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Introduction

1.1 Overview of LISA

Breakthroughs in modern technology have made possible the construction of extremely
large interferometers both on ground and in space for the detection and observation of
gravitational waves (GW). Several ground based detectors are being constructed around
the globe; these are the projects, LIGO, VIRGO, GEO, TAMA and AIGO of building
interferometers whose arm-lengths will be of the order of kilometers. These detectors will
operate in the high frequency range of GW of ~ 10 Hz to a few kHz. A natural limit
occurs on decreasing the lower frequency cut-off of 10 Hz because it is not practical to
increase the arm-lengths on ground and also because of the gravity gradient noise which
is difficult to eliminate below 10 Hz. Thus, the ground based interferometers will not be
sensitive below the limiting frequency of ~ 10 Hz. But on the other hand, there exist in
the cosmos, interesting astrophysical GW sources which emit GW below this frequency
such as the galactic binaries, massive and super-massive blackhole binaries etc. If we wish
to observe these sources, we need to go to lower frequencies. The solution is to build an
interferometer in space, where such noises will be absent and allow the detection of GW in
the low frequency regime. LISA - Laser Interferometric Space Antenna - is a proposed
mission which will use coherent laser beams exchanged between three identical spacecraft
forming a giant (almost) equilateral triangle of side 5x 10° kilometers to observe and detect
low frequency cosmic GW. The ground based detectors and LISA complement each other
in the observation of GW in an essential way, analogous to the optical, radio, X-ray, y-ray
etc., observations do for the electromagnetic waves. As these detectors begin to operate, a
new era of Gravitational Astronomy is on the horizon and a radically different view of the
universe is expected to be revealed.

LISA consists of three spacecraft, flying five million kilometers apart, in an equilateral
triangle. The space-crafts are maintained drag-free by a complex system of accelerometers
and micro-propellers. Each spacecraft will carry two optical assemblies that contain the
main optics and a free-falling inertial sensor. The light sent out by a laser in one space-
craft is received by the telescope on the distant space-craft. The incoming light from
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6 Gravitational Wave Data Analysis for LISA

Figure 1.1: LISA orbital configuration around the Sun, describing a cone with 60° half
opening angle. The centroid of the triangle follows an Earth-like orbit trailing 20 degrees
behind.

5x108km

the distant space-craft is then mixed with the in-house laser and the differential phase is
recorded. This defines one elementary data stream. There are thus six elementary data
streams which are formed by going clockwise and anti-clockwise around the LISA triangle.
Suitable combinations of these elementary data streams can be used to optimally extract
the GW signal from the instrumental noise. In other words, LISA is basically a giant
Michelson interferometer placed in space, with a third arm added to give independent
information on the two gravitational wave polarisations, and for redundancy. The distance
between the spacecraft - the interferometer arm-length - determines the frequency range
in which LISA can make observations; it was carefully chosen to allow for the observation
of most of the interesting sources of gravitational radiation. Each space-craft revolves in
its own heliocentric orbit. The center of LISA’s triangle will follow Earth’s orbit around
the Sun, trailing 20 degrees behind. It will maintain a distance of 1 AU (astronomical
unit) from the Sun, the average distance between the Earth and the Sun (Fig. 1.1). The
space-craft rotate in a circle drawn through the vertices of the triangle and the LISA
constellation as a whole revolves around the Sun. LISA’s operational position was chosen
as a compromise between the need to minimise the effects on the spacecraft of changes
in the Earth’s gravitational field and the need to be close enough to the Earth for easy
communication.

The primary objective of the LISA mission is to detect and observe gravitational waves
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Overview of LISA 7

