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W e  r e p o r t  h e r e  some r e c e n t  work  in  t h e  eon fo rma l ly  i n v a r i a n t  g r a v i t a t i o n  t h e o r y  
of Hoy le  a n d  N a r l i k a r  (1), w h i c h  h a s  a b e a r i n g  on t h e  n a t u r e  of s p a c e - t i m e  s ingular i t i es  
in  gene ra l  r e l a t i v i t y .  W e  f ind t h a t  a wide  class of s ingu la r i t i e s  in  r e l a t i v i t y  ar ise  f rom 
t h e  choice  of a n  (( u n p h y s i c a l  ~ c o n f o r m a l  f r a m e  in  t h e  c o n f o r m a l  t h e o r y .  

T h e  c o n f o r m a l  g r a v i t y  t h e o r y  was  f irst  p roposed  as a M a c h i a n  ac t ion  a t  a d i s t ance  
t h e o r y .  A l t h o u g h  t h e  ac t ion  a t  a d i s t a n c e  f o r m a t  is more  n a t u r a l  a n d  e legant ,  we de- 
scr ibe  t h e  t h e o r y  he re  in  t h e  c o r r e s p o n d i n g  field fo rm (2). 

W e  s t a r t  w i t h  a R i e m a n n i a n  s p a c e - t i m e  m a n i f o l d  d / w i t h  a m e t r i c  t e n s o r  g~k a n d  
a sca la r  m a s s  f u n c t i o n  m ( x )  r e p r e s e n t i n g  t h e  i n e r t i a  of a t y p i c a l  pa r t i c l e  a t  x. The  mass  
field satisfies t h e  w a v e  e q u a t i o n  

(1) IBm + { R m  = lV, 

w h e r e  .R = sca la r  c u r v a t u r e  a n d  5V = i n v a r i a n t  pa r t i c l e  n u m b e r  dens i ty .  The  gravi -  
t a t i ona l - f i e ld  e q u a t i o n s  are  g iven  b y  

(2) ~ m ~ ( R i k - -  �89 = - -  Tik  + �89 D i n - -  m~k}  4- -~ {m;~m~k - -  1 m ~gik ;/n~';/} , 

whe re  T i k =  m a t t e r  e n e r g y  tensor .  E q u a t i o n  (1) g ives  express ion  to Mach ' s  idea  t h a t  
i n e r t i a  owes i t s  o r ig in  to  t h e  p re sence  of o t h e r  m a t t e r  in  t h e  Un ive r se .  

T h e  field e q u a t i o n s  ( 1 ) a n d  ( 2 ) a r e  e o n f o r m a l l y  i n v a r i a n t .  H e n c e  if  we cons ider  
a n o t h e r  m a n i f o l d  ~//* o b t a i n e d  f rom ~ b y  a con fo rma l  t r a n s f o r m a t i o n  

(3)  * m *  gik = ~'~gik , = m~'~-I , 

(*) On leave of absence from the Tara Insti tute of Fundamental Research, Bombay 400005, India. 
(1) F. HOYLE and J. V. N~LIRAR: Action at a Distance in Physics and Cosmology (San Francisco 
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(3) J. V. NA~LIKAR: Proc. Camb. Phil.  Soc., 64, 1971 (1968). 
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t h e n  g~*k a n d  m* also sa t i s fy  (1) a n d  (2). T h e  t r a n s f o r m a t i o n  m-~  m* is m a t h e m a t i c a l l y  
v a l i d  p r o v i d e d  ~ does n o t  v a n i s h  (or b e c o m e  inf ini te) .  W e  wil l  a s sume  t h a t  s is a twice  
d i f f e ren t i ab le  f u n c t i o n  of s p a c e - t i m e  co-o rd ina tes  w i t h  

(4) O <  9 <  ~ .  

I f  t h e s e  cond i t ions  are  v i o l a t e d  we will  r e g a r d  t h e  c o n f o r m a l  t r a n s f o r m a t i o n  ~ un-  
p h y s i c a l  ~. 

