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The observed structures in the universe are thought to liesendrom gravitational instability acting on small
fluctuations generated in the early universe. These spht@lations are imprinted on the CMBR as angular
anisotropies. The physics which connects initial fluctuadiin the early universe to the observed anisotropies is
fairly well understood, since for most part it involves largerturbation theory. This makes CMBR anisotropies
one of the cleanest probes of the initial fluctuations, weicosmological parameters governing their evolution
and also the geometry of the universe. We review here in lg faé#dagogical manner the physics of the CMBR
anisotropies and explain the role they play in probing cdegical parameters, especially in the light of the
latest observations from the WMAP satellite.

I. INTRODUCTION

The cosmic microwave background radiation (CMBR) is of fameéntal importance in cosmology. Its serendipitous disgov
by Penzias and Wilsonl[1], gave the first clear indicationroarly hot 'Big bang” stage on the evolution of the univerBee
subsequent verification by host of experiments, culmiigaitinthe results of the COBE satellite confirmed that its spmatis
very accurately Planckian![2], with a temperatte= 2.725. This is the firmest evidence that the universe was in thermal
equilibrium at some early stage. Indeed the observed liomitthe spectral distortions severely constrain any sigmfienergy
input into the CMBR below < 107 or so [3].

Shortly after its discovery, it was also predicted that tidBR should show angular variations in its temperature, aue t
photons propagating in an inhomogeneous univérse [4].distdndard picture, the baryonic matter in the early unévesss in
a highly ionized form with radiation strongly coupled to tharyons. As the universe expanded, the matter cooled anasato
formed below abowt000° K. After this epoch the photon mean free path increased &tgréhan the present Hubble radius, and
they could free stream to us. These are the photons that wetdethe CMB. They carry information both about the cordig
at the epoch of their last scattering, as well as processiehwlffect their propagation subsequently. Fluctuationthe early
universe result in inhomogeneities on the ’last scattesurfpce’ (henceforth LSS). These inhomogeneities shaaikkkn today
as angular anisotropies in the temperature of the CMB. Eurthe CMB photons are influenced by a number of gravitationa
and scattering effects during their passage from the LSEetolbserver. These are also expected to generate addfibHzR
anisotropies.

These CMBR anisotropies took a long time to be discoveredtamdbsence in the early observations were beginning togprov
embarrassing, for theories of structure formation. It wasumtil 1992 that the temperature anisotropies in the CMB&ew
detected, on large angular scales, by the Differential dicve Radiometers (DMR) experiment on the COBE satellitel[be
fractional temperature anisotropies are at the levebof and ruled out some of the earlier baryon dominated modetshah
dark matter dominated models, but were quite consistett @ipectations from latter Cold Dark matter models of struect
formation [6,¥].

Since the COBE discovery a large number of expreiments havsesjuently probed the CMBR angular anisotropies over a
variety of angular scales, from degrees to arc minutes fffdr a recent review). This has culminated in the releasthef
first year all-sky data from the Wilkinson Microwave Anisgpy Probe (WMAP) satellite [9]. These observations, espigci
the 'acoustic oscillations’ which are inferred from the sotropy power spectrum, have led to the confirmation of a [@wpu
'standard’ picture for structure formation; one where aryegpoch of inflation generated adiabatic perturbatiors apatially
flat universe. The observed anisotropy patterns also alttsmnological parameters to be probed with considerabldgioac
especially when combined with other data sets related toltkerved inhomogeneous univeise [10, 12]. It has therbtreme
imperative for the modern cosmologist to understand thesisbyoehind CMBR anisotropies. We review here in a pedagbgic
fashion, the relevant physics of the temperature anisitsaggnd also briefly mention the polarization of the CMBR. rEhare
a large number of reviews [13,114,1 15] 16], and text bobks/IET on this subject. The authors aim is to present some oéthes
ideas in a manner in which he, as a non expert, understood/kijecs, which may be of use to some!

Il. THE CMB OBSERVABLES

The CMB is described by its brightness (or intensity) disttion. Since the spectrum of the CMB brightness, seen aagg
direction on the sky, is very close to thermal, it suffices in most cases to givaehgperaturd’(n). The temperature is very
nearly uniform with fluctuation7'(n) at the level ofl0~>T, after removing a dipole contribution. It is convenient ipand
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the temperature anisotropids’(n)/T = ©(n) at the observer in spherical harmonics

G(n) = %(95 ¢) = Z almyim(ea ¢) (1)
lm

with a} . = (—1)™a;—, Since the temperature is a real quantity.

In the standard picture, the universe is assumed to haveezl/fiom density fluctuations initially described by a Gaaiss
random field, and one can then taReo be a Gaussian random field. In this cagg’s are also Gaussian random variables with
zero mean and a variance completely described by their pegpestrum,

(@maym) = Ci0 Omm - 2

Here we have assumed also the statistical isotrop® (@f) field because of which the power spectrum is independent.of
Theoretical predictions of CMBR anisotropy are then coragawith observations by computing tldg’s or the correlation
functionC(a) = (©(n)O(m)), where if we have statistical isotropy, depends only onos o = n - m. From Eq.[2) and the
addition theorem for the spherical harmonics, we have

Z Z almal/ }/lm / m = ZC[ Pl COb Oé) (3)
im U'm/’
The mean-square temperature anisotro7’)?) = T2C(0) is
2l +1 (l+1)C
2\ _ m2 ~ T2 —
(aTP) =123 e ~r2 [0 g @

with the last approximate equality valid for largend sd (141)C; /2w is a measure of the power in the temperature anisotropies,
per logarithmic interval iri space. (We will see below that scale invariant potentialusbations generate anisotropies, due to
the Sachs-Wolfe effectl[4], with a constd(t+ 1)C;, which provides one motivation for this particular combtion).

Note that the CMB brightness and her@és also a function of the space-time locatipn ) of the observer. Here is the
conformal spatial ang the conformal time co-ordinates respectively (see bel@me computes the correlation functioti)
predicted by a given theory by taking the ensemble averag® @fo, 70, 7)O(x0, 70, m)). For the statistically isotropic case
this again only depends afos o« = n - m. Further the Fourier component 6, for everyk mode, often depends amn only
throughl% -m = p, Wherek = k/|k|. One can then conveniently expa@dn a Fourier, Legendre series as

3 ~
Oxo. o) = [ e S (=) 2+ el Pl ) ©
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For a homogeneous, isotropic, Gaussian ranéfield, (a;(k,no)a} (p,n0)) = (lai(k, n0)*)d1r (27)36%(k — p), where the
power spectrund|a; (k,70)|?) depends only ok = |k|. One then gets

20+ 1
> 2 [ SR a2 Reosa), ©)
T
where we have used the addition theorem
. 47 .o
B@»n):2k+1§;mmhw%mm) @)

and carried out the angular part of the integral a¥ using the orthogonality of the Spherical harmonics. ConmggEq. [3)
with Eq. (@) we see that

2 [dk
Qz;/7#wwwm% (®)

We will use this equation below to calculatg’s for various cases. One can roughly set up a correspondeteeen angular
scale at the observer, the corresponding value it refers to in the multipole expansion @?2) and also the corresponding
co-moving wavenumber. One haga/1°) ~ (100/!) and! ~ kR* whereR* is the comoving angular diameter distance to the
LSS and is~ 10h~! Gpc, for a standard CDM cosmology (see below).

We show in Figure 1 a plot of the temperature anisotragdy = 7'\ /I(l + 1)C; /27 and polarization anisotropy versigor
a standard\CDM cosmology, got by running the publicly available code BRAST [19]. One sees a number of features in
such a plot, a flat plateau at lowrising to several peaks and dips, as well as a cut-off at highur aim will be to develop a
physical understanding of the various features that thedidisplays. We now turn to the formalism for computing és for
any theory.



IIl. THE BOLTZMANN EQUATION

The distribution function for photong,(z*, ps) = f(x,p,7), is defined by giving their number in an infinitesimal phase
space volumeJN = f(z*,pg,n)d*z*d>ps. Note that we will use Greek letters for purely spatial cdioates and Latin ones
for space-time co-ordinates. We can wiit® in a co-ordinate independent way,

d4pk ; !
dN = x',pi) ptdX; 26[pmp™ 9

[ 1) o 280 ©)
whereg is the determinant of the metriéy; = /=g €. [dx® A da? A d2*]/3!is an infinitesimal spacelike hypersurfape,
the photon 4-momentum and the delta function ensuregttist null vector. To get the simple expressiondd¥, one chooses
a time slicing withd®; = (\/—gdz'dx?dz?,0,0,0) and carries out the integral ovgy retaining only the positive energy part
of the delta function. This shows explicitly thitis a co-ordinate invariant scalar field. Further, in the abseof collisions,
bothd N and the phase-space voluaier®d>ps would be conserved along the photon trajectory and henodtasphase space
densityf. If X is an affine parameter along the null geodesic, we will there ia/d)\ = 0. On the other hand when collisions
are present the distribution function will change. Thisafton is generally handled by introducing a collision termthe RHS
of the CBE, that is writingif /d\ = ¢&(f). Further it is generally convenient to use the time co-attritself, sayy, as the
independent parameter along the photon trajectory and dfiitd\ = (dn/d\)(df /dn) = &(f) = (dn/d\)c(f). One then has

df 9f dx® of | dpa Of
dn = oy "y oae " dn o V) a0

We look at this equation in the spatially flat, perturbed FRyWerse. Its metric in the conformal-Newton gauge is
ds® = aQ(n) [(1 + 2¢)d772 -(1- 2¢)(da¢2 +dy? + dz2)] (11)

Herea(n) is the expansion factor anglis the conformal time, related to the proper timeddy))dn = dt. (We adoptc = 1
units). We have assumed that a single potewtidéscribes the scalar perturbation, which holds if the soafthe perturbations
is a perfect fluid with no off-diagonal components to the gganomentum tensor.