Figure 1.2: Comparison of frequency range of sources for ground-based and space-based
gravitational wave detectors. The sources shown are in two clearly separated regimes:
events in the range from 10 Hz to kHz (and only these will be detectable with terrestrial
antennas such as LIGO), and a low-frequency regime 0.1 mHz to 0.1 Hz, accessible only
with a space based detector such as LISA
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from massive black holes and galactic binaries in the frequency range 0.1 mHz to 0.1 Hz.
Ground-based interferometers can observe the bursts of gravitational radiation emitted by
galactic binaries during the final stages (minutes and seconds) of coalescence when the fre-
quencies are high and both the amplitudes and frequencies increase quickly with time. At
low frequencies, which are only observable in space, the orbital radii of the binary systems
are larger and the frequencies are stable over millions of years. Coalescences of massive
blackholes and super-massive blackholes are only observable from space. Both ground
and space-based detectors will also search for a cosmological background of gravitational
waves. Since both kinds of detectors have similar energy sensitivities their different obsery-
ing frequencies are ideally complementary; their different observing frequency bands will
provide crucial spectral information about the source. The astrophysical sources that LISA
could observe include galactic binaries, extra-galactic super-massive blackhole binaries and
coalescences, stochastic GW background from the early universe (See Fig. 1.2).
Coalescing binaries are one of important sources in the LISA frequency band. These in-
clude Galactic and extra galactic stellar mass binaries, massive and super massive blackhole
binaries. The frequency of the GW emitted by such a system is twice its orbital frequency.
The population synthesis studies indicate a large number of stellar mass binaries in the
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8 Gravitational Wave Data Analysis for LISA

frequency range below 2-3 mHz [1,2]. In the lower frequency range (< 1 mHz) there are
a large number of such sources in each of the frequency bins. Since GW detectors are
omnidirectional, it is impossible to resolve an individual source. These sources effectively
form a stochastic GW background referred to as binary confusion noise. It has been also
proposed that the galactic halo MACHOs such as white dwarfs and blackholes (with mass
~ 0.5 Mg) can also produce stochastic GW background [3-11]. In a recent work, Tinto
et al. [12] have used Doppler delayed beams for discriminating the stochastic background
from the instrumental noise. The angular resolution of LISA is restricted because it is an
all-sky monitoring detector with quadrupole beam pattern, however, the angular resolution
can be achieved by the relative amplitude and phases of the two polarisations and Doppler
modulation of the beams due to the motion of LISA around the sun [13,14].

Blackhole binaries are also interesting both from the theoretical and astrophysical point
of view. Super massive black hole binaries are strong emitters of GW and these spectacular
events can be detectable beyond redshift of z = 1. These systems would help to determine
the cosmological parameters independently. Such an event would confirm beyond doubt the
existence of massive blackholes. From the fundamental physics point of view, the waveforms
of signals from such objects at times near coalescence can provide extremely sensitive tests
of general relativity for non-Newtonian conditions. Because the phase of the signals over
thousands of cycles or longer can be tracked accurately for even fairly weak signals, very
minor errors in the predictions of the theory would be detectable. By combining the
amplitude, polarisation, and chirp-rate information from LISA’s observations, we will be
able to deduce the distance to the event. In cosmological terms, the distance measured will
be the luminosity distance. The extremely high signal-to-noise ratios that are expected in
some cases are remarkable. They mean that LISA will not just detect such events; it will
be able to study them in detail. The frequency modulation of the observed signal over a
period of 3 months or more will locate the event on the sky, and the amplitude modulation
as the plane containing LISA rotates will determine the signal’s polarisation.

Just as the cosmic microwave background is left over from the Big Bang, so too should
there be a background of gravitational waves. If, just after the Big Bang, gravitational
radiation were in thermal equilibrium with the other fields, then today its temperature
would have been redshifted to about 0.9 K. This radiation peaks, as does the microwave
radiation, at frequencies above 1010 Hz. At frequencies accessible to LISA, or indeed
even to ground-based detectors, this radiation has negligible amplitude. So if LISA sees a
primordial background, it will be non-thermal. Unlike electromagnetic waves, gravitational
waves do not interact with matter after a few Planck times after the Big Bang, so they
do not thermalize. Their spectrum today, therefore, is simply a redshifted version of the
spectrum they formed with, and non-thermal spectra are probably the rule rather than

the exception for processes that produce gravitational waves in the early universe.

