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e, Fran
e.Abstra
t. LISA is a joint spa
e mission of the NASA and the ESA for dete
ting lowfrequen
y gravitational waves (GW) in the band 10−5 − 0.1 Hz. The proposed mission willuse 
oherent laser beams whi
h will be ex
hanged between three identi
al spa
e
raft forming agiant (almost) equilateral triangle of side 5×106 kilometres. The plane of the triangle will makean angle of ∼ 60◦ with the plane of the e
lipti
. The spa
e
raft 
onstituting LISA will be freely�oating in the ambient gravitational �eld of the Sun and other 
elestial bodies. To a
hieve therequisite sensitivity, the spa
e
raft formation should remain stable, one requirement being, thedistan
es between spa
e
raft should remain as 
onstant as possible - that is the �exing of thearms should be minimal. In this paper we present a solution - the proje
tile solution - whi
h
onstrains the �exing of the arms to below 5.5 metres/se
 in a three year mission period. Thissolution is obtained in the �eld of the Sun and Earth only, whi
h prin
ipally a�e
t the motionof the spa
e
raft, espe
ially the �exing of LISA's arms.
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Optimising LISA orbits: The proje
tile solution 21. Introdu
tionLISA - Laser Interferometri
 Spa
e Antenna - is a proposed mission of the ESA and NASAwhi
h will use 
oherent laser beams ex
hanged between three identi
al spa
e
raft forming agiant (almost) equilateral triangle of side 5 × 106 kilometres for observing low frequen
y 
osmi
GW [1℄. This will 
omplement the ground-based dete
tors whi
h are geared to operate at higherfrequen
ies ranging from few tens of Hz to kHz. For the su

essful operation of LISA it is 
ru
ialthat the formation of spa
e
raft be stable - that is, the spa
e
raft should maintain as mu
h aspossible, 
onstant distan
es between them. However, the spa
e
raft are freely �oating in theambient gravitational �eld of the Sun, planets and other 
elestial bodies (moon for instan
e) andit is a astrometry problem to seek spa
e
raft orbits whi
h maintain the equilateral triangularformation as nearly as is possible - that is, optimal orbits for the spa
e
raft should be found.There are several 
riteria whi
h the spa
e
raft formation should satisfy for LISA's su

essfuloperation - 
onstraints on, variation in armlengths, the angles between arms, et
. Here we fo
uson the variation in armlengths, the so-
alled `�exing' of the arms for the reasons detailed below.Optimisation of LISA orbits will be also useful in simplifying the hardware that will be requiredin the design of LISA.Minimising the �exing of the arms is important for suppressing the laser frequen
y noise.In ground-based dete
tors, the near exa
t symmetry between the arms suppresses this noise asit is 
ommon to both arms. But in LISA su
h high symmetry is not possible, and moreover,the armlengths 
hange with time. Suppression of this noise is 
ru
ial sin
e the raw laser noiseis orders of magnitude larger than other noises in the interferometer. In LISA, six data streamsarise from the ex
hange of laser beams between the three spa
e
raft. The 
an
ellation of the noiseis a
hieved by the te
hnique 
alled time-delay interferometry (TDI) where the six data streamsare 
ombined with appropriate time-delays [2℄. This is possible be
ause of the redundan
ypresent in the data. TDI was put on a sound mathemati
al footing by establishing that the data
ombinations had an algebrai
 stru
ture. The time delayed data is represented by polynomialsof time-delay operators a
ting on the data, ea
h time-delay operator playing the part of an`indeterminate' of a polynomial ring. The data 
ombinations are then represented by polynomialve
tors whi
h form a free module over the polynomial ring of time-delay operators. Out ofthese, the data 
ombinations 
an
elling laser frequen
y noise form a submodule of this freemodule, wellknown in mathemati
s, as the �rst module of syzygies [3℄. The generators of thesubmodule were found assuming 
onstant armlengths, where one then deals with the simpler
ase of a 
ommutative ring of time-delay operators [3, 4℄. But for realisti
 spa
e
raft orbits,the armlengths vary with time, and then the TDI methods involve non-
ommutative operatorsleading to the imperfe
t 
an
ellation of laser frequen
y noise or the presen
e of residual noise.The residual noise in turn depends on the rate of 
hange of armlengths - the �exing of arms;thus sear
hing for orbits whi
h redu
e the �exing also redu
es the residual laser frequen
y noise.In this paper, following [5℄, we in
lude the gravitational �eld of the Earth in addition tothat of the Sun's in the optimisation problem. The orbits in the Sun's �eld are taken uptose
ond order in α (or e