Since the photon 4-momentuphis a null vector we have*p;p;, = 0. We choose the photon 4-momentum to have compo-
nentsp; = (1/g*“/¢% p, —pn®) where, we have defined the magnitude of the spatial compaf¢od-variant) momentum,
P = XaPaPa- AlSOon is a unit vector in the direction of the photon 3-momentufin

Then to linear order in the perturbed potential,

dx®  dx®/d\  p®

T = dgiay — g =20 e

The geodesic equation for the photons to the linear ordéramerturbations is

dp; 9 ¢

dn Pzt (13)
The Boltzmann equation then becomes
df _of o Of o¢ of _
an o +(14+2¢)n p + 2p8:va oo c(f) (14)

An observer at rest in the perturbed FRW universe, has agkitgh’ = (1/,/900,0). So the energy of the photon measured

by such an observer & = p;u’ = p(1 + ¢)/a. In the unperturbed FRW universe, the energy simply retishith expansion
with £ = p/a. The distribution function for the photons, in the abserfgessturbations is then described by the Planck law,

A

5 (%) = T (15)

Defining the perturbed phase space dengityc, p,n,n) = f(x,p,n,n) — fo(p), to linear order the Boltzmann equation
becomes

df1 ofp
where we have replacefl by f, in the term last on the LHS of Eq{{14) and us@df;,/9p.) = (pa/p)(0fs/0p) =
—n(0fy/0p).
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In the perturbed FRW universe we note that both the pertuttzgelctory and the effect of collisions (under the Thomson
scattering approximation) do not depend on the photon gné&tgs motivates us to define the perturbed phase spaceylansi
terms of a purely temperature perturbatddi(x, n, n) in f;,. We take

p
= —_— | 17
o) = | | a7)
(Note that in such an approximation, we are also neglectingetfects of any spectral distortion). To the first ordedTry T
one can expand in Eq. (IT) to getfy = —p(df,/0p)(6T/T). Again because both the perturbed trajectory and the effect
collisions do not depend om we will usually integrate ovep's. It is then useful to deal with not the full phase space dgns
but just its associated fractional brightness perturbadigfined by

J fip’dp 0T
= =4 (x,n,n). 18
To appreciate better the meaning(6¥'/7") = i/4 let us look at the energy momentum tensor of the photons.ihis
. d>p,,
T - \/_ppyzfs(p bl = [ L 220 (19)

The energy density in the perturbed FRW universe, with mejitien by Eq.[CI]l) is
1+4 dQ
p=T8=(Z—ﬂ/p3dpdﬂf=pR<1+4¢> [H/ig] (20)

wherepr = (47 /a*) [ p3dp f,(p) is the radiation energy density in the absence of pertwhsatiLet us defing = [ i(d2/4n)
and(67'/T)o = [(6T/T)(dS2/4m), the zeroth moments of the perturbed brightnessd temperatur@1’/T") respectively, over
the directions of the photon momenta. The fractional pbetion to the radiation energy density is given by

op =L —4¢+20—4K5T) +¢>} (21)
PR T

Note that in the conformal Newton gauge the radiation dgmpstturbation has an additional contribution from the pdred
potential itself (over and above the contribution from tkeetprbed distribution function). One may feel that thideti§ from

the naive expectation that the radiation energy densityatyg sisp oc 7* and hence the ’physical’ temperature perturbation go
as just(1/4)dp/p. Since the energy of a photon seen by an observer at rest pethebed FRW universe i = p(1 + ¢)/a
(see above), one can write the phase space density in thelpsat-RW universe, to linear order as

1=8xta) =4 (eamies) 4 (rrirea) =

This shows tha® = 6T + ¢ is indeed the 'physical’ temperature perturbation meabbyean observer at rest in the perturbed
FRW universe and th&, = [ ©(dQ/4r) = dr/4, as expected.

IV. THECOLLISION TERM AND THE EQUATION FOR THE PERTURBED BRIGHTNESS

We now consider the effect of collisions. The process thatwah to take into account is the scattering between photons
and electrons. In fact to linear order it is sufficient to ddesthe Thomson scattering limit of negligible energy sf@n in the
electron rest frame. Since the distribution function is alag the effects of collision are most simply calculatedgioyng to
the electron (or fluid) rest frame and transferring the el any other co-ordinate frame. Suppose the distribitiantion
changes bylf = df = drc in the fluid rest frame. Henceforth quantities with an *owattwill represent variables in the
fluid rest frame. Then one can writi /dn = (dr/dn)c. The differential cross section for Thomson scatteringrgfalarized

radiation is given by
do  or Py(n-n')
== 7 23
aQy  Ar < + 2 (23)
whereo is the Thomson cross section andndn’ are the unit vectors specifying the direction of the iniiad the scattered

photon momenta in the fluid rest frame. The collision telfifdr = df /dr = ¢ will have a source due to the photons scattered
into the beam from a direction’ and a sink due to scattering out of the beam. So we have

() = neor [ 42 [1+ 2N (505, i) (24)



where the integration ovel)’ is over the directions af’.
In order to derive the equation satisfied by the brightnessigstion we multiply the linearized Boltzmann equati@g) by
p® and integrate over to get

4 .
Pra [ﬁ FnVi+ 8n.V¢} _dr /p3dp &(f) (25)
4 | On dn

We simplify the collision term on the RHS of Eq_{25), in AppiAl From Eq. [Zb), Eq.[{A4) and E([A5) the equation
satisfied byi, to the leading order of the perturbations, is given by

ﬁ +n.Vi+8n.V¢ = neora
on

. 1 . .
1o +4n.v + 10 ; Yom (n)iom — z] . (26)

The effects of Thomson scattering is to drive the photonitlistion such that the RHS of Eq{]26) would vanish. If thettring
cross section had been isotropic, themould have been driven tf in the fluid rest frame; but in the frame where the fluid
moves there is a doppler shift. In addition the anisotropyludmson scattering introduces the dependence on the quadru
moment of the brightness. The perturbed brightness equaiibbe used to derive the equation for the CMBR anisotrspie
and also the dynamics for the baryon photon fluid.

V. INTEGRAL SOLUTION FOR CMBR ANISOTROPIES

Consider the perturbed brightness equation Eg. (26) ini€ospace, in terms of the Fourier coeﬁicie@(sk, n,n) of the
'physical’ temperature perturbatiéh = 67/T + ¢ = i/4 + ¢, thatis

3 . N
G(wv n, ’I’L) = / ((2171_’;;3 Clk.me(k, n, n) (27)

Henceforth we shall denote the Fourier transform of any tityar by A, except for the velocityx) and potential §) whose
Fourier transforms are denoted B and ® respectively. We also assume that these Fourier co-effictgpend om only

throughy = k - n, as will obtain for example for scalar perturbations. Irsttise one can choose an axis for daahode such
thatiz, = 0form # 0andY], Yam(n)isn/10 = —O2Pa(u)/2, where

Ok, n,pn) = > (=)' (20 + 1)O,(k, ) Pi(1) (28)
l

is the expansion o in a Legendre series. For scalar perturbatidnss also parallel to thé vector, and sev- V = (n- fc)V =

V . Further, it is much more convenient to work with the equafiar the combinatio® + ®. From the Fourier transform of
Eq. (Z8) we then have

(6 + &) + (ikpt + neora)[ + B = n.ora S(k,n, ) + 26, (29)

where, henceforth an over dot will denote a partial deneati.e. f = of /o, for any f. We have also defined the source
function

Py ()02

Qo+ D+ Vy— 5

S(kvnvﬂ) = (30)

Suppose we define the differential optical depth to electmaiteringlr = n.ora dn = n.ordt. Then one can solve Eq.{29)
formally as

O(k,no, 1) + ®(k,mo) = [O(m) + B(my)]e” Mol =7 m0m)
o

+ / dn e~ (mom) {%S(k, 7' n) 4 20| e krlno=m) (31)
i
where we have defined the optical depth to electron scagtbetween epochsto the present,

no
~(0,) = / dnfne (o ora(i), (32)
n
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and7(n) = dr(n,n')/dn = n.(n)ora(n). The first term on the RHS of EQ.{31) can be neglected by takismall enough
initial time 7;, because the exponential damping for large optical defdime can then simplify EqL{B1) to get at the present

epochng

N 7o . o . .
O(k, 1m0, 1) + ®(k,n0) = / dn S(k, 77’#)9(770777)€_lk“(n°_n) + 2/ dn ® e~ thulmo=n) g=7(mo.m) (33)

i i

We have defined above the visibility function
7o
g(mo,m) = #(n)e” T = n.(n)ora(y) exp {_ / dn’ne(n’)cha(n’)} , (34)
n

such thaty(no, n)dn gives for everyn, the probability that the last scattering of a photon ocaliimethe interval(n, n + dn).
Supposey, is the conformal time at the present epoch. Then dscreases frony, the optical depth to electron scattering will
increase and so wilj. However far back into the past whers 1, g will be exponentially damped. So the visibility function
generally increases as one goes into the past attains a mraxahan 'epoch of last scattering’ and decreases expotigntia
thereafter. Its exact behavior of course depends on theitmolof the free electron number density during the recormtion
epoch and also on the subsequent ionization history of tiverse. If the universe went through a standard recomhlin&poch
with no significant reionization thereafter, then the 'swd of last scattering’ is centeredzate 1100 with a very small half
width Az = 100. If on the other hand the universe got significantly reiodiathigh redshifts, as it seems to be indicated by the
WMAP observations, some fraction; ~ 0.17, of the photons will suffer last scattering surface at lafgochs.

We can calculate; (k, ) by taking the Legendre transform of both sides of Eql (33)eNioat the tern®(k, 19) on the LHS
of Eq. [33), does not depend on the photon direction and s miotscontribute to CMBR anisotropy at all. Using the expansi
of plane-waves in terms of spherical waves,

e—ikna _ Z(_i)l(zl + Vi) P (1), 49

l

and writingu exp(—ipkx) = id(exp(—ipkx))/d(kz), we get

A 11 :
(@0 -+ @i (ki) + iV (k) + G2 PEED) L AER)

no
az(k7no)=/ dn  g(no,n)
0

o .
+ / dn e~ 7Mo%, (kAn) (36)
0

Herej; (kz) is the spherical Bessel function, ajjddenotes a derivative with respect to the argumant= 1, — .