S.V. Dhurandhar and Jean-Yves Vinet



Overview of LISA 9

Figure 1.3: LISA Sensitivity to binary star systems in our Galaxy and blackholes in dis-
tant galaxies. The heavy black curve shows the LISA detection threshold, giving the noise
amplitude of 5 after a 1-year observation. At frequencies below 3 mHz, binaries in the
Galaxy are so numerous that LISA will not resolve them, and they form a noise back-
ground; this is also indicated at its expected 5 level. The region where LISA should resolve
thousands of binaries that are closer to the Sun than most or that radiate at higher fre-
quencies. The signals expected from two known binaries are indicated by the triangles.
Many other systems are known to be observable, but are not indicated here. The shaded
area is where signals are expected from coalescences of massive blackholes in galaxies at
redshifts of order z = 1. These signals are complex and may last less than 1 year, so the
region is drawn to indicate the expected signal-to-noise ratio above the LISA instrumental
noise. Two signals are indicated, for coalescences of binaries consisting of two 10° Mg
and two 10* My blackholes. These show how sensitive LISA will be, reaching amplitude
signal-to-noise ratios exceeding several thousand. While such events may occur only once
per year, signals from small black holes falling into larger ones should be very common.
Their strength is indicated by giving one example, where a 10 M blackhole falls into a
10% Mg black hole at z = 1.
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10 Gravitational Wave Data Analysis for LISA

1.2 Laser Phase Noise Cancellation and Optimal Signal Ex-

traction

LISA sensitivity is limited by several noise sources. A major noise source is the laser
phase (frequency) noise which arises due to phase fluctuations of the master laser. Amongst
the important noise sources, laser phase noise is expected to be several orders of magnitude
larger than other noises in the instrument. The current stabilisation schemes estimate this
noise to about Av /vy ~ 3 x 10~14 /+/Hz, where vy is the frequency of the laser and Av the
fluctuation in frequency. If the laser frequency noise can be suppressed then the noise floor
is determined by the optical-path noise which fakes fluctuations in the lengths of optical
paths and the residual acceleration of proof masses resulting from imperfect shielding of the
drag-free system. The noise floor is then at an effective GW strain sensitivity h ~ 1072 or
10722, Thus, cancelling the laser frequency noise is vital if LISA is to reach the requisite
sensitivity. Since it is impossible to maintain equal distances between space-craft, cancella-
tion of laser frequency noise is a non-trivial problem. Several schemes have been proposed
to combat this noise. In these schemes, the data streams are combined with appropriate
time delays in order to cancel the laser frequency noise. The main achievement of our
work is the development of a systematic and rigorous method using commu-
tative algebra which generates all the data combinations cancelling the laser
frequency noise.

The data combinations consist of the six suitably delayed data streams, the delays being
integer multiples of the light travel times between spacecraft, which can be conveniently
expressed in terms of polynomials in the three delay operators corresponding to the light
travel time along the three arms. The laser noise cancellation requirement manifests as
‘orthogonality’ conditions on the six-tuple polynomial vectors. These data combinations
or polynomial vectors form a module over a polynomial ring, well known in the literature,
as the first module of syzygies. This module has four generators which can reproduce all
the data combinations cancelling laser phase noise. Telemetering just the four generators
to Earth is sufficient for obtaining all the information about the GW signal. Moreover,
the telemetering can be done at a reduced band-width saving on the total cost. Finally,
this approach is general in that it can be extended to space-missions with more than three
spacecraft.

The access to all data combinations provides the necessary redundancy - different data
combinations produce different transfer functions for GW and so certain data combinations
could be optimal for given astrophysical source parameters in the sense of maximising
signal-to-noise (SNR), detection probability, improving parameter estimates etc.

The foremost application is the maximisation of SNR for a given GW source. This
problem is also addressed for an almost monochromatic source. The signal covariance
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Laser Phase Noise Cancellation and Optimal Signal Extraction 11

matrix is computed for binaries whose frequency changes at most adiabatically (the strictly
monochromatic case is included) and for which the signal is averaged over polarisations and
directions. Here adiabatic means that the signal response, the noise and hence the SNR
change imperceptibly even if the GW source changes frequency during the observation time.
Thus, even though the results are presented at each fixed frequency, the sources need not be
strictly monochromatic, and thus the results apply to a wider class of sources. The signal
covariance matrix has the same eigenvectors as those of the noise covariance matrix. Then
it is shown that the SNR for any data combination in the module, lies between an upper and
a lower bound. The upper and lower bounds of the SNR are functions of frequency which
are just the SNR curves of the eigenvectors. The extremisation - both maximisation and
minimisation - of SNR is important for different purposes; maximisation is important for
the detection and parameter estimation of a GW source, while minimisation is important
for the purpose of distinguishing the GW confusion noise from the instrumental noise. The
improvement of SNR of the upper-bound over the Michelson combination goes up to 70 %,
but only at high frequencies > 5 mHz. At low frequencies < 5 mHz, both have the same
sensitivity. Since the eigenvectors are orthogonal - orthogonality defined in terms of the
scalar product given by the noise covariance matrix - they are statistically independent
observables. Thus the sum of the squares of the eigenvectors produces a ‘network’ statistic
whose SNR is improved by a factor between v/2 and v/3 over the maximum of SNRs of the
individual eigenvectors. The improvement over the Michelson combination is about 40 %
at low frequencies < 3 mHz and rises above 100 % at high frequencies.