entri
ity), where α = l/2R, where l ∼ 5 × 106 km is the nominaldistan
e between the spa
e
raft and R is one astronomi
al unit ∼ 1.5 × 108 km. We �nd theperturbative approa
h for the Sun's �eld 
onvenient be
ause we also introdu
e the Earth's e�e
tperturbatively. The se
ond order terms in α involve the Sun's �eld upto the o
tupole orderand as shown in [6℄ almost exa
tly repli
ate the Keplerian orbits of the spa
e
raft and thereforealso the �exing. We then linearly superpose the perturbative e�e
t of the Earth's gravitational�eld over the Sun's �eld. We 
hoose the Earth over Jupiter be
ause the Earth perturbs theKeplerian orbit in resonan
e, resulting in unbounded growing of the perturbations and also asshown in [5℄ Jupiter's tidal �eld whi
h a�e
ts the �exing is less than 10% of the Earth's and hen
e



Optimising LISA orbits: The proje
tile solution 3not a dominant one. Although we re
ognise that the problem is inherently non-linear - it is athree body problem - the linear perturbative approa
h we believe will be useful for short missionperiods and also provide dire
tions towards solving the fully general optimisation problem. Theanalyti
 approa
h whi
h we follow here helps to gain insight into the problem.We �rst obtain the general solution 
ontaining 18 arbitrary 
onstants, 
orresponding to 3positions and 3 velo
ities for ea
h of the three spa
e
raft. Optimising the 18 parameter solution isa daunting problem - we do not attempt to do so here. However, from physi
al 
onsiderations, wepresent a solution, whi
h we 
all the `proje
tile' solution whi
h 
onsiderably redu
es the �exingof the arms - the rate of 
hange of all armlengths is less than 5.5 metres/se
 in a three yearmission period. We believe that these insights will lead us to the full solution of optimisation on18 parameters. (The nomen
lature `proje
tile' solution will be justi�ed later in the text).2. The general perturbative solution of the spa
e
raft orbitsIn the subse
tion below, we brie�y summarise the results of the previous papers [5, 6℄ and writedown the perturbed CW equations in the two small parameters whi
h des
ribe the e�e
ts of theSun and Earth. In the next subse
tion we write down the general solution with 18 arbitrary
onstants; these are the 18 parameters to be varied in order to optimise LISA's orbits withrespe
t to given 
riteria. Here, our sole 
riterion is minimising the �exing of the arms.Alternatively, we 
ould have 
hosen to work with the exa
t Keplerian orbits of the spa
e
raftfor the Sun's �eld and added to these the perturbations due to the Earth as we have done in [5℄.However, here we use the approximate solution to the se
ond order in the parameter α be
ausewith this solution we gain important physi
al insights into the problem - for example, we 
anslightly adjust the tilt of the plane of LISA, by 
hoosing 
ertain 
onstants judi
iously, whi
h thenhelps in redu
ing the �exing of the arms. Moreover, we have shown in [6℄, we lose very little ina