Let us interpret the various terms in EL.](36). This equatiomws that anisotropies in the CMBR result from a combimatio
of radiation energy density perturbatioBs and potential perturbationB (the monopole term), on the last scattering surface
and the doppler effect due to the line of sight component efitAryon velocityl” (the dipole term). The anisotropy of the
Thomson scattering cross section also leads to a dependertice radiation quadrupof®,. The spherical Bessel function and
its derivatives in front of these terms project variatiamspace, at the conformal timearound last scattering, to the angular (or
1) anisotropies at the present epogh (A popular jargon is to say that the monopole, dipole anddquole at last scattering
free stream to produce the higher order multipoles todahes€& spherical Bessel functions generally peak aréauxwl ~ |.
The multipoled are then probing generally spatial scales with wavenurhberl/An at around last scattering. The visibility
function weighs the contribution at any conformal timey the probability of last scattering from that epoch. Hyahe last
term (@ term) shows that any variation of the potential along the thsight will also lead to CMBR anisotropies, and is usually
referred to as the integrated Sachs-Wolfe (ISW) effect.

In the limit of a very narrow LSS aj = n*, For angular scales (ari$) such that, their associated spatial scales at the LSS
are much larger than the LSS thickness, one can take theivardd the j; s with 7 to be much slower than that of the visibility
function. In such a narrow LSS approximation, we get

aulk, ) = (@0 + )i kR) + iV (s ) + 2 BV EIED o [ o), (37

*

whereR* = ng — n* is the co-moving angular diameter distance to the LSS. Nwatedue to the presence of ™ in the in the

last term, the range of integration is restricted to be frwoLan* to the present. The presence of a finite width of the LSS causes
a contribution to the ISW effect from epochs just aroundsasttering as well, usually referred to as the early ISWeefil®nce

we calculate the photon brightness, and the baryon vedsaiti the epochs corresponding to last scattering, one tanataq;

using Eq.[(3B) and’; from Eq. [8). Before considering the dynamics of the the barghoton fluid in detail, let us first use the
Eq. (3T) to calculate the CMBR anisotropies at large angdales.



VI. SACHSWOLFE EFFECT AND LARGE ANGLE ANISOTROPIES

We wish to calculate the anisotropies generated at largalangcales (or small values &, large enough such that the
associated spatial scales are larger than the Hubble radihe LSS (i.e.kn* < 1). For such scales one can neglect the
thickness of the LSS and calculatgusing Eq.[[3l7). Let us also assume that the universe is #pdlz and that it is matter
dominated by the time = n*. The evolution of the gravitational potentialis considered in detail in the review by Mukhanov
et al. [20] for a variety of initial conditions, and in varisepochs. We will draw upon several of their results below.

A. Adiabatic perturbations

Consider first adiabatic (or isentropic) perturbationswbich dp,, /(p, + pr) is the same initially for all components. (Here
pn IS the pressure of componem}. This condition is preserved by the evolution on super Heilsbales|[20]. As we show
below, it is also preserved in the evolution of the tighttyupled baryon-photon fluid. For a flat matter dominated usigthe
potential evolves as + (6/n)¢ = 0, which implies thatp is constant in time, ignoring the decaying mode [20]. A dethi
calculation starting from an initial potential perturlmatip; and following the evolution of the adiabatic mode from raidia
era through the matter radiation equality gives+ (9/10)¢; = ¢o. The perturbed Einstein equation also gives for the matter
density perturbatiorl [201,, = —2¢ + (n?/6)V?¢, andv = —(1/3)nV ¢. For adiabatic perturbations; = (4/3)5,,. So
Oo = 6r/4 = 6m/3 = —(2/3)¢ + (n?/18)V3p — —(2/3)¢, for large scales, such thay < 1. So the Fourier co-efficient
g+ ® = —(2/3)® + & = &/3. Further sinced/ = —(i/3)(kn)®, this dipole term in Eq.[(37) is negligible compared to
the monopole tern®, + ®. Also because of tight coupling and negligible thicknest®LSS there is negligible quadrupole
component td®, for kn < 1. On super Hubble scales, for adiabatic perturbations cevelias

dk K (o (k)]?)

L (kR (38)

1 ) . 2
a=a" = g%]l(kR ) PV = ;/

The above’;, which describes the CMBR anisotropies on large scalesdindtially adiabatic potential perturbations, was first
derived by Sachs and Wolfe [4] and is referred to as the S@ddite effect. For a power law spectrum of potential perttidozs,
with A% = k%|®q(k)[?/(27%) = A3 (ko)(k/ko)™ ', one gets

SW _
ey o=

2A2 ns—1 gn,—4 —ng Ng —
_¢,( 1 ) 9ne=4D(3 — 0y \T((2L + ng — 1)/2) 39

9 \ kR T2((4 — 1) /2)T((2L + 5 — 1) /2)

(In the above equatioR(z) is the usual gamma function). In theories of inflation, onots a nearly scale invariant spectrum
corresponding ta, = 1. For this case, one gets a constant

W+ 1)CEY  (As)°
- (B (40)

It is this constancy ofl(! + 1)C;) /2w for scale invariant spectra that motivates workers in thd fie use this combination to
present their results. For power law spectra, the recent \W&Sults by themselves, favor a nearly scale invariantsgéndex
with ns = 0.99 4+ 0.04, but when other large scale structure data is added sligivigr values oh are favored/[10]. Spergel et
al [101] also explore more complicated, running spectra¢éihodels, for fitting the results from WMAP, other fine scaME
experiments and large scale structure data. A recent studpining CMB and large scale structure data favors a scedgiant
spectrum, withn, = 0.98 £ 0.02 with dn,/d1n k = 0.003 £ 0.01i [L1]. Slightly different set of parameters are derived ]}
when they combine the WMAP data with the SDSS results.

One can relate the normalization constant to the scalar normalizatioA used in CMBFAST and by the above authors.
Verde et all[21] giveA] (ko) = (8007 /T') A, whereT = 2.725 x 10°u K andky = 0.002 Mpc~t. Forn = 1, and adopting
a valueA = 0.9, the best fit value for WMAP data alone, givds ~ 3 x 1075, in agreement with the earlier COBE results.
We can also relatel, to the normalization of the matter power spectréin= k3P (k)/(27?), evaluated at = H,. We have
6 = (2/3)A4(D1(a = 1)/Q,,)"/2, whereD; (a) is the growth factor [18]. For a flat matter dominated moded would then
getdy ~ 2 x 10~° consistent with earlier COBE results.

B. Theisocurvature mode

The Sachs-Wolfe effect in theories which begin initiallythvisocurvature perturbations can be computed in an anafgo
manner. Suppose for example, one assumes that the uniaerseddominant components, radiation with dengigyand dark
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matter with density,,,. Then the total density perturbation will b = (prdr + Pmdm)/ (PR + pm) = (Or + Yom) /(1 + y).
Here we have defined = p../pr = a(n)/a(neg) with 1., the epoch of matter-radiation equality. In such a modeletier
also an independent’isocurvature’ mode, where the irgtiavature fluctuation is zero, but there are non-zero fluiginain the
‘entropy per particle’S o ngr/n., o T3/ p,,. This entropy fluctuation is characterizeddy= 65/S = 30 — d,,. In terms of

dr ando, we havedr = (61 (1+y)+yo)/(1+3y/4). For such isocurvature initial conditions on super Hubbkdes, the initial
value ofo = o; is preserved, and this drives the generation of curvatupetaential perturbations in the radiation dominated era
(see for example [20]). The resulting potential fluctuatitreeze after matter domination, on super Hubble scalesai@given

by ¢ = 0,/5 with an associated density perturbatibn = —2¢ = —20,;/5. Also at matter domination, with > 1, one has

dr — (4/3)(07 +0). S0O) = dr/4 — (1/3)(—2¢+ 5¢p) = ¢ andOg + ¢ = 2¢. Then the associated CMBR anisotropies due
to the monopole term in EQ(B7) is = (¢ + ®)ji(kR*) = 2&j;(kR*). The associated dipole and quadrupole can again be
neglected for super horizon scales. For the same amplifyat@ntial perturbations at the epoch of last scattersagurvature
initial conditions therefore lead t®times larger temperature anisotropies on large scales.awe donsidered here only a two
component system; for several components, several indepémodes of perturbations can obtain with a variety of @ased
CMBR anisotropied [22].

C. Theintegrated Sachs-Wolfe effect

If the potentiak) were to change with time after decoupling, we see from[Eq). 8t further anisotropies can be generated at
large angular scales. This effect is known as the integi@aeths Wolfe effect, and typically arises in open universes) a flat
universe with dark energy/cosmological constant, whetteénpotential decays after the universe is dominated byatureg or
dark energy respectively. The gravitational potentialss &raced by other measures of large scale structure, Tiasréherefore
been considerable interest in checking whether there isge langle cross-correlation between the temperature temises
(some of which will arise due the ISW effect) and other meesof large scale structure, with some tentative detecfRfi]s

The Sachs-Wolfe and the ISW effects are dominant on scalgsrl¢han a few degrees, or< 20 or so as schematically
indicated in Figure 1. In order to understand the smallelesgaisotropies we have to have study in greater detail thgoba
photon dynamics, to which we now turn.