The second application is optimally tracking a GW source fixed on the celestial sphere
in the barycentric frame. Since the orientation of LISA will change during the observa-
tional period, the antenna pattern for any given data combination will change with time,
which means that, even if at a given time a particular data combination yields the highest
SNR, it will not remain optimal at other times. The basic idea is to continuously switch
the data combinations so that the SNR at each moment remains maximum. This problem
can be conveniently cast in terms of the formalism developed. Here too one can combine
outputs from independent data combinations to form a ‘network’ statistic which can yield
higher SNR than any one single data combination.
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The following are the salient achievements of our work:

. We have given a general method based on commutative algebra for gen-

erating data combinations for cancelling laser phase noise in LISA:

(i) The method can be applied to more general configurations, eg. LISA
follow-on missions with more than three spacecraft. In fact the plan
is to have four spacecraft in case of one of them fails.

(ii) The mathematical theorems guarantee that ALL such data combina-
tions are generated from a set of (four) generators.

. Only four data streams (four generators) need to be telemetered to the

earth instead of the six data streams.

The data needs to be sampled at lower rate; laser noise of higher frequency
(~30 Hz/\/Hz ) is eliminated, and the sampling rate is governed by the
highest detectable GW frequency 1 Hz. This and the previous point
implies saving in the band-width while telemetering the data to earth.

This formulation allows simple expressions/notations which is important

for numerical coding.

. The method can be extended in a straight forward way for bench motion

noise, Ultra Stable Oscillator (USO) noise. The cancellation of USO noise
is easily apparent from our formalism.

The SNR can be maximised for monochromatic sources by diagonalising
the noise covariance matrix.

LISA can be viewed as a network of independent detectors. One can
square and add the outputs to yield higher SNR - factor of V2 or /3
depending on the mode of operation.

. The combinations can be switched optimally when tracking a source. We

find that the SNR can be improved upto 60% because of the optimal
tracking.
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Time-Delay Interferometery and

Noise Cancellation Schemes

In ground based detectors the arms are chosen to be of equal length so that the laser light
experiences identical delay in each arm of the interferometer. This arrangement precisely
cancels the laser frequency/phase noise at the photodetector. This cancellation of noise
is crucial since the raw laser noise is orders of magnitude larger than other noises in the
interferometer. The required sensitivity of the instrument can thus only be achieved by
near exact cancellation of the laser frequency noise. However, in LISA it is impossible to
achieve equal distances between spacecraft and the laser noise cannot be cancelled in an
obvious manner. In LISA, six data streams arise from the exchange of laser beams between
the three spacecraft - it is not possible to bounce laser beams between different spacecraft,
as is done in ground based detectors; a scheme analogous to the RF transponder scheme
is used as was done in the early experiments for detecting GW by Doppler tracking a
spacecraft from Earth. Several schemes, some quite elaborate, have been proposed [16,17]
which combine the recorded data by suitable time-delays corresponding to the three arm-
lengths of the giant triangular interferometer. These schemes have data combinations of
six or at most eight data points which give respectively a six and eight pulse response of
GW and also show how other data combinations can be obtained by linear superposition.
Here we present a systematic method based on modules over polynomial rings, which not
only reproduces the previously obtained results, but guarantees all the data combinations
which cancel the laser noise. The data combinations in the case of laser frequency noise
consist of the six suitably delayed data streams, the delays being integer multiples of the
light travel times between spacecraft, which can be conveniently expressed in terms of
polynomials in the three delay operators Fy, E3, E3 corresponding to the light travel time
along the three arms. The laser noise cancellation condition puts three constraints on
the six polynomials of the delay operators corresponding to the six data streams. The
problem therefore consists of finding six tuples of polynomials which satisfy the laser noise
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14 Gravitational Wave Data Analysis for LISA