ura
y, be
ause the approximate solution is extremely 
lose to the exa
t. Also it is gratifying to
he
k that, although we end up with 12 arbitrary 
onstants for ea
h spa
e
raft in this approa
h,they 
ombine two by two, to yield only six independent arbitrary 
onstants 
orresponding to thesix initial 
onditions on the three position 
oordinates and three 
omponents of the velo
ity.2.1. The perturbed Clohessy-Wiltshire equationsIf we 
onsider only the Sun's �eld, there exist orbits in whi
h the plane of the LISA trianglemakes an angle of about 60◦ with the e
lipti
 and the 
luster rolls on
e per year and for whi
h thearmlengths remain 
onstant upto a per
ent. For these orbits, to the �rst order in the e

entri
ity,the distan
es between spa
e
raft remain 
onstant; only at the se
ond order in e

entri
ity thevariations in armlengths appear. It was shown in this 
ase that the �exing 
ould be redu
ed to aminimum ∼ 48, 000 km [6℄ by judi
iously 
hoosing the orbital parameters of the spa
e
raft. Forestablishing this result, it was found 
onvenient to use the Clohessy-Wiltshire equations [7℄.Clohessy and Wiltshire make a transformation to a frame - the CW frame {x, y, z} whi
hhas its origin on the referen
e orbit and also rotates with angular velo
ity Ω. The x dire
tionis normal and 
oplanar with the referen
e orbit, the y dire
tion is tangential and 
omoving,and the z dire
tion is 
hosen orthogonal to the orbital plane. They write down the lineariseddynami
al equations for test-parti
les in the neighbourhood of a referen
e parti
le (su
h as theEarth). The length s
ale here is the Earth-Sun distan
e of 1 A. U. and the motion of a testparti
le is des
ribed by these equations if its distan
e from the origin is small 
ompared with thislength s
ale. Sin
e the frame is noninertial, Coriolis and 
entrifugal for
es appear in addition tothe tidal for
es.
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tile solution 4We take the referen
e parti
le to be orbiting in a 
ir
le of radius R with 
onstant angularvelo
ity Ω. Then the transformation to the CW frame {x, y, z} from the bary
entri
 frame
{X, Y, Z} is given by,

x = (X − R cosΩt) cosΩt + (Y − R sin Ωt) sin Ωt ,

y = − (X − R cosΩt) sin Ωt + (Y − R sin Ωt) cosΩt ,

z = Z. (1)The unperturbed CW equations for a test parti
le with 
oordinates (x, y, z) are given by,
ẍ − 2Ωẏ − 3Ω2x = 0 ,

ÿ + 2Ωẋ = 0 ,

z̈ + Ω2z = 0. (2)These equations in
lude terms upto the quadrupole, when the Sun's �eld is Taylor exanded aboutthe origin of the CW frame. The solutions to these equations we 
all the zero'th order. Amongthese we 
hoose the solutions whi
h form an equilateral triangular 
on�guration of side l. Forthe kth spa
e
raft, k = 1, 2, 3 we have the following 
oordinates:
xk = − 1

2
ρ0 cos(Ωt − 2π(k − 1)/3 − φ0) ,

yk = ρ0 sin(Ωt − 2π(k − 1)/3 − φ0) ,

zk = −
√

3

2
ρ0 cos(Ωt − 2π(k − 1)/3 − φ0) , (3)where ρ0 = l/

√
3 is the 
onstant distan
e ea
h spa
e
raft maintains from the origin of the CWframe and φ0 is an arbitrary 
onstant phase. In this solution, any pair of spa
e
raft maintainthe 
onstant distan
e l between ea
h other.In [6℄ we have shown that if we in
lude the o
tupolar terms and solve perturbatively usingthe zeroth order solution as given by Eq.(3), we obtain the �exing of the arms due to the Sun's�eld only. We now in
lude the Earth's �eld as well. LISA follows the Earth 20◦ behind. We
onsider the model where the 
entre of the Earth leads the origin of the CW frame by 20◦ -thus in our model, the `Earth' or the 
entre of for
e representing the Earth, follows the 
ir
ularreferen
e orbit of radius 1 A. U. Also the Earth is at a �xed position ve
tor r⊕ = (x⊕, y⊕, z⊕) inthe CW frame. We �nd that x⊕ = −R(1− cos 20◦) ∼ −9× 106 km, y⊕ = R sin 20◦ ∼ 5.13× 107km and z⊕ = 0. In order to write the CW equations in a 
onvenient form we �rst de�ne the smallparameter ǫ in terms of the quantity ω2