VIl. THE BARYON-PHOTON DYNAMICS

We have already derived the equation for the perturbed trégis for the photons. To complete the description of thedwar
photon system we have to also write down the continuity anldreequations for the Baryons in the perturbed FRW universe.
The continuity equation for the baryon density perturbatip is

bp+V-v=3¢ (41)

where term on the RHS takes account of the variation of thBadp@alume due to the perturbed potential. In the baryoreEul
equation, we include the force exerted by the radiation eiBtiryons due tg—e collisions. This force is most simply calculated
as the negative of the rate of momentum density transferetphiotons by the electrons. The change in the momentum gensit
of photons per unit conformal time to linear order in the pdyations is given by

dTy [ dpa p’po (ﬁ
dn V=g p° \dn

where(df /dn)cou = ¢(f) is the change in photon momentum density due to collisiolsitzged in SectioR ). The momentum
transfer to the electrons will be negative of the value datewdl in Eq.[[4R). The radiative force density exerted orefleetrons
(and hence the baryons) by the radiation is then

4 dQ) 4 19m Yom 4
frad = _r / — {neo'TaM (io + 2 102 +4n-v — z> n] = NeOTPRG {F — gv] (43)

) -1 / pdpdQn® e(f) (42)
coll

at 47 4

whereF = [(dQ/4m) i nis the first moment over photon directions of the fraction@iiness. So the baryons feel a force
due to the radiative flu¥’ and a drag proportional to their velocity. The Euler equafar the baryons is then

4
pB[v + Hv] = —ppVeé — Vpp + neorpra [F — gv] (44)

whereH = (da/dn)/a andpg is the baryon pressure. The equations Edl (26),[Ed|. (41)@3) together with an equation of
state for the Baryon gas form the basic set of equations éoB#ryon-Photon system. These equations can be solved tmda go
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approximation in the tight coupling limit, where we congideales of the perturbations much larger than the photom+frea
path. This approximation is likely to be very accurate, befithe recombination epoch, when matter is mostly in an &rhiz
form. Note that the co-moving photon mean free pth= (n.ora)~! grows to aboutMpc scales just before the decoupling
epoch. So the approximatiérl., < 1 (which corresponds to the limit= kR* < R*/L., ~ 10%), should hold quite accurately
for most scales of interests probed by CMBR anisotropies €am then solve for the brightness perturbation iterativiebr
this we first rewrite equation EQ_{R6) as

iQm}/Qm

10

i=io+ +dn-v— L, g—;+n-Vz’+8n-V¢> . (45)

(The repeated. index is assumed to be summed over). We can now write dowrothéan by iteration in powers of,. We
get
2m 12 (46)

z‘<0>:¢0+—10 +4n v

: . i)
i = [ e

+n-Vi® +8n- V(b} (47)

Herei(®) andi(!) are iterative solutions to EQ_{¥5) givinigto the zeroth and first order i, respectively. (We will later
consider iteration up to the second order when deriving &lkping).

Consider to begin with the effects of the baryon - photonttigiupling to the first nontrivial order given by"). Taking the
zeroth moment of Eq[{37), that is averaging both sides offfEd). over the all directions of the photon momentum, we get

. dip 4
20:ZO—L7|:8—;+§V"Uj|, (48)
where we have used the fact thau2/4m)n;n; = (1/3)d;;. Using®g = io/4 + ¢, we then have
09y 1 .
o 4§V v =4 (49)

This implies that the fractional perturbation to the phatamber densityn g /nr = 30, satisfies the same equationdas So
initially adiabatic perturbations in the baryons, with = 30, = (3/4)d initially, maintain this relation in the radiation era.
The first moment, (that is multiplying Eq_{47) lyand integrating over the directions of photon momenta)give

4 Vip , 4. 8
The radiative force experienced by the baryons is then
PR 4. VZO 4 . 8

rad = — | F — -v| = — —+ = = 51
Frad LW{ 3v] pR[3+3v+3v¢>} (51)

So the Euler equation for the baryons, after substituipg= iy /4 + ¢, becomes

4 . 4 40

5+ 5pr)0 + psHo = ~lpp + 3R] VO~ V(pp + pr—) (52)

We see therefore that in the tight coupling limit, the effecThomson scattering by radiation, to the leading ordeg isdd to
the baryon Euler equation : (i) a radiation pressure gradeem withp,.q = pr4©¢/3 = prd~/3, (ii) an extra inertia due to
the radiation by adding a mass densityr/3), to the inertial term in the LHS of Eq{b2) and to the gravitaal force term
on the RHS. When the radiation energy density and pressumindte over that of matter, the baryon photon fluid, in théattig
coupling limit, behaves as though its mass densitipis + pr) and its pressurgr = pr/3 is due to radiation. The ratio of
the inertia due to baryons and that due to radiation is giveR b= 3pp/4pr ~ 0.6(2,h%/0.02)(z/10%)~1. So baryon inertia
cannot be neglected. (On the other hand the fluid pressuigscaeglected compared to the radiation pressure, sinckahaal
speed in the fluid is much smaller thaf/3).

On taking the time derivative of the continuity equation EH), substituting for) from the Euler equation Eq.{b2), and
taking its Fourier transform, we get

6y R 90, k20, Pe . R

o7 TTxRon 0+ B 3 CTirmt (53)
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We see that the baryon photon fluid can undergo acoustidaigmils, driven by the potential, and with an effective shspeed
cs = 1/4/3(1 + R). If the baryon inertia were subdominant, with— 0, ¢, — 1/+/3 which is the sound speed for a highly
relativistic fluid. The baryon inertia leads to a reductidncg from this extreme relativistic value. The oscillator eqoat
Eq. (83) can also be cast in a more suggestive form (cf.Eqf 19,

. ) .
29 0;2@ + k%00 = ke, cﬁi (c;2q>) . (54)
3 dn

We will use the solution of the oscillator equation Hgl(58}liscuss the imprint of the acoustic waves@n

VIIl. ACOUSTIC PEAKS

The acoustic oscillations of the baryon-photon fluid lead tizh structure of peaks and troughs in the CMB anisotropyguro
spectrum, on sub degree angular scaleg (or100). To understand their basic features, let us look at an apaie solution
of the oscillator equation Eq.{b3). To begin with let us eegkhe slow variation oR with time, compared to the oscillation
frequencykc,. Then we can rewrite E{b3) as

R 2
+ k%c2(0¢ + @) = —k*c2RD + 2‘27? (55)

62(60 + q))
on?

Also consider first modes which enter the Hubble radius inntiaéter dominated era, for whigl®?®)/0n? ~ 0. Then the
solution of Eq.[(Bb) is

Op + @ = A(k) coskrs(n) + B(k) sin kry(n) — R® (56)

wherery(n) = [/ dn'/+/3(1 + R) is called the 'sound horizon'. Note the sine and cosine lesitihs will persist in the full
solution but will have a slow damping due to a varialile The —R® term is the particular solution of the inhomogeneous
equation. The effect of a non-zefd (called 'baryon loading’) is to change the sound spegdnd also shift the zero point
of the oscillations of the monopol®, + ®). One needs to specify initial conditions to fiX(k) and B(k) in Eq. [56). Note
that asy — 0, for adiabatic or curvature perturbations, we already sftbim Sectioi Ml tha®, + & — ®/3. This fixes
A(k) = (®/3)(1 + 3R). Also in the tight coupling limit, we have from EQ_49)V = —aé/an. Using this relation, and
noting from SectiofiM| that for adiabatic initial conditisi" — 0 askn — 0, fixes B(k) = 0. Imposing these initial conditions
we have for modes which enter in the matter dominated era,

3006 1+3R

i o
Oy +® = —(1+3R)coskr, — Rb; iV =-2L2 g0
’ 7 ) k on 31+ R)

sin k7 (57)

where we have again neglected the time variatiofh ahd R.

A. Radiation driving

For modes which enter the Hubble radius during the radiatmminated era, one cannot neglect the variation in the grav-
itational potential®. The comoving wavenumbeér.,, corresponding to the Hubble radius at matter-radiatiomagty, is
keg = H(2eq)/(1 + 2eq) = (2QnHZ24)"/?, and modes withk > k., enter the Hubble radius in the radiation dominated
era. During radiation domination, for the fluid which has auation of state»s = p/3, as would obtain for the tightly coupled
baryon-photon fluid, the Einstein equations give- (4/1)® + (k2/3)® = 0 (dots as before denote derivatives with respect to
conformal time)|[20]. The solution for 'adiabatic’ initigbndition is

‘I’(kﬂ?) =

3 .
TE [sinwn — wn coswn] D, (k) (58)
wherew = k/v/3 = ke, is the frequency of the acoustic waves ahdk) the initial potential perturbation on super horizon
scales. (Note that during radiation dominatiqn= 1/+/3). One sees that at early times on super horizon scales kwitk 1,
® — &, where as once a mode enters the Hubble radius, the poteatiays with time, going asymptotically 88k, ) —
—(3 coswn)®;/(wn)? for kn > 1. This decay ofb causes extra driving of the acoustic oscillations for sudues. We can
estimate the effect of this extra driving by directly solyifor the associated density perturbation = dpr/pr using the
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Einstein equations (cf[20]trGa20pr = —k2® — 3HD — 3H2®, and3H?2 = 87Ga?pr. Forkn < 1 one getsr — —2&;,
giving an initial value for the monopol@, + ®) = §z/4 + & — ®;/2. On the other hand, after a mode enters the Hubble
radius, one has asymptotically; — —(2k%n?/3)®(k,n) = 6®;(k) cos(kcyn) for kn > 1. So a mode which enters the Hubble
radius early in the radiation dominated era has acoustitlaigmns with

Oy + P — O, =0p/4d = g@i(k)coskcsn. (59)

The amplitude of the oscillation, is therefore enhancedtrad to a mode entering in the matter dominated era, by arfact
(39,/2)/(®o/3) = 5, where we have usedl, = (9/10)®;. This enhancement is referred to in the literature as ’'tadia
driving’ [24, 12%]. The factor of5 derived above gets modified to aboytif we include the neutrino component [24]. It is
also valid only in the asymptotic limit of very small scalesddgnores the damping effect to be discussed below. Futttieer
modes which are seen as the first few peaks irCthgpectrum havé/ k., larger than unity only by a modest factor, and so the
enhancement is smaller. Nevertheless, the rise from thiesSablfe plateau of thé€; versud curve agd increases from a few
10’s to abovel 00 or so, as displayed in Figure 1, is dominated by this radiadidving effect.

Note that due to the decay of the potentiglthe baryon loading ternR® in Eq. {&T) is absent for modes which enter the
Hubble radius well into radiation domination; so if one dses the effect of baryon loading in th&s at higher, this would
be a firm evidence for the importance of a dark matter companehe universe (see below).

B. Silk damping

So far we have ignored the effects of departures from tighpting. This departure introduces viscosity and heat cotido
effects, and associated damping of the acoustic oscilisim small scales, worked out by Silk[[26]. To calculate 8aknping
effects, one needs to go the second ordekin We give a detailed derivation, starting from the Boltzmawgpuation in Ap-
pendiXB. In this derivation we neglect the anisotropy of fl®mson scattering, and also the effect® ofThe scales for which
damping is important, enter in the radiation era, ang secays as explained above).

