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A model theory for quantized gravity is discussed where only selected degrees of freedom are quantized. The concept of
stationary states is introduced. It is shown that the Planck length arises as a lower bound to the space—time length scale ina

natural way.

1. Various approaches are being tried to quantize
gravity, none with much success (see ref, [1] for a re-
view). Considering the complexities of the problem
certain simplified models may be of value. One such
approach is to quantize a few selected degrees of free-
dom (freezing the rest) using Feynman path integrals.
This method was used successfully in the past with
the conformal degree of freedom (see refs. [2—7]) and
leads to the result that (at least for a wide class of
metrics [7]) near a classical singularity, transitions to
nonsingular space—times can occur.

In order to study the features of the model more
quantitatively,the concept of an average metric can
be introduced [5,6]. In a way this incorporates the
effects of conformal fluctuations. It turns out that, if
one starts with the Friedmann metric of the form

ds2 = —Q2(¢) de2 + Q2(1)[dr2/(1 — kr2) .
+r2(d6? +sin26 dp?)] , )

then the efféct (;f conformal fluctuations is to modify
Q2(¢) to the form

021 = Q)
t1)4[A ( £\ 2\
— 1= 21 &£
X{l+(t v 1 tl) +A (l tl)] , (2)
where £, A and A are constants and

o) ~12, ast—~0. 3

Since Q(f) goes as t2 near the singularity, this gives a
finite value for ng((O). The geometry is nonsingular.

The evolution predicts that the collapse proceeds only
up to the Planck radius {6].

The purpose of the present note is to introduce the
concept of stationary states in this model so as to un-
derstand this process better. An analogy with the hy-
drogen atom may be helpful. Classically, if a proton
and electron interact via the Coulomb potential, they
collapse towards each other. In quantum mechanics,
however, the uncertainty principle prevents this col-
lapse. What is more, there arises a stable stationary
state as the ground state of the system [8]. In the fol-
lowing, we shall show that similar results hold in our
model.

2. In order to do this, consider the Friedmann met-
ric, written in the form

ds? = —dr2
+a2()[dx2 + sin2x (462 + sin26 d¢?)] , @

and treat a(f) as a quantum variable. In the standard

path-integral formalism we ask the question “what is
the probability amplitude for the variable a4 to have a
value a; at time ¢{ and g, at time ¢,?” The answer is
given by the path integral

K@y ty;ay, 1) = [ Dat) exp - STa(t)] )

where it can be shown that (using the methods of refs,
[2] or [4] to omit second derivatives)
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S=— [ dt(1-ada. 6)
ty

The evaluation of (5) will lead to the information
about the evolution of the system as reported in refs.
[5,6]. Here, since we want the stationary state, we
have to write down the “Schrodinger equation” corre-
sponding to the kernel in eq. (5). .This can be done by
treating a(¢) as the quantum variable in the action
given by eq. (6). But this action contains a ga2 term
which will create ambiguity of factor ordering. (As is
well known there is no unique quantum theory for
such a classical system.) We resolve this ambiguity by
a change of variables. Introduce a variable g by the
equation (X is a constant introduced for dimensional
reasons, and will be set equal to unity)

a= )\42/3 . @)

The action reduces to the form

t
s=- [ Bmi? —v@) ar, @)
51
where
m=2\3/3G, u(g)=(3\4G)q?/3 . )
Now the “Schrodinger equation” can be written as
—(h2[2m) 42y[dq? + V(q)y = EY . (10)

One can write this as
d2y/dg? + (e — a2q?3)y =0,

(11)
e=(0mR2)E, a=N2/Gh.

One can derive the same equation from the standard
effective action method. See ref. [9] where a very
similar case is discussed. The boundary conditions are
Y(g = +90) = 0, We are interested in the ground-state
properties of this system, which can be found by the
following analysis.

Since eq. (11) is symmetric under ¢ - —q, the
uniqueness of the eigensolutions teils us that they are
either odd or even. The ground state Y (q) will never
be zero (not counting g = +oo, of course) and will have
dy(/dg = 0 at ¢ = 0 by symmetry. As shown in fig. 1
¥o(q) has a point of inflexion at g where

€ = a2q%/ 3. (12)
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Fig. 1.

For g <q( the curve has negative curvature while for
q > qg it has positive curvature. We can rewrite the
equation:

d2yo/dg? + e [1 - (a/q9)?/31vy =0. (13)

We now compare this equation with the wave equa-
tion of a harmonic oscillator written in the form

d2¢/dg? +€q[1 - (q/qg)*19=0. 14)

In fig. 2 we plot —d2|1/0/dq2 and —d2¢/dq? against
q. The curve for Y (dotted) lies below the curve for
¢, for g <qg. So if both are normalized in fig. 3 to
have the same value at ¢ = 0, ¢(q) will be below Y4(q)
as far as ¢ <q. Beyond this point ¢(q) has a stronger
exponential curvature than y,(q) so that it will drop
to zero faster than Y (g). However, Y (q) has been
adjusted to be zero only at g = oo, s0 ¢(g) will hit the
g-axis at a finite point.

This means that ¢{q) cannot describe the lowest-
energy state of a harmonic oscillator. In other words,
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€q exceeds the lowest-energy eigenvalue of the har-
monic oscillator with potential function

V(@)= (eplad)d® . (15)

If the zero-level solution is ¢y(q) = e”“‘lz, then direct
comparison gives

€ =2u, eO/q(z) =4u? . (16)
Hence the condition e > € gives

€y > 49 2, 17
This leads to the result for the lowest-energy level
Ey> WG . (18)

Again a comparison of Y y(q) with ¢4(q) tells us
that for large g, the latter is more strongly damped
than the former. Thus,
=@y > @y =20 - (19)

So, g2 > (GH)32/A\3. We define the average value of
a2 by the equation

@y =22((g2)/3 .

PHYSICS LETTERS

17 August 1981

This means a2 > G#/c3 (putting in the ¢ factor),
thereby establishing a lower bound on the mean square
value of the scale factor for the metric. The average
value of the scale factor in the lowest stationary state
is of the order of the Planck length.

3. Two points are worth noting about this result.
First, this result helps us to understand the behaviour
of conformal fluctuations in the Friedmann universe
from a different point of view. Since the lowest sta-
tionary state has the scale factor of the order of the
Planck length, it is understandable that the collapsing
system settles down to that state (cf. analogy with the
hydrogen atom presented before). Secondly, one
should notice that distances below the Planck length
have no operational significance. Any procedure to
probe into such small distances would require very
large energy densities; contribution of this energy den-
sity to curvature cannot be neglected. In this way also
the Planck length comes in as a lower limit to the
length scale.
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