Though the uncertainties in these ℓpeak values are large, all the observations made so far agree at
least on the location of the first peak which has been measured comparatively more accurately.

The locations of the peaks are set by the acoustic scale ℓA, which can be interpreted as the angle subtended by
the sound horizon at the last scattering surface. This angle (say, θA) is given by the ratio of sound horizon to the
distance (angular diameter distance) of the last scattering surface:

θA =
S(tdec)

∫ tdec

0 cs
dt

S(t)

dA(tdec)
, (15)

where the speed of sound cs in the plasma is given by cs = 1/
√

3(1 + R) and R ≡ 3ρb/4ργ = 3Ωb0/[4Ωγ0(1 + z)]
corresponds to the ratio of baryon to photon density. Acoustic scale ℓA = π/θA, in the k = 0 model, then yields

ℓA = π

∫ zdec

0

[

{1 + zΩm0 + z(2 + z)(Ωr0 + Ωdr0)}(1 + z)2 − z(2 + z)ΩΛ0

]−1/2
dz

∫ ∞

zdec

cs [{1 + zΩm0 + z(2 + z)(Ωr0 + Ωdr0)}(1 + z)2 − z(2 + z)ΩΛ0]
−1/2

dz
. (16)
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The location of i-th peak in the angular power spectrum is given by

ℓpeaki
= ℓA(i − δ), (17)

where the phase shift δ, caused by the plasma driving effect, is solely determined by the pre-recombination physics
and hence would not have any significant contribution from the term containing α at that epoch. Thus one can safely
approximate δ (at least for the present quality of data) with its value in the standard cosmology [22], viz.

δ ≈ 0.267

{

r(zdec)

0.3

}0.1

, (18)

where r(zdec) ≡ ρr(zdec)/ρm(zdec) = Ωr0(1 + zdec)/Ωm0 is the ratio of radiation and matter energy densities at the
decoupling era.

Note that Ωr0 gets contributions from photons (CMB) as well as neutrinos: Ωr = Ωγ + Ων . The present photon
contribution to the radiation can be estimated by the CMB temperature T0 = 2.728K. This gives Ωγ0 ≈ 2.48 h−2 ×
10−5, where h is the present value of the Hubble parameter in units of 100 km s−1 Mpc−1. The neutrino contribution
follows from the assumption of 3 neutrino species, a standard thermal history and and a negligible mass compared
to its temperature [24]. This supplies Ων0 ≈ 1.7 h−2 × 10−5. We have already mentioned that the allowed range
of the dark radiation coming from the BBN is [0 − 0.11] × Ωr0. We consider an average value from this range, viz.,
Ωdr0 = 5.5% of Ωr0. We find that the Λ = 0 model fits the observed peaks very well for a wide range of Ωb0, Ωm0

and h. Figure 1 shows the ranges of Ωm0 and Ωb0 which produce the location of the first peak ℓpeak1
in the observed

region. In order to check the robustness of the model, we vary Ωdr0 at its extreme limits, i.e., 0% and 11% of Ωr0. The
resulting models also fit the observed peak locations very well. For example, for the values Ωm0 = 0.3, Ωb0 = 0.05
and h = 0.65, the different choices of Ωdr0 yield the following. (i) Ωdr0 = 0: ℓpeak1

= 197, ℓpeak2
= 467, ℓpeak3

= 737;
(ii) Ωdr0 = 0.055 × Ωr0: ℓpeak1

= 199, ℓpeak2
= 473, ℓpeak3

= 748; (iii) Ωdr0 = 0.11 × Ωr0: ℓpeak1
= 201, ℓpeak2

= 479,
ℓpeak3

= 756.
It is obvious from the above that the influence of dark radiation on the locations of the peaks is to shift them

towards higher ℓ values. This result is also consistent with other investigations [18]. One also notices that some of
the above-mentioned ℓpeak values are towards the lower boundary of the observations, especially when compared with
1-sigma observations. However, they can be increased either by decreasing h or by increasing Ωb0. For example, even
with Ωdr0 = 0, the values Ωm0 = 0.3, Ωb0 = 0.08 and h = 0.6 yield ℓpeak1