⊕ = GM⊕/d3
⊕, where d⊕ = |r⊕| ∼ 5.2 × 107 km is thedistan
e of the Earth from the origin of the CW frame; we de�ne ǫ = ω2

⊕/Ω2 ∼ 7.16×10−5 whi
his essentially the ratio of the tidal for
e exerted by the Earth to that of the Sun. We approximate
|r − r⊕| by d⊕ in the for
e �eld of the Earth. We then linearly add the two perturbative terms,namely, the terms des
ribing the o
tupolar �eld of Sun and the Earth's �eld and obtain theperturbed CW equations:

ẍ − 2Ωẏ − 3Ω2x +
3αΩ2

l
(2x2 − y2 − z2) + ǫΩ2(x − x⊕) = 0 ,

ÿ + 2Ωẋ − 6αΩ2

l
xy + ǫΩ2(y − y⊕) = 0 ,

z̈ + Ω2z − 6αΩ2

l
xz + ǫΩ2z = 0. (4)We now have the perturbed equations in two small parameters α and ǫ. We seek perturbativesolutions to Eq. (4) to the �rst order in α and ǫ. We note that the for
ing terms by the Earthin these equations appear at the same frequen
y Ω and hen
e they imply resonan
e. This means
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tile solution 5that the Earth's e�e
t on LISA is 
umulative and therefore important. Also, we have here ignoredhigher order terms in both α and ǫ as well as the 
ross terms in these parameters, in order thatthe problem be
omes linear and therefore tra
table. Thus the solutions we will obtain are validin the short term or for short periods of the LISA mission; for longer periods the problem isinherently nonlinear and di�
ult to deal with analyti
ally - it is infa
t a three body problemthat we are approximating.The quantity ω−1
⊕ ∼ 18.8 years de�nes a times
ale. If we assume a stationary Earth andEarth's gravitational �eld only, the free fall time of a parti
le initially at rest at a distan
e d⊕from Earth is about 21 years whi
h is 
omparable to this times
ale. The three year missionperiod we have assumed here is smaller than the above times
ales and therefore su�
iently shortfor our analysis to be useful. Moreover, as it will turn out for the solution we present, theLISA spa
e
raft fall towards the Earth about half a million km from their initial positions, thusremaining well within the CW frame. Thus we expe
t the linear perturbative analysis that wehave 
arried out here to hold good.2.2. The general solution with 18 parameters (arbitrary 
onstants)Sin
e these solutions have been derived in previous papers [5, 6℄, we merely state the resultshere. We adopt the following notation: we denote the solution for spa
e
raft k with k = 1, 2, 3by the bra
keted su�x k and the zeroth order by the su�x 0, the α perturbation by the su�x

1 and Earth's perturbation - the ǫ perturbation - by the su�x 2; thus we write:
x(k) = x(k)0 + αx(k)1 + ǫx(k)2 , (5)and similarly for the y and z 
oordinates. These are the 
oordinates of the spa
e
raft in the CWframe. Further, to redu
e the 
lutter, we 
hoose units of time and length su
h that Ω = 1 and

l = 1. In these units, to the zeroth order, the spa
e
raft form an equaliteral triangle of side unitywith the distan
e of ea
h spa
e
raft from the origin equal to 1/
√

3; also one year period in theseunits equals t = 2π. In these units we may rewrite Eq.(3) as follows:
x(k)0 = − 1