For plane wave solutions of the form,

n R n
v=Vexp(ik -+ / Tdn'); ©9=0Ogexp(ik- =+ / Tdn') (60)
we derive the dispersion relation
k2L 4
I = +ikcy — — 2= |[R2+ —(1+R 61
e 6(1+R)2[ +glt )} (61)

To the first order inL.,, the baryon-photon acoustic waves suffer a damping, wigtddmping rate being larger for largeor
smaller wavelengths. This damping effelcti[26], is refet@ih the literature as Silk damping, (If one takes into actdhe
anisotropy of the Thomson scattering one getsl5 instead of4/5 in the last factor above [27]). Silk damping introduces an
exponential damping factexp —(k/kp)? into the sine and cosine terms of EHq.l(57), where the damgizigkp, is determined

by,
K L 4
-2 ! Y 2 =
kg _/0 dn SRR [R +5(1+R)} (62)

(Also since modes witlk > kp, for which Silk damping becomes important, enter in theatidn dominated era and their
potential® has already decayed significantly; so i@ term for such modes is not important). Singgrows to at most- 0.5
by decoupling, the Silk damping scalg' ~ [* L, (n*)]'/? by the last scattering epoch, or the geometric mean of th@comg
photon mean free path and the the Hubble scale at last sogtter

C. Puttingit all together

We can now put all the above ideas together to explicitlyendit incorporating the baryon-photon oscillations. For scales
much larger than the thickness of the LSS it suffices to us€E) for a;, substituting the tight coupling expressions in Eql (57),
for o + ® andiV. (The quadrupole term has negligible effect in the limitight coupling). The resulting; is substituted into
Eqg. (8) to comput&;. Then we have for the anisotropy power spectrum,

2 [ dk k3{|®o|?
0 -2 [ B

E(k)v3(1 +3R) ’
+3R) L\
TR Smkns> Ji(kR")

T k 9 (63)

{E(k)(1 + 3R) coskn? — 3R} ji(kR*) + (
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Note that Eq.[[H7) only describes accurately modes whickrémthe matter dominated era. For modes which enter the ldubb
radius during radiation domination, one has to take accofitite £ dependent enhancement due to radiation driving. Also for
large k we have to take account of Silk damping. These effects cay lmmlaccurately incorporated in a numerical solution
for C;. However many of the physical effects governing the propeaf the acoustic peaks can be illustrated without such a
detailed solution, keeping in mind that the co-efficientthef oscillatory terms will have an extkadependence due to radiation
driving and Silk damping. The fudge factét(k) has been incorporated into EG63) to remind ourselvesettistence of
these effects.

It is also important to recall tha(kR*) is a function sharply peaked &R* ~ [. So for any given, the k integral is
dominated by modes which satisty~ [/R*. On the other hand, the functigi(x) is not as strongly peaked ggx) and has
also a much smaller amplitude comparedjtgsee for example [24, 28]). So the contribution from the depferm (which
containsj; (kR*)), is subdominant compared to the term depending on the tettype and potential (which contaifigk R*)).

We can now use Eq{B3) to understand various features if;tspectrum.

e The CMBR power spectrum, af; has a series of peaks whenever the monopole term is maxinhanjst when
cos(kr¥) = %1, wherer? = r,(n*) is the sound horizon at last scattering. This obtainskfa(n*) = nx, wheren
is an integer; or fot ~ kR* = nl4, where we definés = n(R*/r;(n*)). These acoustic peaks were a clear theoretical
prediction from early 70’s.[29, 30]; they used to be callegpler peaks, but note that the doppler term is subdominant
compared to the temperature and potential contributiafijtorhe peak structure for a standax@DM model is shown
in Figure 1.

e The location of the first peak depends sensitively on théalnionditions, (isocurvature or adiabatic) and also most
importantly on the curvature of the universe. The currerseotations favor a flat universe. For a flat geometry, the
location of the first peak can be used to measure the age ohiherse.

e For isocurvature initial conditions the monopole term wblévesin(kr}), which would be maximum &tr} = (2m +
1)w/2, wherem = 0,1, 2... The peak akr* = 7/2 is generally hidden. The first prominent peak for isocuretnitial
condition is atkr’ = 37/2, and so occurs at largéthan for adiabatic perturbations; present observatiores fadiabatic
initial conditions.

¢ Almost independent of the initial conditions the spacingnaen the peaksis [ 4.

e Due to a non zero baryon density, that is a non Z@rthe peaks are larger wheas(kr?) is negative, since in this case,
the cosine term and the3R term in Eq. [EB) add. Due to this effect of 'baryon loadinyetodd peaks, with = 1,3, ..
have larger amplitudes than the even peaks with 2, 4, ...

e The radiation driving effect, as we explained earlier caubkeC; curve to rise above the Sach-Wolfe signal fealues
corresponding to the acoustic peaks (cf. Figure 1). Note @at theR®P term would be absent, if the the scale cor-
responding to a given peak enters during radiation dondnasuch that the potentidl has decayed by the epogh.
Indeed the observed existence of a 3'rd peak almost comlgarelieight to the 2'nd is an indication of the importance of
(dark) matter in the universe.

¢ Silk damping cuts of th&; spectrum exponentially beyorid~ kpR* ~ 1500 (cf. Figure 1). There is also damping
of the C; spectrum due to the finite thickness of the last scatterinigse. The scales for both damping are similar. The
decline inC; due to both effects has been parametrized byd—(I/1p)™>] factor, wherdp = kpR*, andmp ~ 1.2
[31,132].

We also mention some of the other consequences of the vagyanvgational potential, for th€’; spectrum.

e Th effects of a varying gravitational potential lead to tiE\ effect as mentioned earlier. This can operate both after
last scattering and during the period of recombination.nmaiverse which is at present dominated by dark energy, the
potential associated with sub horizon scales decay aftkrad@ergy domination. The resulting increasé&jnleads to the
upturn forl < 10, from the Sachs-Wolfe plateau seen in Figure 1.

e There is also an early ISW effect for modes which enter thelitutadius in the radiation dominated era. However due to
thee~" factor multiplying® in Eq. [38), this contributes t6' only for those modes whose potential’s decay just before
last scattering. The early ISW causes an increasg fior such modes.

e The early ISW effect partly fills in the rise to the first pealddeads to a shift in the location of the first acoustic peak to
alowerl < 4 [15]. Also for modes withk > k.,, entering the Hubble radius in the radiation era, the decpyotential
leads to a difference between the exact solution to[Ed|. (68&) the approximate solution given by EQ.X(56). This leads to
a further shift in the location of the acoustic peaks, to IoiMi&,131]. Finally,j?(x) has a peak at slightly smalléthan
I = x. All these effects lead to a shift of the peak location td &alue lower thari = nl4, by ~ 25% or so, which can
only be calibrated by numerical solutian [31] (see below).



13

Note that we can use both the location and the relative heighthe acoustic peaks as a sensitive probe of the cosmalogic
parameters, an issue to which we now turn.

D. Theacoustic peaksand cosmological parameters

The cosmological parameters which have been constraimadiimthe curvature of the universe or the total energy thensi
Qr, the baryon density;, = Q,h2, dark matter density,, = Q,,h? (which is predominantly thought to be cold dark matter),
and the slope of the primordial power spectrag We outline some of these ideas, following mainly &twal [31] and the post
WMAP analysis of Paget al [33].

1. Thelocation of the acoustic peaks

For the flat matter dominated universe, the conformal time a'/? o (1 4 z)~'2. If we neglect the effect of baryons,
cs = 1/v/3 andr¥ = n*/\/3. Also R* = n9 — n*, and so the acoustic scale = 37 (0 — n*)/n* ~ V3r(no/n*) =
172(2*/10%)1/2, We therefore expect the first acoustic peak around thisevaluis however important to also take account
of the radiation and baryon densities before decouplinglid®ian density increases the expansion rate and the baigasity
decreases the sound speed angsgets altered (cf. Eq 2 in[33])

rs(2")

1094 [ 22\ V* 1 i+R
_ 109 (z3) L YI+ R+ VR +TRMpC. 64)
Vom \10 VR* L+ ViR
Herer* = pr(n*)/pm(n*) =~ 0.3(w,,/0.14)71(2*/103). Also for a universe with non-zero curvature, in determinthe
mapping betweehandk, its necessary to replace the comoving angular diametemisd 4 = R* = n9 — n* corresponding
to a flat universe, byi 4 applicable to a general cosmology. This is given hy, [17, 24]

6000 14 In(1 — Qy,)0-085]1+1.14(1+w)
iy~ 999 npe g LRG0 _

1—Qy )—0.76
Vom Q(T v)

(65)

HereQy is the ratio of the dark energy to the critical energy densaitglw the dark energy equation of state parametes( —1
for the cosmological constant). For a flACDM cosmology with2yy = 0.73 andQr = 1 one getsd ~ 0.89. Using
la = mda/rk, we see that the,,, dependence cancels out and

d V2 TtR+VR +rR "
lA:ﬂ—A’rE172d(Z—3) [ VIR VR 4 (66)
: 10 VR* 1+ ViR

Note that for a flat universe ignoring the effect of baryond eadiation, one then getg ~ 172, as before. But withv, = 0.02,
wm = 0.14, even for a flat universé, ~ 300 and so is much larger. We note from EQ.](66) that the acousiess most
sensitive to the value dd7, the total density parameter.