= 210, ℓpeak2
= 502, ℓpeak3

= 793.
Just for comparison, it may be noted that the open model Λ = 0, Ωm0 = 0.3, Ωb0 = 0.05 with h = 0.65 in the

standard cosmology (α = 0 = Ωdr0) yields ℓpeak1
= 425, ℓpeak2

= 1010, ℓpeak3
= 1594, which is clearly ruled out by the

observations. The favoured standard model: Ωm0 = 1 − ΩΛ0 = 0.35, for Ωb0 = 0.05 and h = 0.65, gives ℓpeak1
= 222,

ℓpeak2
= 524, ℓpeak3

= 827.

IV. SUPERNOVAE IA OBSERVATIONS

SuperNovae (SN) Ia, which are thought to be thermonuclear explosions of carbon-oxygen white dwarfs [25], are
almost universally regarded as standard candles and can be observed at cosmological scales since they have high
enough absolute luminosity. As the luminosity distance dL depends sensitively on the spatial curvature and the
expansion dynamics of the models, the magnitude-redshift (m-z) relation for the high redshift SN Ia can be used as
a potential test for cosmological models and provides a useful tool to constrain the parameters of the models.

In order to fit to our model, we consider the data on the redshift and magnitude of a sample of 54 SN Ia considered
by Perlmutter et al (excluding 6 outliers from the full sample of 60 SN) [26], together with SN 1997ff at z = 1.755, the
highest redshift supernova observed so far [27]. It has been confirmed now that SN 1997ff has been observed on the
brighter side due to gravitational lensing from the galaxies lying on the line of sight [28]. After correction for lensing,
the revised magnitude of this SN is meff = 26.02 ± 0.34 [28] which we shall use in our calculations.

The standard definition of magnitude m(z) for the RW spacetime (1) is given by [29]

m(z) = M + 5 log[DL(z)], (19)

where M ≡ (M − 5 log H0+ constant) is the Hubble constant-free absolute luminosity, M is the absolute luminosity
of the source and DL ≡ H0dL is the dimensionless luminosity distance. The luminosity distance dL in the model is
supplied by equations (11−13). It has been shown in [16] that the dark radiation term can be safely neglected while
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considering the present SN Ia data. Moreover, the radiation terms can be neglected even at z = 3.8 (which corresponds
to the highest redshift quasar we shall be considering in the next section) since the contribution of the term Ωr0 +Ωdr0

at z = 3.8 (even when Ωdr0 is at its highest limit) in equation (9) is only about 0.2% of the contribution from the
term Ωm0 with Ωm0 = 0.3. The χ2 value is calculated from its usual definition

χ2 =
55
∑

i=1

[

meff
i − m(zi)

δmeff
i

]2

, (20)

where meff
i refers to the effective magnitude of the ith SN which has been corrected by the lightcurve width-luminosity

correction, galactic extinction and the K-correction from the differences of the R- and B-band filters and the dispersion
δmeff

i is the uncertainty in meff
i .

There seems to be a general impression that the high redshift SN observations rule out the decelerating models.
However, this is not true even in the standard cosmology, as we shall see in the following. Equation (10) suggests that
the present universe will be accelerating if ΩΛ0 > Ωm0/2. Thus the best-fitting standard model to this sample, which
is obtained for the values Ωm0 = 0.7, ΩΛ0 = 1.2, is of course accelerating. The ∆χ2 (χ2 per degrees of freedom), for
this fitting, is obtained as 1.09 and the probability Q, which measures the goodness of fit [30], is obtained as 29.7%
which represent an excellent fit. Even the best-fitting flat model in the standard cosmology is an accelerating one,
which is obtained as Ωm0 = 1 − ΩΛ0 = 0.3 with ∆χ2 = 1.11 and Q = 26.6%. Though the canonical Einstein-deSitter
model (Ωm0 = 1 − ΩΛ0 = 1) has a poor fit: ∆χ2 = 1.72 and Q = 0.08% and is ruled out, however, the open models
with low Ωm0 have reasonable fits. For example, the decelerating (standard cosmological) models Ωm0 = 0.2 with
Λ = 0 (∆χ2 = 1.24, Q = 11.4%); Ωm0 = 0.3 with Λ = 0 (∆χ2 = 1.27, Q = 8.5%); Ωm0 = 0.4 with Λ = 0 (∆χ2 = 1.32,
Q = 5.7%), etc., have reasonable fittings and by no means are rejectable. Open decelerating models with non-zero Λ
(0 < ΩΛ0 < Ωm0/2) have even better fit.

