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under which the equivalence principle was formulated are not met at finite {em
perature. The fact that we do live in a universe at a nonzero temperature cqma
in principle have led to unexpected results in the Eotves experirnents if it were
not for the fact that the correction is oo small to be detected at present tem;
peratures. However, we may ascribe this result 10t o any intrinsic violation ¢f
the equivalence principle in the fundamental Hamiltonian describing the urij.:
verse, but rather to the particular physical state in which we exist. o

These results reinforce the connection between Lorentz covariance {or mor
properly general covariance) and the equivalence principle, but also serve to ! .
demonstrate that there are physically realizable situations in which the equiv-
alence principle is not satisfied. :
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Abstract

e effect of gnantum fhactustions o vity on the measurement of pIoper distances is
a gra 5
Th

lanck le: , the
idered. Tt is shown that, when the length scales are of thr; o_rd:lrs gt;lfown ﬂlaltlgﬂtl}é e
concept ¢ £ ique distance between poinis ceases to exist. €18 0 e o amy
'ignceiggct:t‘;xqvalue of the proper length is bounded from below by Plans
it €

‘space-time.
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' avi i -t ature. In
~ Classical general relativity identifies gravity with space-time ‘,?md A1 is

s picture the proper (physical) distance between two events x” an

. given by ' 1
d52 = gik(x) dx‘i dxk ( )

| i - ravita-
* where g;; is determined by the Einstein equations. In the_ e:;)isin(cle fif]gx_al “
tional ﬁlg{d g7 assumes the familiar flat space value 7y = diag(l,-1,-4,

e
~and we get

2
ds? = ny, & dxF = di® - @x* - dy* - dz? )
’ .
‘ j t x' can
1t is tacitly assamed in the classical theory that gy at an"y smtile i:nlel) -
be measured to arbitrary level of accuracy. Thus the proper Azlgtels e
(2) can be determined as accurately as one wants. This immediately
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hj@h can be evaluaied in closed form due o the guadratic nature of the ¢ de-
endence. Detailed discussion of this approach, its relevance fo quantum gravity,
o, can be found in references cited previously [1-3] and will not be repeated
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conclusion that
lim ds* =0
x yi

Té.

-1n particular, the above formalism can be used to answer the following ques-
on; What is the probability that the conformal fluctuations has a given value
#(x) in the gravitational vacsum (flat space)? The answer is given by
‘ 3
k

Flo(x)] = Vexp [- (%ﬂ)—a Ikl 1611;!2]

where p = x7 4 gy! Thi
. s, rather frivial, result st :
to z(e;o as the events approach each other e fhesthe proper nterval N
assical i ver, i . ;
Lt Space_tmg;z‘lfgé élgwever, is only an approximation to quanium gravii
duant s e m_ore properly considered to be the vacuumgst th-_Ih
. metric tensor g, becomes g Quantum field and is ?)': i

Jorer 20 o

the valne of , -
. L at a single event x* ; .
and obtain a unique value for the space-tite: : N [
- ¥ =Nexp |-
v 4n*L}

when the fluctuations i
$ in the metri i .
ic tensor are taken into account, We shall show : :
i o . . X)= et ¥ ’
... 6(x) dx (2’!?)3 ©

The expression (8) denotes the square of the “ground state wave functional” for

“gravity and is derived and discussed in References 4 and 5. The time indepen-
-dence of ¥ reflects the fact that the ground state is a stationary state. (For the

gravitationa] field, i . .

dom of gravity [1:_?1’13 ﬂ’zle C;Lttenhon is confined to the conformal degree of free. orresponding expression in electrodynamics see References 6 and 7.) The vac-
integral, - Kuantum gravity can be approached through the Pa:':}el'-'T _‘Bum fluctuations of gravity can be studied using this probability functional.

. 8(3): Quantum Fluctuations and Leﬁgth Measuremenis

. Letus see how the fluctuations of the conformal facior affect the measure-
ment of proper length between points in space X and v (at time ) in flat space.
To do this, one has to make a measurement of the Auctuating field ¢(x) in (7).