Further, the location of the first peak is shifted frombecause of the effects of potential decay (as describedeqbwthich
becomes important for modes with> k.,, entering the Hubble radius during radiation era. The cdmpwavenumbek.,
corresponds td = [, = keqd 4, Where[24]

1/2
leg = (20 HZ20q)/?dp ~ 164 d (%) . (67)
One needs to work out the exact shift numerically; For a sioariant model, withn, = 1 andw;, = 0.02, Hu et al [31] give
ln, = la(n — 1) wherey) ~ 0.267(r*/0.3)%1, and for better accuracy one repla®ez67 with 0.24 for I and0.35 for I3. For
example, for a flahCDM cosmology withw, = 0.02, w,, = 0.14, Q7 = 1, w = —1, and taking account of the phase shift, the
first peak is predicted to be located atz 220. For the WMAP data, the measured value ofthe- 220.1 + 0.8. So the data is
indeed consistent with such a flat universe. (The peaks afsaffigcted mildly by the tilt in the power spectrum from = 1).
However one should caution thgtalone does not determine the geometry; one needs some idea ahd(2, which can
be got from the full WMAP data. There still remains potentiabeneracies$ [42, 143,144], whereby the peak location caefbe |
unchanged by simultaneous variatiorfip, — h space and?,,, — Q2 space. If one imposés > 0.5 as seems very reasonable,
one infersD.98 < Qp < 1.08 (95% confidence level)[10]. For the HST Key project measureméri@as a prior, one gets
Qr = 1.02 £ 0.02. The observations strongly favor a flat universe. Also frown inferred values af, andw,,, from the full
data, one gets an acoustic schle~ 300. If one assumes a flat universe, it turns out that that thelipngif the first peak is
directly correlated with the age of the universe. The WMARadgavest, = 13.6 + 2 yr for the ACDM model [10]
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Finally, the wholeC; spectrum is damped strongly beyond the ségle- kp R*. Numerically, we have from Het al

2240d 2\ 0.24, —0.11
o= e G (i) 4 )

For theACDM model with WMAP parameters, one géts ~ 1470. The damping scale shows a much stronger dependence on
wp and the redshift* compared td 4. The small angular scale experiments like the Cosmic Baekgt Imager (CBI).[36] do
find evidence for such a damping.

2.  Peak heights

The heights of the different peaks, can also be used to iof@nological parameters. We define the height of the first psak
[31], H, = (AT, /ATyp)?, that giving its amplitude relative to the powerlat 10. (For the WMAP data the height of the first
peak isAT;, = 74.7 £ 0.5uK). H; increases if (ay,,, decreases (because radiation driving is more effectivevarlmatter
density), (b) ifw, increases (due to the baryon loading) (c) if one has a Idwepr higherQ (because then the integrated
Sachs Wolfe effect is smaller which decreag€l ). FurtherH; can decrease if one has re-ionization (since a fractiof
photons are re-scattered), or if one has a contribution feorsor fluctuations (tensors will contribute to Sachs-@elffect but
not to acoustic oscillations). Sindé,; depends on several effects, there is no simple fitting foamaroundACDM [31] have
given a crude formula for its variation with various paraemnst

The height of the second peak is defined relative to the fissti.a= (AT}, /AT;, )2 This ratio is insensitive to reionization
or to the overall amplitude of the power spectrum since tisesée both peaks by the same amount. The dependencg @h
also weak because radiation driving roughly affects botkkpesimilarly. H- is most sensitive to the baryon density, since
baryon loading increases the first peak relative to the skdois also sensitive to any tilt in the spectrum, away frogn= 1.
From fitting to a grid of spectra using CMBFASIT [19], one haS][3

Hy = 0.0264w, *79%(2.42)" 1 x exp[—0.476 In(25.5wp, + 1.84w,,)?] (69)
AH. A Awy,
2 0.88An, — 0.67=22 40,0392 (70)
2 Wh Wm

For the WMAP dataH> = 0.426 +0.015. For a fixedu,, the first two terms of EqL{T0) quantifies the degeneracy inthen
plane.

The height of the third peak increases.gsincreases (baryon loading). The rafib = (AT, /AT, )? is most sensitive to
ns Or any departures from scale invariance, because of the lbaseline. Hu et al [31] give

2.17w%;9(3.6)"s 1

Hs = 71
57 L+ (w3/0.044)2][1 + 1.63(1 — w3, /0.071)wpy] (1)
A5 ) 98An, — 039290 4 0.4629m (72)

3 Wp Wm

These dependencies are accurate to few percent levelsrfatioa around the WMAP inferred parameters [33]. WMAP does
not yet clearly measure the third peak, but from previouspitations [45], Paget al estimatel{; = 0.42 4+ 0.08. Note that if

ns is fixed,w, is well constrained by, and thenw,,, from Hs. For more details we refer the readerita [33]. We show in Fegur
2 a set ofC; versusl curves, generated using CMBFAST, which illustrate the isgitg of the CMBR to the cosmological
parameters discussed above.

E. Other sourcesof CMB anisotropies

So far we have concentrated on the primary temperaturetanigées generated at the LSS; a number of effects can generat
additional anisotropies after recombination, generalfemred to as 'secondary anisotropies’. We do not disciessetn detail;
for an extensive review see [14]. Of the gravitational selewies, we have already discussed the ISW effect arisimg fro
the changing gravitational potential. This effect is alsportant if there are tensor metric perturbations, say digtdchastic
gravitational waves generated during inflation [34]. Arestimportant gravitational secondary arises due to gréwital lensing
(cf. [14] and references therein). Scattering effects duegte electrons along the line of sight can also produce abeurof
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effects. The electrons can arise in collapsed objects lik&tars or due to re-ionization of the universe. We dischesffects

of re-ionization later below. The scattering of the CMB dodtte ionized electrons in clusters of galaxies was firstudised by
Sunyaev and Zeldovich (SZ) [35]. The SZ effect generatesepd&low the damping tail in th€); spectrum, at a level which
depends on the normalization of the density power spectrynm{Hereos is the RMS density contrast when the density field is
smoothed over a 'top hat’ sphere of raddts ' Mpc). Recently a significant excess power was detected by theBriment
[3€], at small angular scaled ¢~ 2000) at a level of~ 355(x K)2. This can arise from the SZ effect, but requires a somewhat
largeos ~ 1 (cf. [34]), larger than values previously assumed. Altéuady the CBI result may point to new physics; it has been
suggested for example that primordial magnetic fields candignificant contributor to the power at larigjd8§,139]. Primordial
tangled magnetic fields generate vortical ( Alfvén wave g)querturbations which lead to temperature anisotropiestathe
doppler effect. They also survive Silk damping on much semadtales compared to the scalar modes|[40, 41]. The test of
whether the CBI excess is indeed produced by the SZ effelttcovhe from the spectral dependence of the excess power (if i
is due to the SZ effect, there should be such a spectral depeall and measurements of polarization on these smallangu
scales (see below). There are several other interestingagianal and scattering secondaries which can genezatpdrature
anisotropies, and we refer the interested reader to thélenteeview [14].

IX. POLARIZATION OF THE CMBR
A. Theorigin of CMB polarization

It was realized quite soon after the discovery of the CMB thedin get polarized [46]. Polarization of the CMBR arises du
to Thomson scattering of the photons and the electrons;ddhsbecause the Thomson cross section is polarizatioardimt.
We used in earlier sections the cross section relevant fpolarized light, ignoring the small effects of polarization the
temperature evolution. Scattering of radiation which @rigpic or even one which has a dipole asymmetry is however no
capable of producing polarization. The incoming radiati@®ds to have a quadrupole anisotropy. The general featfires
CMBR polarization are discussed in detail in some exceteviews [47| 48]. Note that in the tight coupling limit, thediation
field is isotropic in the fluid rest frame, and can have at madipale anisotropy in the frame in which the fluid moves. The
guadrupole anisotropy is zero. However to the next ordgradares from tight coupling, due to a finite photon mean frath,
in the presence of velocity gradients, can generate a smadlrgpole anisotropy.

A qualitative argument is as follows_[16]: The last scattgrelectron (say) at ) sees radiation from the ’last but one
scattering’ electronf), roughly a photon mean free path.() away, say at a locatio#s = o + L,n. Heren is the direction
from O to P. The velocity of the baryon-photon fluid &t is v;(x) ~ v;(xo) + L,n,;0;v;(xo). Due to the Doppler shift, the
temperature seen 8y is 07 (xo, n) /T ~ n;[vi(x) — vi(2o)] = Lyn;n;0;v;(xo). This is quadratic im and so corresponds to
a quadrupole anisotropy as seen by the last scatteringatedhe Thomson scattering of this quadrupole anisotrepylead
to polarization of the CMBR. The fractional polarizatiorisotropy generated idp ~ kL., V.

One complication is thak., grows rapidly as photons and baryons decouple during recatibn. An approximate estimate
of its effect, would be to weigh the polarization amplitudaided above, with the probability of last scattering atwegiepoch
described by the visibility function. Note that the visityilfunction goes ase ", wherer = 1/L.,. So during the tight coupling
evolution, theL., factor cancels out and after the weighting one gets instead- kdn*V, wheredn* is the width of the LSS.
So the effective photon mean free path generating quadzuguasotropy and hence polarization of the CMB becodmgsthe
average distance photons travel between their last anduashe scattering, during decoupling. Such an estimaterified in
a more careful calculation [49].

B. Describing CMBR polarization

There is another complication that has to be handled whelindegith polarization, the fact that polarization is not@akar
guantity. It is conventional to describe polarization innte of the Stokes parameters, @, U andV, wherel is the total
intensity, whose perturbed version was calledbove, and discussed extensively in earlier sections. goasi-monochromatic
wave, propagating in the-direction, we can describe the electric field at any poirgpace af, = a,(t) cos[wot — 0, (t)]
andE, = a,(t) cos[wot — 0,(t)], where the amplitudes,, a, and the phases,, 6, vary slowly in time, compared to; '
The stokes parameters are defined as the time averdgesi{a2) + (a2), @ = (a2) — (a2), U = (2a,a, cos(6, — 0,)),
V = (2azay sin(f; — 0,)). Unpolarized light hag§) = U = V = 0. The parameterQ andU describe linear polarization, while
V' describes circular polarization. At the zeroth order theBCBlunpolarized and its small polarization is expected tseaas
explained above due to Thomson scattering. This does ndupeocircular polarization and so one canget 0.