E q u a t i o n s  (1) a n d  (2) t a k e  a s imple r  f o rm in  a specia l  con fo rma l  f r a m e  in  w h i c h  
m = c o n s t a n t  = mo. I f  we w r i t e  s = re~me in  (3) i t  is  e v i d e n t  t h a t  t h e  field e q u a t i o n s  
b e c o m e  t h o s e  of genera l  r e l a t i v i t y  w i t h  t h e  g r a v i t a t i o n a l  coup l ing  c o n s t a n t  z = 6/m~. 
W e  wil l  cal l  t h i s  specia l  c o n f o r m a l  f r a m e  t h e  ~ E i n s t e i n  f r a m e  ,. I n  t h e  c o r r e s p o n d i n g  
d /*  t h e  e q u a t i o n s  of gene ra l  r e l a t i v i t y  hold .  Howeve r ,  as m e n t i o n e d  a b o v e  t h e  con-  
f o r m a l  t r a n s f o r m a t i o n  to  J / *  wil l  b e  u n p h y s i c a l  i f  (4) is v io l a t ed .  Th i s  can  h a p p e n ,  for  
e x a m p l e ,  if  we ins is t  on  u s i n g  t h e  E i n s t e i n  f r a m e  in  a r eg ion  whe re  m = 0, W e  n o w  
show t h a t  t h i s  u n p h y s i c a l  p r o c e d u r e  leads  to  t h e  s p a c e - t i m e  s ingu la r i t i e s  of gene ra l  
r e l a t i v i t y .  

Cons ide r  first  t h e  s i m p l e s t  cosmologica l  so lu t ion  of ( i )  a n d  (2) desc r ib ing  a dus t  
filled h o m o g e n e o u s  a n d  i so t rop ic  un iverse .  T he  l ine  e l e m e n t  is g iven  b y  

(5) ds  ~ ~ d ~ 2 - - d x 2 - - d y 2 - - d z 2 ,  

w i t h  t h e  mass  func t i on  

(6) m = 2 T  2, 2 = c o n s t a n t .  

T h u s  ~ is a Minkowsk i  m a n i f o l d  in  w h i c h  pa r t i c l e  masses  inc rease  w i t h  epoch  z 
for  ~ > 0. I f  we now  use  t h e  c o r r e s p o n d i n g  E i n s t e i n  f r a m e  w i t h  ~ o c  v2, we s h o u l d  ge t  
a s t a n d a r d  F r i e d m a n n  man i fo ld .  I n d e e d  a t r a n s f o r m a t i o n  v oc t�89 shows t h a t  ~ *  de- 
sc r ibes  t h e  E in s t e in - de  S i t t e r  m o d e l  

(7) ds*2 = d r2 - -  Bt~(dx2 + dy 2 + dz ~) 

w i t h  B a pos i t i ve  c o n s t a n t .  Not ice ,  h o w e v e r  t h a t  wh i l e  t h e  t r a n s f o r m a t i o n  f rom (5) 
to  (7) is v a l i d  for  $ > 0, v > 0, i t  b ecom es  u n p h y s i c a l  a t  t = 0, v = 0 w h e r e  I2 = 0. 
A n d  t h i s  is prec ise ly  w h e r e  t h e  s p a c e - t i m e  s i n g u l a r i t y  a p p e a r s  in  t h e  r e l a t iv i s t i c  mode l .  
T h e  m a n i f o l d  J [ *  is geodes ica l ly  i n c o m p l e t e  whi le  t h e  o r ig ina l  m a n i f o l d  ~ is no t .  T h e  
wor ld  l ines  of t h e  f u n d a m e n t a l  obse rve r s  e x t e n d  f rom v = -  oo to v = + oo in  
w h e r e a s  t h e y  beg in  a b r u p t l y  a t  T----0 in  d /* .  