2
√

3
cosφk ,

y(k)0 =
1√
3

sin φk ,

z(k)0 = − 1

2
cosφk , (6)where, φk = t−2π(k−1)/3− t0 and t0 is a arbitrary 
onstant phase. The perturbative solutionsare the following:

x(k)1 = 2Ak + Bk cosφk + Ck sin φk +
5

8
− 1

24
cos 2φk ,

y(k)1 = − (3Ak + 5/4) t + 2 (Ck cosφk − Bk sin φk) + Dk +
1

6
sin 2φk ,

z(k)1 = Ek cosφk + Fk sinφk +

√
3

4
− 1

4
√

3
cos 2φk ; (7)and,

x(k)2 = 2A′

k + x⊕ + 2ty⊕ + B′

k cosφk + C′

k sin φk +
5t

4
√

3
sinφk ,

y(k)2 = − 3A′t − 2x⊕t − 3

2
y⊕t2 +

5t

2
√

3
cosφk −

√
3

2
sin φk
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tile solution 6
+ 2 (C′

k cosφk − B′

k sin φk) + D′

k ,

z(k)2 = E′

k cosφk + F ′

k sinφk +
1

4
t sinφk . (8)The quantities Ak, Bk, Ck, Dk, Ek, Fk and A′

k, B′

k, C′

k, D′

k, E′

k, F ′

k are arbitrary 
onstants. Forea
h spa
e
raft, there seem to be 12 arbitrary 
onstants. However, if we now add up all thesolutions given in Eqs.(6), (7) and (8) to obtain the full solutions as in Eq.(5), the arbitrary
onstants 
ombine as αAk + ǫA′
k, αBk + ǫB′

k, ... et
. to give just six independent arbitrary
onstants for ea
h spa
e
raft as demanded by the three se
ond order simultaneous di�erentialequations. We �nd however, that it is better to leave the arbitrary 
onstants as they are,be
ause from our previous experien
e, we know what values the arbitrary 
onstants should takein order that the spa
e
raft form stable or nearly stable 
on�gurations in whi
h the variation inarmlengths is a

eptably small.3. Stability and redu
ed �exing of the arms of LISA: the proje
tile solutionWe seek solutions that are (i) stable, and (ii) redu
e the �exing of the arms. Following [6℄ wesatisfy the �rst 
riterion by 
hoosing the following values of the 
onstants:
Ak = − 5

12
, Bk =

1

16
, Ck = Dk = 0, Ek =

√
3

16
, Fk = 0, k = 1, 2, 3. (9)This 
hoi
e of 
onstants ensures that, (i) to the �rst order in e

entri
ity (or α), the spa
e
raftmaintain 
onstant distan
es from the origin, forming an equilateral triangle whi
h makes an angleof 60◦ with the e
lipti
; (ii) to the se
ond order in α, the spa
e
raft do not drift away - the 
hoi
eof Ak ensures that the se
ular term proportional to t in the y(k)1 is set to zero; now the angle ofthe plane of the triangle is not exa
tly 60◦, but very 
lose to it - 5α/16 ∼< 0.01 radians from 60◦.If we `swit
h o�' the Earth's �eld, this 
hoi
e of tilt angle (of 
onstants) ensures that the �exing iskept at a minimum to ∼< 48, 000 km whi
h is less than 1% variation in the armlength. Thus, evenwith the Earth's �eld we seek solutions that are 
lose to the previously found solutions, whi
hwere shown to have optimal properties in the �eld of the Sun only. With this `safe' strategy, weexpe
t not to stray away from optimality. The solutions that we will �nd do not lay any 
laimto exa
t optimality, but they do exhibit adequate redu
ed �exing of the arms to ∼< 5.5 m/se
 ina 3 year mission, whi
h would inturn be useful for redu
ing the residual laser frequen
y noise inTDI. In [5℄ it has been shown that in the type of solutions we are 
onsidering, it is essentiallythe L̇ terms whi
h 
ontribute to the residual noise, where L generi
ally is the length of any onearm; higher order terms 
an be negle
ted. Moreover, the amplitude of the residual noise is ∝ L̇and thus its power spe
tral density (PSD) is ∝ L̇2. Thus a redu
tion in L̇ from 10 m/se
 say,whi
h was the estimate in earlier literature, to 5.5 m/se
, redu
es the PSD of the residual noiseto almost 30% of its earlier estimate.We now turn to the primed set of 
onstants whi
h o