Note that under a rotation of theandy axis through an anglé, the parameter$ andV are invariant but@ + iU)’ =
eT2%(Q +£iU). SoQ +iU transform as a spin 2 Tensor under rotation of the co-oreiasis. The standard spherical harmonics
do not provide the appropriate basis for its Fourier expanai the sky. One then adopts the following approach to tioisipm



16

[50,151]; construct scalars under rotation frépnt: iU by using spin-loweringd™) and spin-raising@™*) operators, and then
make a standard,,, expansion. Or alternatively construct tensor ('spin’ vieégl) spherical harmonics; Y;,,, by operating on
theY;,,,’s twice with spin-raising or lowering operators, and thepand

(Q@+iU)(n) = Z a+2,im (+2Yim) (73)
lm

in this basis. Alternatively. - ;,,, can also be thought of as tlig,, expansion co-efficients of the spin zero quantitiés;)?(Q+

iU') and(07)?(Q — iU) respectively, apart from ahdependent normalization factor. The explicit expressfonshe raising
and lowering operators, the spin weighted harmonics, aa@éxpansions in terms of these are giverLin [50]. For example w
can write,

(1+2)!
(- 2)

—1/2

s = [ 49 (sa¥im) @ 0)m) = | G2 [ a0y, [(072(@ £ i) (m) 74)
Sinceay2 1, are expansion co-efficients of scalar quantities undetioniathey can be used to characterize the polarization
on the sky in an 'invariant’ manner. More convenient is to theelinear combinationsyg i, = —(az,im + a—2,m)/2 and
ap,m = i(azm — a—2,:m)/2 [B0Q,52], and the associated real space polarization fiditis) = >, arimYim(n) and
B(n) = >, a5,mYim(n). The E and B fields specify the polarization fieldl andU) completely, are invariant under
rotation (just like the temperatuf@(n)) and have definite parity. Under a parity transformatibmemains invariant whiléB
changes sigri_[52]. The convenience of #ieB split comes from the fact that scalar perturbations do notlpce anyB type
polarization. An alternative way of thinking about theand B split is that they are the gradient and curl type componeints o
the polarization tensor [51]. More details of these fasimggbut somewhat complicated ideas can be got from the tworsd
papers on the subject |50, 51].

In order to describe the statistics of CMBR anisotropielyfiricluding its polarization, we have to now consider nolyoC;
due to the temperature anisotroy but also corresponding power spectrafhfB and the cross correlation betweand E.
Note that the cross correlation betweBrand©, and B and E vanish if there are no parity violating effects. SinEeand B
are rotationally invariant quantities, we can define the @uospectraC”, C# andC!'F in an analogous way to the temperature
power spectrum. We now turn to their computation.

C. Computingthepolarization power spectrum

We focus on scalar perturbations. In this case for any givaurier modek, one can define a co-ordinate system with
k || z, and for each plane wave, treat the Thomson scattering amdiegtive transport through a plane parallel medium. It
turns out that only Stokes Q is generated in this frame becatiszimuthal symmetry, and its amplitude depends only on
1 = n - k. The stokes paramet&f = 0 in this frame, for eaclt mode. Becaus& = 0 andQ is only a function ofu, one has
(07)2(Q +iU) = (07)3(Q —iU). (From the explicit form of the spin-raising/lowering op#ars give ini[50], it can be checked
that(07)2(f(w)) = (07)2(f(n)) for any azimuthally symmetric function which depends onty.o Second sincé’ = 0, we
have(Q +iU) = (Q — iU)). Thereforeus i, = a—21m, and we have g ;,, = 0 for such scalar perturbations.

The Boltzmann equation including polarization is given uanber of authors (see for examplel[32,155%, 56]). We will dimp
guote the result, got using the detailed treatmen( by [32 have

1/2 .
CF = %/i_kk3<|a{5(k,no)|2>; ai’ (k,no) = —/dn g(no,n)kL?jV D;t;;:] 3(1,52%72) (75)

where we have expressed the quadrupole source for the zadlari anisotropyP = (0, — v/6F,)/10, by its tight coupling
limit P = 2kL,V/9 (seell3R]). As argued on qualitative grounds above, paltidn is sourced by the velocity differences of
the fluid, over a photon mean free path (k& L.). Once again the spherical Bessel functjgit An) in Eq. {(Z) will at a given

[, pick out (onk integration) a scalé ~ [/An at around last scattering, while the visibility functigrweighs the contribution
at any timen by the probability of last scattering from that epoch.

Suppose we wish to estimate the polarization anisotropyhgasipal scales much bigger than the thickness of the lagesicey
surface, ol ~ kR* < 1000 or so. As we explained earlier, the visibility function g@ess-e~™ whereas the polarization source
is kL,V/3 = (kV/3)(7)~!, and so in their product; cancels and only~7(kV/3) would survive. The integral ovey in
Eqg. (Z®), would be nonzero only for a range of epochs of ordemtidthdn* of the LSS. (Note that just after recombination,
the tight coupling expression cannot be used; however th@lso no polarization foy > n* because there is negligible further
Thomson scattering). So one expects a contribution of delfén* /3 in doing this integral, apart from an evaluation of the
other terms at*. A more rigorous analysis, following the time evolution bétpolarization source term, gives a further factor
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of ~ 1/2 reduction, ifén*, is defined as the Gaussian width of the visibility functidf] Making such an approximation, and
putting in the tight coupling expression for the velocitytioé photon-baryon fluid, gives

kén*

2
al (k,mo) = — Oy E(k)(1 + 3R)c, sinkn? ( ) Ji(kR*) (76)

kR*

Note that again thé integral to findC” will pick out values of¢ R* ~ [. We can infer a number of features of the polarization
from the above:

e The magnitude of the polarization anisotropy, is of ordd? ~ 0.6(kdn*)(Py/3) = 0.6 1(6n*/R*)(Py/3), where we
have takenR ~ 0.6. Adoptingdn* ~ 10~h~' Mpc andR* ~ 10*h~! Mpc, we get af ~ 100, a polarization anisotropy
about6% of the Sachs-Wolfe contribution (or abo2i K). The amplitude rises with, but at largel > Ip the Silk
damping cuts off the baryon-photon velocity, and so thenmasion gets cut off as~(/2)™ | say. This gives a maximum
contribution at < I depending on the:, with peak amplitude of ord€i0% of the peak temperature anisotropies. These
order of magnitude estimates are borne out by the more détailmerical integration using CMBFAST shown in Figure
1.

e The acoustic oscillations of the baryon-photon fluid velpd@nprints such oscillations also on the polarization. The
polarization will display peaks whesin(kr?) = +1, or for kr* = (2n + 1)(n/2), withn = 0, 1, .., corresponding to
I~ (2n+1)la/2. These peaks are out of phase with the temperature acoaalis pas they arise due to the velocity, and
they are sharper (since for temperature there is a partiagfih of the troughs by the velocity contribution).

¢ Both the polarization and the temperature depend on thenfialt®, and so one expects a significant cross correlation
powerC/'F. Further, thej, term does not significantly correlate wigh term in thek-integral forC/ . So this cross
correlation will be dominated by the product of the tempammonopole with aos(kr*) dependence and the polarization
(of E type) with asin(kr?) dependence. The peaks@f ¥ will then occur whersin(kr*) cos(kr?) o< sin(2kr?) = +1,
or whenkr? = (2n + 1)(rr/4), withn = 0, 1, .., corresponding td ~ (2n + 1)l4/4. SoCI'F has oscillations at twice
the frequency compared to the temperature or polarizafibare will be shifts in the exact location of ti&” andC}/'*
peaks, as for the temperature.

e The F type polarization has been detected &vdevel by the Degree Angular scale Interferometer (DASI) @hlues
of a few hundred, and at a level consistent with the expexctatirom the detected temperature anisotropy [53]. The CBI
experiment has also detected theype polarization, with the peaks in the polarization speutshowing the expected
phase shifts compared to the peaks of the temperature spe[f#]. TheT E cross correlation was detected %%
significance by DASI, but there is no evidence of d@hyype polarization. The cross correlation has also beerctitdy
WMAP. The WMAP experiment has released resultsgf’, although not orC¥. WMAP detects significant negative
CI'E, atl ~ 150 and a positive 'peak’ at ~ 300. The existence of such an anti-correlation between tertyrerand
polarization is an indication that there exist 'super-Higbkcale fluctuations on the LSS. This is interpreted asngtro
evidence for inflation type models, since models which imeaeeds (like cosmic strings) can produce super Hubble scal
temperature fluctuations (due the ISW type effects) butmabbserved anti-correlation @ Z.

D. Btypepolarization

So far we have emphasized thetype polarization, as scalar modes do not produce’hgpe signal. However models of
inflation which are thought to generate the scalar pertighatcan also generate a stochastic background of giaviéhtvaves.
These tensor perturbations and the CMBR anisotropy thaigbeerate has also been studied in detail [57], althoughiveat
do so here. Their effects are best separated from the scati signals, by the fact that Tensors also leaft tgpe polarization
anisotropy|[50,_51]. The temperature contribution fronstas is flat roughly uptd ~ 100 after which it rapidly falls off. The
polarization contribution, produced at recombinatiorakseat! ~ 100. The peak amplitude of the signal is however expected
to be quite small in general withi (I + 1)CP/2m)'/2 ~ 0.1uK(Eins/2 x 10'5GeV)?, whereE,, ; is the energy scale of
inflation. [16]. (AnE;,,; ~ 2 x 10'°GeV corresponds to the ratio of tlie= 2 contribution due to tensors compared to scalar,
T/S = 0.1). One of the prime motivations for measuring polarizatiathwreat sensitivity is to try and detect the contribution
from stochastic gravitational waves. Thetype anisotropy can also arise due to gravitational lensfrihe CMB, even if one
had onlyE type polarization arising from the recombination epach][F®is could set the ultimate limitation for detecting the
B mode from gravity waves. Another interesting sourcel#dype polarization are vector modes, arising perhaps dwnigiéd
magnetic fields generated in the early universe [30] 59, &),8 even present in the initial conditioris [62]. Indeedhiére
were helical primordial magnetic fields, at the LSS, panityariance can be broken and one can even gen&rateB cross
correlationsli[63].
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E. Reonization and CMBR polarization

One of the surprises in the WMAP results was the detection sifjaificant excess cross-correlation pow#r” at low
[, over and above that expected if polarization was only gerdrat recombination. This can be interpreted as due to the
effects of re-ionization, But one seems to need a signifigdnmgher optical depth to the re-ionized electrans ~ 0.17, and
a correspondingly high redshift for reionizatiepy ~ 17. The probes and models of the high redshift intergalactidiome,
including the use of the CMBR as a probe of re-ionization sdgsed more fully elsewhere in this volume by Sethi [64]. We
make a few qualitative remarks.