In the present (geometrically flat) brane model with Λ = 0, χ2 decreases for lower values of Ωm0 (as in the standard
open cosmology) giving the best-fitting solution for Ωm0 = −0.3 (with ∆χ2 = 1.19, Q = 16.5%), which is though
unphysical. Thus a ‘physically viable’ best-fitting solution can be regarded as Ωm0 = 0, which gives ∆χ2 = 1.22 with
Q = 12.4%, representing a reasonably good fit, though not as good as the best fit in the standard cosmology. The
allowed regions by the data in the Ωm0 −M plane are plotted in Figure 2 at 1, 2 and 3 sigma levels.

V. ANGULAR SIZE-REDSHIFT DATA FOR HIGH REDSHIFT COMPACT RADIO SOURCES

The radio sources are attractive for the test of cosmological models because they are usually identified with quasars
which, in general, have high redshifts, so the models may be more easily distinguished than with the extended double-
lobed sources. Kellermann [31] showed, by using a sample of 79 such sources, that the resulting angular size-redshift
(Θ-z) relation was cosmologically credible. Jackson and Dodgson [32] used his data to test the standard cosmology
with a cosmological constant. Later on, a more extensive exercise was carried out by Jackson and Dodgson [33] by
considering a bigger sample of 256 ultracompact sources selected from the compilation from Gurvits [34]. It is, in
fact, this data set we are considering to test the present model. Although this data set has been extended recently
by Gurvits et al [35], however, the modified sample becomes highly inhomogeneous as it compiles many different
data sets obtained by many different observers using different instrumentations and imaging techniques. Hence its
credibility is lost and it can fit any model [6].

The original data set of Jackson and Dodgson [33] (which we are considering here) was selected from a bigger sample
of 337 sources, out of which Jackson and Dodgson selected the sources with z in the range 0.5 to 3.8. These objects,
256 in number, are ultra compact radio sources having angular sizes of the order of a few milliarcseconds. They are
deeply embedded in the galactic nuclei and have very short life time compared with the age of the universe. Thus
they are expected to be free from the evolutionary effects and hence may be treated as standard rods, at least in the
statistical sense. These sources are distributed into 16 redshift bins, each bin containing 16 sources. This compilation
has recently been used by many authors to test different cosmological models [7, 36].

In order to fit the data to the model, we derive the Θ-z relation in the following. The (apparant) angular size Θ of
a source, whose proper diameter is d, is given by

Θ(z) =
0.0688 d h

DA(z)
milliarcseconds, (21)

where DA ≡ H0dA is the dimensionless angular diameter distance and d is measured in pc. In the present model,
dA can be obtained from equations (11−13). We fix Λ = 0 and calculate the theoretical Θ(z) for a wide range of
parameters Ωm0 and dh. χ2 is computed from
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χ2 =

16
∑

i=1

[

Θi − Θ(zi)

δΘi

]2

, (22)

which measures the agreement between the theoretical Θ(zi) and the observed value Θi with the errors δΘi of the ith
bin in the sample.

