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We report here some recent work in the conformally invariant gravitation theory
of Hoyle and Narlikar (1), which has a bearing on the nature of space-time singularities
in general relativity. We find that a wide class of singularities in relativity arise from
the choice of an «unphysical » conformal frame in the conformal theory.

The conformal gravity theory was first proposed as a Machian action at a distance
theory. Although the action at a distance format is more natural and elegant, we de-
scribe the theory here in the corresponding field form (?).

We start with a Riemannian space-time manifold .# with a metric tensor ¢, and
a scalar mass function m(z) representing the inertia of a typical particle at ». The mass
field satisfies the wave equation

1) Om4+LiRm =N,

where R = scalar curvature and N = invariant particle number density. The gravi-
tational-field equations are given by

2) %”Lz(Rik—%gikR) =—Ty+ Fmigym— m;ik} +3 {m;z‘m;k - %gikm;lm;l} s
where T, = matter energy tensor. Equation (1) gives expression to Mach’s idea that
inertia owes its origin to the presence of other matter in the Universe.

The field equations (1) and (2) are conformally invariant. Hence if we consider

another manifold .#* obtained from .# by a conformal transformation

(3) y:‘k = Q%g,, m*=mO?,
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then g7, and m* also satisfy (1) and (2). The transformation m— m* is mathematically
valid provided £ does not vanish (or become infinite). We will assume that £2 is a twice
differentiable funetion of space-time co-ordinates with

(4) ‘ 0< Q< oo.

If these conditions are violated we will regard the conformal transformation «un-
physical ».

Equations (1) and (2) take a simpler form in a special conformal frame in which
m = constant = m,. If we write Q= m/m,in (3) it is evident that the field equations
become those of general relativity with the gravitational coupling constant x = 6/m].
We will call this special conformal frame the « Einstein frame ». In the corresponding
A* the equations of general relativity hold. However, as mentioned above the con-
formal transformation to .#* will be unphysical if (4) is violated. This can bappen, for
example, if we insist on using the Einstein frame in a region where m = 0. We now
show that this unphysical procedure leads to the space-time singularities of general
relativity.

Consider first the simplest cosmological solution of (1) and (2) describing a dust
filled homogeneous and isotropic universe. The line element is given by

(5) ds? = dr2—dz? —dy?— d2?,
with the mass function

(6) m = Ar?, 1= constant.

Thus # is a Minkowski manifold in which particle masses increase with epoch 7
for 7 > 0. If we now use the corresponding Einstein frame with £ oc 72, we should get
a standard Friedmann manifold. Indeed a transformation z ¢ $¥ shows that .#* de-
seribes the Einstein-de Sitter model

(7) ds*? = di2— Bi¥(da? -+ dy? + de?)

with B a positive constant. Notice, however that while the transformation from (5)
to (7) is valid for ¢> 0, v > 0, it becomes unphysical at {= 0,7 = 0 where 2 = 0.
And this is precisely where the space-time singularity appears in the relativistic model.
The manifold .#* is geodesically incomplete while the original manifold .# is not. The
world lines of the fundamental observers extend from 7=-—oco t0 7= 4 oo in A
whereas they begin abruptly at 7= 0 in #*.

The nonsingularity of .# is advantageous in many respects. HoYLE (®) has shown
how the astrophysies in the 7 << 0 region can lead to the observed mierowave back-
ground whose origin is postulated ad hoc in the conventional treatments confined to #*.
If masses transform as (3) it is easy to show that the Dirac equation for massive spin-}
particles is conformally invariant. Since Maxwell’s equations are also conformally
invariant it is in principle possible to do quantum electrodynamics in .# near 7 = 0.
This is not possible in .#* which becomes singular at 7= 0.

(®>) F. HoYLE: Astrophys. Journ., 198, 661 (1975).
(*) S.W.HawgiNgand G.F. R.BELL18: The Large Scale Structure of Space-Time (Cambridge, Mass.,1973),
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To what extent is the simple example discussed above typical of the general situa-
tion? Recently we have investigated a number of more complicated singularities of
general relativity and we found that in all cases they appear to arise because the Einstein
frame was chosen in regions where m = 0 in the original nonsingular .#. We briefly
describe three such investigations below.

I) Consider the Bianchi type I universe with shear (*) given by the line clement
9IM\—-5 9M\3
(8) ds*2? = dt2——(—2—) 2+ 2)'%dw2~(7) t+ 2)% (dy? - dz2),

where M and X are positive constants. This is obtained as a solution of Einstein’s
equations for homogeneous dust and has a pancake singularity at ¢= 0. It can be
shown (3) that this manifold .#* has been obtained as a conformal transform of a non-
singular manifold .# with

The manifold .# is geodesically complete, has finite-curvature invariants at ¢t = 0
including the magnitude of the Weyl tensor: (C,;;,0#*)i. The singularity of .#* can
be seen to arise from the vanishing of 2 as {=0.

1I) A few year ago BELINSKY et al. (5) obtained what they claim to be the most
general type of cosmological singularity in general relativity. By using a syncronous
time co-ordinate ¢, they show how the singularity developes in an oscillatory manner
as t—> 0. In this case it is possible to find a manifold .# as a solution of (1) and (2) and
a conformal function Q with the following properties:

i) # ig non singular, 4.e. geodesically complete with finite-curvature invariants,

ii) .#* obtained from .# by using the conformal function £, is the general
solution of Belinsky et al. (op. cit),

iii) 20 as t— 0.
Here, again, the singularity of #* is due to the choice of an unphysical conformal frame.

III) The Taub-NUT space-time (?) is geodesically incomplete although it does
not have infinite-curvature invariants or infinite matter density. For example, there
are null geodesics in the Taub region which do not extend beyond a finite range of their
affine parameter. In this case it is possible to construct a nonsingular geodesically com-
plete space-time manifold .# as a solution of (1) and (2) of which the Taub space-time
A* is a conformal transform. The conformal function, however, vanishes on the singular
hypersurfaces of #*. Thus these hypersurfaces correspond to the m =0 hyper-
surfaces of 4.

These examples generate our confidence that the physically meaningful (as opposed
to mathematically pathological) singularities of general relativity arise from the un-
physical choice of the Einstein frame at the m = 0 hypersurfaces of conformal gra-

(*) A. K. KAMBHAVI: Pramana, 7, 344 (1977).
() V. A. BELINSEY, I. M. KHALATNIROV and E. M. LiFsHITZ: Adv. Phys., 19, 525 (1970).
(*) C. W. MISNER and A. H. Taus: Sov. Phys. JETP, 28, 122 (1969).
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vity. Just as the existence of the horizon around a highly compact spherical mass
distribution m exposed the inadequacy of the Schwarzschild co-ordinates at R = 2m,
8o we feel that the existence of space-time singularities in general relativity tells us
the inadequacy of the Einstein conformal frame in dealing with physics close to the
m = 0 hypersurfaces.

* % %

We thank Sir Fred Hoyle for discussions. One of us (J.V.N.) thanks Prof. J. A.
WHEeELER for the hospitality at the Center for Theoretical Physics Research at the
University of Texas at Austin.

© by Societd Italiana di Fisica
Proprietd letteraria riservata

Direttore responsabile: CARLO CASTAGNOLI

“Stampato in Bologna dalla Tipografia Compositori coi tipi della Tipografia Monograf
Questo fascicolo & stato licenziato dai torchi i1 19-VII-1977