T h e  n o n s i n g u l a r i t y  of ~4/ is  a d v a n t a g e o u s  in  m a n y  respec ts .  HoYT,v, (3) h a s  s h o w n  
h o w  t h e  a s t rophys i c s  in  t h e  z < 0 r eg ion  can  l e ad  to  t h e  o b s e r v e d  m i c r o w a v e  b a c k -  
g r o u n d  w h o s e  or ig in  is p o s t u l a t e d  ad hoe in  t h e  c o n v e n t i o n a l  t r e a t m e n t s  conf ined  to  ~ * .  
I f  masses  t r a n s f o r m  as (3) i t  is  e a s y  to  show t h a t  t h e  D i r a c  e q u a t i o n  for  mas s ive  spin-�89 
pa r t i c l e s  is con fo r m a l l y  i n v a r i a n t .  Since Maxwel l ' s  e q u a t i o n s  are  also c o n f o r m a l l y  
i n v a r i a n t  i t  is in  p r inc ip le  poss ib le  to  do q u a n t u m  e l e e t r o d y n a m i c s  in  J n e a r  v = 0. 
T h i s  is n o t  poss ib le  in  J *  w h i c h  becom es  s ingu la r  a t  T = 0. 

(') F. HOYLE: lstrophys. Journ., 198, 661 (1975). 
(4) S.%V. HxwKI.Xc*andG. F.R. ELLIS:TheLargeScaleStrucfureo/Space-Time(Cambridge, 2Class.,1973). 
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To what extent  is the simple example discussed above typical of the general situa- 
tion? Recently we have investigated a number  of more complicated singularities of 
general relat ivi ty and we found that  in  all cases they appear to arise because the Einstein 
frame was chosen in regions where m = 0 in the original nonsingular ~g. We briefly 
describe three such investigations below. 

I) Consider the Bianchi type I universe with shear (~) given by the line element 

(8) 

where M and 2: are positive constants. This is obtained as a solution of Einstein's 
equations for homogeneous dust and  has a pancake singularity at t-----0. I t  can be 
shown (5) tha t  this manifold de* has been obtained as a conformal transform of a non- 
singular manifold r162 with 

~9= t 
t ~ +  1 " 

The manifold ~g is geodesieally complete, has finite-curvature invariants at t = 0 
including the magnitude of the Weyl  tensor: (Cijk,Cir The singularity of •* can 
be seen to arise from the vanishing of Q as t = 0. 

II) A few year ago BELINSKY et al. (~) obtained what they claim to be the most 
general type of cosmological singularity in general relativity. By using a syncronous 
time co-ordinate t, they show how the singularity developes in an oscillatory manner  
as t-+ 0. In  this case it  is possible to find a manifold J as a solution of (1) and (2) and 
a conformal function s with the following properties: 

i) r163 is non singular, i.e. geodesically complete with finite-curvature invariants,  

ii) all* obtained from ~g by  using the conformal function ~2, is the general 
solution of Belinsky et al. (op. cit), 

iii) ~2--> 0 as t-+ 0. 

Here, again, the singularity of J[* is due to the choice of an unphysical conformal frame. 

I I I)  The Taub-IqUT space-time (*) is geodesically incomplete although it  does 
not have infinite-curvature invariants  or infinite matter  density. For example, there 
are null  geodesics in the Taub region which do not extend beyond a finite range of their 
affine parameter.  In  this case it is possible to construct a nonsingular geodesically com- 
plete space-time manifold d/  as a solution of (1) and (2) of which the Taub space-time 
~ *  is a conformal transform. The conformal function, however, vanishes on the singular 
hypersurfaces of ~r Thus these hypersurfaces correspond to the m = 0 hyper- 
surfaces of ~ .  

These examples generate our confidence that  the physically meaningful (as opposed 
to mathematically pathological) singularities of general relat ivi ty arise from the un- 
physical choice of the Einstein frame at the m = 0 hypersurfaces of conformal gra- 

(~) A . K .  KX~B:HAVI: Pramana, 7, 344 (1977).  
(~) V. A.  BELII'CSKY, l .  ~r Ktf&LATNIKOV aIl~ E.  M. LIFSHITZ: Adv. Phys., 19, 525 (1970). 
(7) C . W .  MISNER a n d  A.  I t .  TAUB: So'v. Phys. J E T P ,  28,  122 (1969). 
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vity.  Jus t  as the existence of the horizon around a highly compact spherical mass 
distribution m exposed the inadequacy of the Schwarzschild co-ordinates at /~ = 2m, 
so we feel that  the existence of space-time singularities in general re la t ivi ty  tells us 
the inadequacy of the Einstein conformal frame in dealing with physics close to the 
m = 0 hypersurfaces. 
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