First, note that if photons are re scattered, due to elegfpomduced in re-ionization, the visibility function wilbkie 2 peaks;
one narrow peak around recombination, and a broader peakdtbe re-ionization epoch (cf. Figure 2inl[64]), which dagds
on the exact re-ionization history. The probability fortlasattering around the usual LSS will diminish by a multptive
factore~"ri, wherer,; is the optical depth for electron scattering to the re-iatian epoch. At the same time new temperature
and polarization anisotropies get generated. The mostrapieffect is that Thomson scattering by electrons ge¢eéduring
re-ionization, produces additional polarization. Notattthe quadrupole anisotropy at the the re-ionization epotikely to
be much larger than at recombination, simply because theopale can free stream to generate a significant quadrupole at
the new LSS. At re-ionization redshifts close enough to theeover, the relevant monopole becomes the Sachs-Wolie val
©p + ¢ = ®(/3. The quadrupole at the re-ionized epogh can then be simply estimated by replacingin Eq. (3T), by
Nri. ONe getPy(k, nri) = az(k,nr) = (Po/3)j2(k(n- — n*)). Note that this does not have thé., suppression factor,
which obtains around recombination. Al&% in the polarization source terfft above is negligible. In evaluating tte type
polarization arising from the re-ionization, one can sitibtgt the resulting? = ©,/10 in Eq. (Z8) instead of = 2kL.V/9;
for the range of) where scattering by electrons generated due to re-ionizatimportant.

The resulting re-ionization contribution can be best dalimd numerically, for example using CMBFAST, as illustichby
Sethi (this volume). But the scale where the peak in the pepectra can be estimated noting thAtwill involve the product
Jo(k(nrs — 1)) 71(k(no — nrs)), which contributes to thg-integral dominantly when both(n,;, — n*) ~ 2 andk(ng — 1) ~ I.
This implies that the re-ionization contributionfbtype polarization peaks at- 2(no—n.:)/(n-i—n*) ~ 10 for the parameters
appropriate for &A\CDM cosmology and a,; ~ 20. This scale basically reflects the angle subtended by thdlduhdius at
re-ionization. One has to also take account of the dampiegalthe large width of the LSS at re-ionization, which wilifsh
the peak to smalldr

Thek integral which determineS/ £, involves the product: (k(n.i — 1n*))ji(k(no — nri))ji(kR*), the lastj,(kR*) coming
from the temperature contribution from the usual LSS. Nb&1, is much bigger than both,; andn*, and the twgj; factors
will re-inforce each other for small The cross correlation peak will occur atlasimilar to the peak i€ . The indication from
the WMAP data for significant optical depth from re-ionizattis not easy to explain (cl._[65]). If the preliminary WMAPsult
continues to firm up with subsequent years data, it will sef srong constraints on the star and active galaxy formattdiigh
redshift. It may be also worth exploring new physical altgives. For example Ref [66], explores the possibility tiaaigled
magnetic fields generated in the early universe could fotmgalatic objects at high enough redshifts to impact sigauifily on
re-ionization. Note that if there is significant optical tlepo re-ionization, then inhomogeneities at the new LSSlead to
new secondary sources of both temperature [67] and padliizanisotropies [68]. Eventually the detailed measurgéthe
polarization signals, could be a very effective probe ofrgienization history of the universe_[69].

X. CONCLUDING REMARKS

In this review we have tried to emphasize the physics beliadyeneration of CMBR anisotropies. We have given details
of the computation of the primary temperature anisotrgmes also indicated the relevant issues for polarizatiour. &m is
more to introduce the budding cosmologist to the well knoanmd(reviewed) techniques used to calculate the CMB anjsiesp
rather than provide an extensive survey of observationgesults. Of course, it is the existence of very good obsknvat
data that makes the effort worthwhile. Clearly the CMB is ailticontinue to be a major tool to probe structure formatzom
cosmology. We have already learned a great deal from thdatktdservations of the degree and sub degree scale tetugera
anisotropies, particularly the acoustic peaks. The exagilam of small angular scale anisotropies is just at a béginstage
and holds the promise of revealing a wealth of informationthe gastrophysics of structure formation. The futureitieslso
studying in detail the polarization of the CMBR. Already WNRAesults have revealed a surprisingly large redshift ferréa
ionization of the universe. Polarization will also be a daliprobe of the presence of gravitational waves. We canabipehe
years to come much more information on cosmology from WMARjfe missions like PLANK and other CMB experiments,
with the possibility of more surprises!



19
Acknowledgments

| thank John Barrow and T. R. Seshadri for many discussiod®ajoyable collaborations on the CMB over the years. | also
thank T. Padmanabhan for encouragement, making me givausailks on the CMB over the years, and extracting this wévie

APPENDIX A: THE COLLISION TERM: DETAILS

Consider the integral over the collision term on the RHS af@§). We havef p*dpc(f) = neor(Ar + As) where

Cg %Pz(fl ) [f(p,n') — f(p,n)] (AL)

A = /1?3clpd?T [f(p,0) — f(p.n)]; Ay = /p3dp

are respectively, the isotropic and anisotropic conti@inuto the collision term. From the invariance of the scalas’, whereu?
is the four velocity corresponding to the bulk motion of thecéron (Baryonic) fluid we can show that

p=a(l+nv)(l—9¢)p (A2)

(We have used here the fact that in the fluid rest frame the oaewgts ofi’ = (1,0, 0, 0), while u* = (v,,/1/900, Yov//195.5])
with v, = (1 —v?/c?)~1/2). We split4d; = I, — I, with

Q Q-
I = /p?’dpci—ﬁf(ﬁ, n) L= /p?’dpci—ﬁf(ﬁ, n)] (A3)

For evaluating, we use the fact that is a scalar, that ig(p, n) = f(p, n). Also the integrand of, does not depend am'.
So we have, = [p*dpf(p,n) = (pra*/4w)[1 + i]. For evaluating; we stay in the initial electron rest frame and transform
the integral ovep to one overp using Eq.[AP). We gel; = (a*/47)(1 — 4¢)(1 + 4n - v)p where we have used the fact that
p=/ d*ppf(p) is the energy density of radiation in the fluid rest frame.ndghe invariance ofju;u*, and from the fact that
the components of bott¥ and7} which involve one spatial index are of ordefc, we can check that = p+ O(v?/c?). Since,
p = pr(1 +4¢)(1 +1p), to linear orded; = (a*pr/47)(1 +4n - v +ig). SO
a4
A1 = —prlioc+4n - v — ] (A4)
47

To simplify A, we use the addition theorem for spherical harmonics taewrit

2 _ ot
= Y0 2 [y a0 v, (w0 ) — T = T2 S e (85)

m=—2 m

whereis,, = [ dQY5,i(x,n,n). In evaluating4, we have used the fact that the tefifp, n) does not contribute to the integral
overd()'. Also writing f(p,n') = f(p,n') = fu(p) + f1(p,n'), the f;, term gives zero contribution. And singg is already
first order in perturbations, we can evaluatg by replacingn andn’ by their unbarred values (these will differ only by terms
of orderv/c and the difference when multiplied By,,, will not contribute to the first order).

Finally, we also need to evaluadle /dn. SinceA; and A, are already of first order, we need to evaluate this term anly t
zero'th order, to write down the equation for the perturbeghiness. We havér/dn = @°/u’ = a to the leading order. The
perturbed brightness equatidnl26), given in the main texgot from Eq.[2b), EqL[{A4) and EQ_[A5).

APPENDIX B: SILK DAMPING: DETAILS

We have given in the main text the iterative solution to E&) ¢4 the first order in_.,. To derive Silk damping one needs to
go to the second order iteration,

9i(M
i? =4O 7 { o +n- Vi) +8n . V(b}

=i+ 12

(0)
9 v |2 0 i s sn . v (B1)
on on
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As mentioned in the text, we neglect the anisotropy of therfi$un scattering, and also the effects of the gravitatiootdngial
¢. Taking the zeroth moment of Eq_(B1) , we get

. . 62’0 4 2 82i0 8 6(V . ’U) 1 2.
=ig— L, |— +-V- L - = B2
io = io ”[an+3vv]+7[an2+3 o +3 Vi (B2)
So to the next order ik, Eq. [49) is modified to
dig 4 490(V-v) 1_,.
V.v=L.|- 2>~~~ 4 _ B3
anJrng 7[3 on +3Vzo (B3)

Similarly, taking the first moment of EQ_{B1) the Euler eqoatEq. [52) gets modified to

4 ov pRiO 482’0 2 62’0 8 4 2
—pR| =— = — Lyl-=—+-V (=) +— : — B4
[pB+3PR] on V( 3 )—I—pR V[33n2+3v<8n)+15v(v v)+15Vv (B4)

Here we have used the relatigflﬁdQ/élw)ninjnkm = [0;j0k1 + 001 + 6:10k;]/15. (This can be written down from symmetry
and the coefficients and its amplitude fixed by contractingr @ny two indices). We have also neglected the baryonispres
compared to the radiation pressure. Equatibn$ (B3) and fB#) a pair of linear coupled equations for the the perttionet
in radiation densityi; and matter velocitw. Assuming that the rate of variation of of the co-efficientsarious terms, due to
Hubble expansion is small (comparedita,), one can use the WKBJ approximation, to derive the dispenslation for the
baryon-radiation acoustic oscillations.

Consider therefore a plane wave solution of the form

v=Vexp(ik-z+ /Fdn); i=Texp(ik x+ /Fdn) (B5)

Let us also look at longitudinal waves withparallel toV'. Infact, taking the divergence of Eq_{B4) one can see thegeh
modes are completely decoupled from the rotational mode&eakling order one gets from EG{B3) and Eql(B4), a dispersi
relation which is a cubic equation for,

k2L 67 k2
—L,T% + b0 + oI —— { }

sl Ty =0 (B6)

which can be solved iteratively. Here we have defibed(1+3p5/4pr) = 1+ R. To the lowest order we g&t= =+i(k//3b).
So to the zeroth order the dispersion relation is that of adgpressure) wave in the baryon-photon fluid, with an eiffectound
speed:, = (1//3b). Consider the effects of terms proportionalltg. Since thel™® term is already multiplied by., we can
use the lowest order solution to write.,I'* = — L., (—k?/3b)T. This reduces the cubic equation to the quadratic equation

I’+7r

kQLW{ 6 1} P, 67)

1— — 4+ — >
3 5b+b2 +3b

whose solution to first order ifi, is Eq. [61) given in the main text.
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