- Consider an experiment which achieves this measurement with. a spatial resolu-
"tion of L (say). In other words, the measurement cannot distinguish points X

. and v as distinet If |x - y | <Z.(An ideal experiment, of course, is a special case
“of I = 0.) If the sensitivity profile of the set-up is denoted by f(r) then we will
‘actually be measuring the field @(x) “coarse grained” over the scale L:

@f(X) = ffﬁ(x + 0 fEO

Kz]bﬁkﬂpmkﬁ]
where

1
lonG

. 8= fR_1/24:1 A i
eV gix = lZL;fR(_g)mdéx _ (=5

tﬂ thlOIlS to the ath mtegl'al are EXPBCted tO 31‘ 182 fI cm th.e

classical soluti L=
100 85 = g (say). In considering the quantum conformal fl
af Tiuctua-

thDS, one evaluates the path. mte
g‘f&l m (4) over a ClaSS Of me tIlCS Wh.]ch. are 10
( )

&= [140()]2 & '
In terms of ¢, the path integral becomes !

K=19 - _.z_ i 1
‘ f b exp { 2L}:}f[¢ ¢i_ER(l +¢)2:, ~g)? d“x}

2 -
.FQI 2 I8VIew see Reference 1,

(T he function f is taken to be zero for t2]>> L and is of the order of unity for
|r] < L. Thus the experiment does not distinguish between pointsxandx ¥ 1
when |r] < L.) The quantity of interest is the probability that ¢¢ has a particular

value n (say). Since the probability distribution for ¢(x) is given by (8), this can

be easily seén to be given by
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ve a well defined concept of length between ’ibwo poin’c;s,l:1 :})ie ;;:gi; ilra:ea .

: i ement becomes

< R} implying L 33> L. As the measur -
quf;ce W?B cafl only talk about the probability for a parllcul;r Eaiuz fo; ;1?; .
Cengthi The concept of definite proper length breaks down =L,

(16) is the main resuit of this analysis.

Qf4,=n] = f D6(x) & (¢~ ) 9 [6(x)]
= j = f Do) exp i [0y - ]

| : d 10 Proper Length
X exp {~ —L Pyt M) (1; §(4): Lower Bound 1o Frop
P 47{2L; Y [x- le {

ideri arbi-
- Classically nothing prevents one from considering two events that are

: in this 1imi it is physi-
Performing the integrations (for details, see Reference 8), we get . trarit v close; the proper length tends to zero in this Timit. I.IDWETZELIS I? ﬂs;s
1 \1/2 2 cally meaningless to talk about distances be%ow the resogil{iziilnf et @Ceﬁmty
ol = (2 Az) P (_ 212) (12 solution limit is taken to zero, then equation (1 6) pre
T
er length. .
. 11'1 ﬂl;sizg of considering the fluctuations in the conformal factor, one may
P’k f)? look at the expectation value of the line interval o o
3 ; :
A2 = L;z] (277)3 2ik| ( (0?(132 l0}§<gzk(x)) ol dxF = (1+ (@’2 ) dx' dx” g .
' i tum fields. Also we notice:
Suppose we take £(r) to be the Gaussian sensitivity profile, However, it is well kn own t.haft_{ ) dlverge‘;stjff (ﬁnyi m Selds. Ao we potice
1\ r|? o that ds? invzolves fer its ?lefimtlog WO ev
0 =( 2) exp(— 2 ) (14 ‘consider {¢*(x}) as the limi .
- ” - (¢* (x)r = lim {o(x) $(¥))
then, from (13) we get i %
i t some
Lk 1 Ly ' Tn flat space, the limiting distance between two space points x and y (at s
A?=g2 2 > 2 2 - b s T  th A
?J @m® |k 17091 4m* 12 (13) time £, say) is given by . ; 2= : (20)
fim 2(x,y)= lim - |x- ¥l
For any other choice of £(r} with a charscteristic width of L, the answer will b x>y x—+y

~ of the same order; A2 ~LZ/L*. .