ur in the Earth's perturbative partof the solution. In this part we are guided by a physi
al 
riterion. We would like the Earth'sperturbative e�e
t to be small during LISA's mission. One way to a
hieve this is by setting

x(k)2 = y(k)2 = z(k)2 = 0 as also the velo
ities ẋ(k)2 = ẏ(k)2 = ż(k)2 = 0 at an appropriate epo
h
t, where the overdot represents the time derivative of a quantity. This appropriate epo
h we
hoose at the middle of the mission; so if the mission period is T and we arrange so that theappropriate epo
h o

urs at t = 0, then the mission duration is −T/2 ≤ t ≤ T/2. With theseinitial 
onditions the primed set of arbitrary 
onstants are determined. De�ning for the spa
e
raft
k = 1, 2, 3, the 
onstant phases tk = t0 + 2π(k − 1)/3, and imposing the above mentioned initial
onditions at t = 0, the arbitrary 
onstants for the spa
e
raft take the values:

A′

k = − 1√
3

cos tk ,
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B′

k =
2√
3
− x⊕ cos tk − 2y⊕ sin tk −

√
3

4
sin2 tk ,

C′

k = x⊕ sin tk − 2y⊕ cos tk −
√

3

4
sin tk cos tk ,

D′

k = 4y⊕ − 4√
3

sin tk ,

E′

k =
1

4
sin2 tk ,

F ′

k =
1

4
sin tk cos tk . (10)These 
onstants determine the orbits of the spa
e
raft and therefore the distan
es between themas a fun
tion of the epo
h t. The armlengths lij , i, j = 1, 2, 3 are then 
omputed by the formulae:

lij = [(x(i) − x(j))
2 + (y(i) − y(j))

2 + (z(i) − z(j))
2]