Here also χ2 decreases for lower values of Ωm0 giving the best-fitting solution for Ωm0 = −0.15 with ∆χ2 = 0.94,
Q = 51.9%, which is though not interesting. The ‘viable’ best-fitting solution for Ωm0 = 0 yields ∆χ2 = 0.95 with
Q = 50.4%, which represents an excellent fit. Figures 3 shows the allowed regions by the data in the parameter space
Ωm0 − dh at 1, 2 and 3 sigma levels.

VI. CONCLUSION

The best-fitting models to the high redshift supernovae Ia observations predict an accelerating expansion of the
universe driven by some unknown smooth fluid with negative pressure, like the cosmological constant Λ. Although
the open low energy standard models without this strange fluid show reasonable fit to the SN Ia data, they are ruled
out by the recent CMB observations which predict that the universe is spatially flat. This has given rise to a plethora
of models of the hypothetical ‘dark energy’ (variants of Λ) which do not seem to resemble any known form of matter
tested in the laboratory.

In this paper, we have presented a warped brane model wherein the addition of the brane curvature scalar as
a surface term in the action results in shifting the geometrical curvature index k of the standard cosmology by
a constant α. Though α does not enter directly into the expressions for the Hubble parameter and the different
distances measured in the geometrically flat (k = 0) model, however it helps Ωtotal to assume values different from 1,
which has profound consequences. Even for Λ = 0, the low energy model successfully explains the observed locations
of the peaks in the angular power spectrum of CMB. The model also fits the high redshift supernovae Ia observations,
taken together with the recently observed SN 1997ff at z ≈ 1.7. Additionally, it also fits the data on the angular size
and redshift of the compact radio sources very well.

Though α and S0 do not enter into the dynamics of the (geometrically flat) model, we can still extract some
constraint on the sign of α from the observations, which can be done through the relation α/S2

0H2
0 = 1 − Ωtotal.

Obviously, the SN Ia and the radio sources data, which favour low density models (see Figures 2 and 3) predict
a positive α. However, the CMB observations are consistent with either sign of α (see Figure 1) for the available
accuracy of the data. This degeneracy might be removed by the future observations from the MAP and PLANCK
experiment which are expected to give more accurate measurements.

It is interesting to note that the low Ωm0 models, which are consistent with all the three observations we have
considered, are also consistent with the dynamical measurements of the energy density. Moreover, they are also
consistent with the age of the oldest objects detected so far, e.g., the globular clusters of age tGC = 12.5 ± 1.2 Gyr
[37]. In this connection, we notice that the recent measurements of H0 favour a value in the range (61 − 65) km s−1

Mpc−1 [38], setting the age of the universe t0 in the following ranges. Ωm0 = 0.3: t0 ∈ (12.2 − 13.0) Gyr; Ωm0 = 0.2:
t0 ∈ (12.7− 13.6) Gyr, which are consistent with the above-mentioned tGC. A large number of other methods appear
to converging on a value of H0 in the range (60 − 80) km s−1 Mpc−1 [39]. An average value of H0 = 65 km s−1

Mpc−1 from this range constrains Ωm0 of the model by Ωm0 ≤ 0.34 to give t0 ≥ 12 Gyr.
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FIG. 1: The allowed regions by the CMB at 1 and 2 sigma levels are shown in the Ωm0−Ωb0 plane in the Λ = 0 cosmology, which
produce the first peak in the ranges, respectively, 200 − 223 (dark-shaded region) and 183 − 223 (light-shaded + dark-shaded
regions). We have considered Ωdr0 = 0.055 × Ωr0 and h = 0.65.
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FIG. 2: The allowed regions by the SN Ia observations are shown in the Ωm0 −M plane for Λ = 0 cosmology (M ≡ the Hubble

constant-free absolute luminosity). The ellipses, in the order of increasing size, correspond to respectively 1, 2 and 3 sigma
levels.
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FIG. 3: The allowed regions by the compact radio sources data are shown in the Ωm0 − dh plane for Λ = 0 cosmology (where
d is measured in pc). The ellipses, in the order of increasing size, correspond to respectively 1, 2 and 3 sigma levels.
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