Thus as long as one confines oneself to length measurements averaged over
many Planck lengths (i.e., for £ > L), Ais almost zero and the probability i
{12) is sharply peaked at 7 =0. The physical distance between the two events
(%, ¥) is hardly affected by quantum fluctuations. However as the accuracy of
measurement increases (L — 0), the dispersion in quantum fluctuations grow and
length determinations become fuzzy. Using {12) and (6), one can show that the™

i is i b
i ‘the classical limit. When quantum fluctuations are included, this is replaced by
) Lim - ' -y|? 21
im (2 (x,y))=-m (1+{(x DG, O Ix- vl (21}
=y Y .
. C s and
The expectation value can be evaluated by standard field theory techrique
is given by (see Reference 8)

N ] 22)
probability that two points (x, y) are separated by a proper distance R is given b {p(x, D) oy, 0=~ 1x-v|?
. 1 \1/2 R~ R.Y
P(R) =(27r02) exp [‘ (—202‘&] (16): Therefore

| (41#)*%] ] z]
wherg lim 2 (x, ¥ = limy {_ [1_ Tyl oy
. ) -y =
L2 1 x X (23)
Ro=lx-y| o*=RZ i% e Q7 = 1.3 /4
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In other words, the expectation value of the proper len

bounded at Planck length! This is another simple conclusion that follows from
the study of quantum conformal fluctuations.

This result is fzr more general than indicated by the derivation above. First
of all, for any two events x* and x'+ €. in flat space, the expectation value has

the form
4 2~N-1 L:.’
Oflx +e) p(x)| 0= LW(T?EI)—" (29
Thus,

Hm (P(x,x + &) = lim
£-*0

[t}

472y 127
[1 - ﬁ.;e. p} gLy @)

(The pius sign shows that the lower bound arises from the limiting value of time-

like separations.) The result can also be generalized 1o arbitrary curved space-
time becau_se of the folowing fact: In any space-time,

T 12m)?
lim (4(x) p(y)=+ %@—
x—=y

(26)
where s is proper interval between x and y (see, e.g., Reference 9). It is clear
that the analysis can be carried over to any space-time,

This result has important implications for the ultraviolet divergences which
arise in the quantum theory of fields. Consider the Green’s function for a mass-

less free scalar ficld (x) in flat space. Tt is usually taken to be (S is the action
for the scalar field) : ,

Gote )= | 996 0 ¥ () exp 2 51y) @)

However, we have Just seer that eve

of gravity. Thus one should average
tensor, obtaining

n flat space undergess vacuum fluctuations
Go (x. ¥) over the fluctuations of the metri¢

Glx, y)= (Go (x, ¥)) = f D () f@w (x) exp i(S + 5,) (28)

Sinice
2y-1
Golx,¥)= % (29)
we get
(4?T2 )_1 (4.77'72 )—1

G T G cer o

gth between two events is:

léngth plays a crucial role in all physics. It pr
length scales.

Padzt 1, T. |9 3 Fh ett 96 0.
- Js. L .3 A, 11
al ab an, ( 8 )
. MjSIlSI, C.W . Thorne, K. S., aJld WheeleI, J. AL

. Feynman, R. P, and
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inci imit x = y! As
jon i ite at the coincidence limit x = ¥:
o een’s function is finite at the : tx =t
i 2 Otge;;‘m?ds ,t;uhse ff:ture can eliminate the ultrawoletf?n;e;;;engi Se];;e?gy )tum
e this i entum space cut o1l at flan TEY-
is is equivalent to a moIm - o
I. ﬂlem'.yé CdTJhlz}te a?guments have to be refined further; but the phy
Admittedly T

pﬁeﬂt in (23) itseif.

tal role in
f+ was always felt that Planck length should play a fundamen

. ws that Planck
is confirmns this thought and shows
ity. Our analysis co st
guantum gravity.

ovides a lower bound to all proper
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