1

2 . (11)In the �gures (1) and (2) below, we plot the armlengths lij and the rate of 
hange of armlengths
l̇ij for the phase t0 = 0 for the mission period of 3 years whi
h in our units is T = 6π. Thearmlength variation in
reases from the previous optimum obtained in the �eld of the Sun only,from 48,000 km to roughly 60,000 km in the 
ombined �eld of the Sun and Earth. Also the rateof 
hange of armlengths in
reases from the maximum of 4 metres/se
 for Sun's �eld only to amaximum of 5.5 metres/se
 in the 
ombined �eld.
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Figure 1. The �gure shows the variation in the three armlengths of LISA for a missionperiod of three years (−3π ≤ Ωt ≤ 3π) for the phase t0 = 0 in millions of km. The maximumvariation in armlengths is about 60,000 km.We also plot in �gure (3) the rate of 
hange of armlength l12 for the di�erent phases,
t0 = 0, 40◦, 80◦. We observe that the pro�les of the 
urves essentially repeat; the 
urves arebasi
ally time translated. The �gure shows that the maximum �exing is essentially insensitiveto the phase. This is the 
onsequen
e of the high symmetry of the LISA 
on�guration. Weterm this as the `proje
tile' solution be
ause just as when a stone (proje
tile) is verti
ally thrownfrom the ground in a gravitational �eld that is assumed to be 
onstant, the stone rea
hes zerovelo
ity midway and returns to the ground. The solution presented here des
ribes an analogoussituation; LISA is `thrown' away from the Earth initially, thus it moves away relative to the
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Figure 2. The �gure shows the time derivative of the armlengths for a mission period ofthree years (−3π ≤ Ωt ≤ 3π) for the phase t0 = 0. The �exing of the arms is less than 5.5metres/se
.
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Figure 3. The �gure shows the �exing of the arm l12 for the di�erent phases t0 = 0, 40◦, 80◦and −3π ≤ Ωt ≤ 3π. The maximum �exing is seen to be insensitive to the phase.Earth in the �rst half of the mission, rea
hes maximum distan
e away from the Earth at mid-mission, and then in the next half of the mission period falls towards the Earth. One 
an easily
ompute the distan
e travelled by LISA relative to the Earth by examining the expressionsfor (x2, y2, z2) in Eq.(8). We have dropped the subs
ript k in order to avoid 
lutter - we 
ando this be
ause of symmetry of the LISA 
on�guration; the results are essentially the samefor all spa
e
raft. Let us therefore 
onsider spa
e
raft 1. If we 
onsider a 3 year missionperiod, then T = 6π. At initial time and �nal times, t = ±T/2 = ±3π, the 
oordinate whi
hdominates is the y 
oordinate (not surprisingly, as this is roughly the dire
tion of the for
e ofthe Earth); and the term that dominates in the y 
oordinate is the quadrati
 term in t. Thus
y2(±T/2) ∼ (3/2y⊕)(T 2/4) = 27π2/2y⊕ ∼ 1367 in the units 
hosen, for T = 6π. Convertingto km by multiplying by the fa
tor ǫ × 5 × 106 km yields ǫy2 ∼ 4.9 × 105 km. At t = 0, the
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tile solution 9initial 
ondition implies, y2 = 0 and also ẏ2 = 0. Thus in this solution, in the �rst year andhalf, LISA travels about 500,000 km away from the Earth and then falls ba
k towards the Earthabout the same distan
e in the se
ond half of the mission. It does not fall ba
k exa
tly to thesame point though, even relative to the Earth, be
ause x2 ∼ 2y⊕t for large times and thus
ǫx2(±3π) ∼ ±6πǫy⊕ ∼ ±7 × 104 km. The z 
oordinate 
hanges very little and plays a minorrole in the solution.As 
ompared to the solution des
ribed in [5℄, in whi
h the initial 
onditions x(k)2 = y(k)2 =
z(k)2 = ẋ(k)2 = ẏ(k)2 = ż(k)2 = 0 were applied at the start of the mission t = 0, and where it wasfound that the maximum �exing after three years was about 8 metres/se
, here in the proje
tilesolution, the �exing is redu
ed to 5.5 metres/se
, in whi
h the same initial 
onditions are appliedmid-mission. This gives an improvement of about 30% in the maximum �exing, and more thana fa
tor of two in the PSD of the residual laser frequen
y noise. If this level of residual noisein the TDI observables 
an be tolerated, then these spa
e
raft orbits 
an be 
onsidered to beadequate.4. Con
luding RemarksIn this paper, we have presented a solution for the LISA spa
e
raft orbits whi
h gives redu
ed�exing of LISA's arms to less than 5.5 metres/se
 in a three year mission. The solution hasbeen obtained in the 
ombined �eld of Sun and Earth. The solution although approximate isanalyti
al and hen
e provides valuable insights into the problem of optimisation. Clearly, this isnot the most optimised solution that is possible. The truly optimised solution for short missionperiods may be 
omputed by varying the 18 arbitrary 
onstants in the general solution whi
hhas been given in this paper. Although we have argued here, that the tidal e�e
ts due to Jupiterare small, for a 
omplete solution, it would be desirable to in
lude the �eld of Jupiter in futureendeavours.Optimisation of orbits is an important problem for LISA, be
ause the judi
ious 
hoi
e oforbits 
an lead to several advantages. As we have argued here, redu
ing the �exing of the armsfrom say 10 metres/se
 to 5.5 metres/se
, tends to redu
e the PSD of the residual noise in theTDI observables to about 30% of its original estimated value. This redu
tion 
ould furtherhelp in the simpli�
ation of the TDI in whi
h the �rst generation modi�ed TDI 
ould su�
e,thus in turn redu
ing the degree of the polynomials in the time delay operators. Lower degreepolynomials are preferred be
ause they de
rease the interpolations required to be 
arried out onthe data and in turn the overall noise. Further, the optimisation of orbits 
an also help in thesimpli�
ation of hardware in the design of LISA.A
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