cancellation constraints. These polynomial tuples form a module! called in the literature,
the module of syzygies. A brief discussion on rings and modules is included in Appendix
A. There exist standard methods for obtaining the module, by that we mean, methods for
obtaining the generators of the module so that the linear combinations of the generators
generate the entire module. Three constraints on six tuples of polynomials do not lead to
three generators as naive reasoning might suggest. Here we are dealing with modules rather
than vector spaces and the rules are different. The procedure first consists of obtaining
a Groebner basis for the ideal generated by the coefficients appearing in the constraints.
This ideal is in the polynomial ring in Ej, Es, E3 over the domain of rational numbers (or
integers if one gets rid of the denominators). To obtain the Groebner basis for the ideal,
one may use the Buchberger algorithm or use a package such as Mathematica. From the
Groebner basis there is a standard way to obtain a generating set for the required module.
All of this procedure has been described in the literature [18,19]. We thus obtain seven
generators for the module. However, the method does not guarantee a minimal set and we
find that a generating set of 4 polynomial six tuples suffice to generate the required module.
Alternatively, we can obtain generating sets by using the software Macaulay 2. It gives
us a Groebner basis for the module consisting of five generators and another generating
set consisting of six elements. The importance of obtaining more data combinations is
evident: they provide the necessary redundancy - different data combinations produce
different transfer functions for GW and so specific data combinations could be optimal
for given astrophysical source parameters in the context of maximising SNR, detection
probability, improving parameter estimates etc.

The scheme we have described above can also be extended in a straight forward way
to include optical bench motions and the USO noise. In case of optical bench motion
noise cancellation twelve Doppler streams of data are needed and we can apply the above
scheme to cancel the noise due to optical bench drift and laser frequency noise. The six
extra streams can be combined by subtracting one stream from the other to obtain three
streams in which the frequency shifts in the optical fibers are cancelled. Thus we have only
nine streams to contend with and now the module consists of nine tuples of polynomials on
which six linear constraints are imposed. We show that the problem can be solved in the
terms of the previous one where the three extra polynomials are written in terms of the six
tuple polynomials which are solutions to the laser frequency noise cancellation problem.
Thus the solution to the first problem extends easily to the second. Likewise we require
six more data streams - 18 data streams in all - at a side band frequency in order to also
cancel the USO noise in addition to the laser frequency and optical bench motion noises.

A module is an abelian group over a ring as contrasted with a vector space which is an abelian group
over a field. The scalars form a ring and just like in a vector space, scalar multiplication is defined.
However, in a ring the multiplicative inverses do not exist in general for the elements, which makes all the
difference!
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Time-delayed Data 15

Our scheme can be easily extended to cancel the USO noise.

2.1 Time-delayed Data

We label the spacecraft as 1,2 and 3. Let Ly, Lo, L3 be the lengths of the arms (sides of the
triangle) where Lg is the distance between spacecraft 1 and 2; and so on by cyclic rotation
of indices (see figure 2.4). Each spacecraft has a laser which is

e used to send beams to the other two spacecraft, and,

e used as a local oscillator to produce a beat signal with the incoming beams from the
other two spacecraft.

The data are recorded as fractional Doppler shifts. These fractional Doppler shifts
can occur due to the GW signal and the noise. Here we will be concerned with the laser
frequency noise only. More precisely, if v is the central frequency of the laser and the
frequency fluctuation of the laser on spacecraft i at time ¢ is Ay;(t), then the fractional
frequency fluctuation C;(t) is given by,

Ci(t) = 240, (2.1)

]

The six streams of Doppler data are obtained from the C;(t) by combining them suitably
with their time delayed copies, where the time delays are just the light travel times between
the three spacecraft. We adopt the following notation for the six streams: we divide the six
streams into two sets U* and V* where, i = 1,2, 3 of three streams each. U’ and V* can be
regarded as 3 component vectors U and V respectively. Also we denote the time-delayed
data in arm k, £ = 1,2,3, by the shift operator Ej; whose action on a function f(¢) is
described by the equation:

Epf(t) = f(t — L), (2.2)

where we have chosen units in which the speed of light is unity. The six streams with terms
containing only the laser frequency noise are:

U' = EyC3-0Ci,
U? = E3C—-0C,,
U3 = EC,-Cs,
V! = C,—E30,,
V? = Cy— E\Cs,
V® = Cs3—EC. (2.3)
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16 Gravitational Wave Data Analysis for LISA

= ¥

Figure 2.4: LISA Geometry: The LISA constellation consist of three spacecraft each car-
rying two optical bench systems ¢ and i*,i = 1,2,3. They exchange six laser beams which
are represented by Ufand V* in the figure. The noise cancellation data combinations are
obtained by appropriately delaying these six beams across the length of arms L;.

Thus explicitly we have, U(t) = Ca(t — L) — Cy(t) ete. U*(t) is the data stream obtained
by beating the laser beam transmitted by spacecraft 3 to spacecraft 1 measured at time ¢
at spacecraft 1; and so on by cyclic rotation. Similarly ~V1(t) = Ca(t — L3) — C1(t) is the
laser beam emitted by spacecraft 2 and received and beaten with the laser at spacecraft 1
at time t. If we label the spacecraft in a counter-clockwise (positive sense) fashion, then the
beams U’ travel in the positive sense while the beams V' travel in the negative sense. Note
that we have excluded intentionally from the beams additional frequency fluctuations due
to other noises such as, optical-path noise, proof-mass noise etc, and the GW signal. Since
our immediate goal is to cancel the laser frequency noise we have only kept the terms in the
data streams relevant to the laser frequency noise. Combining the streams for cancelling
the laser frequency noise will introduce transfer functions for the other noises and the GW
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signal. This is important and will be discussed subsequently in the report.

The goal of the analysis is to add suitably delayed beams together so that the laser
frequency noise terms add up to zero. This amounts to seeking data combinations which
cancel the laser frequency noise. In the notation/formalism that we have invoked, the
delay is obtained by applying the operators Ej to the beams U? and Vi. A delay of
kiLy + koLo + k3L is represented by the operator Ei“ E‘S’* §3 acting on the data, where
ki, ko and k3 are integers. In general a polynomial in Ej, which is a polynomial in three
variables, applied to say U' combines the same data stream U'(t) with different time-
delays of the form ki L + koLo + k3L3. This notation conveniently rephrases the problem.
One must find six polynomials say p;(E1, E2, E3), ¢i(E1, Es, F3), ¢ = 1,2,3 such that:

3
> piVi+qU =0. (2.4)

i=1

Cancellation of the laser noise is implicit in the above equation.

2.2 The Difference Equation for Shift Operators

It is convenient to express Eq. (2.3) in matrix form. This allows us to obtain a matrix
operator equation whose solutions are p and q where we have now written p* and ¢' as
column vectors. We can similarly express U*, V', C* as column vectors U, V, C respectively.
In matrix form Eq. (2.3) become:

Viep¥ €, U=—uC, (2.5)

where, 1 is a 3 x 3 matrix given by,

1 0 —F
p=| —E3 1 0 ; (2.6)
0 —-F 1

The exponent ‘" represents the transpose of the matrix. The Eq. (2.4) becomes:
(up — p'q@)T C=0. (2.7)

where we have taken care to put C on the right of the operators. Since the above equation
must be satisfied for arbitrary ‘data’ C, we obtain a matrix equation for the shift operators:

up =p'q. (2.8)

The solutions to Eq. (2.8) are p,q which are column vectors of polynomials in the shift
operators Ejy. Note that since the E} are just shift operators, they commute, so the order

S5.V. Dhurandhar and Jean-Yves Vinet



18 Gravitational Wave Data Analysis for LISA

in writing these operators is unimportant. In mathematical terms, the polynomials form
a commutative ring.

We can formally solve for p since the matrix p is invertible. However, detp =
1 — EyE;E5 appears in the denominator on the R.H.S., which leads to the division by
polynomials in Ej. This may seem hard to interpret. But we can pull this factor to the L.
H. S. to ‘rationalise’ the expressions. Then we obtain,

Ap=Aq, (2.9)

where A = padj,uT and f,g; is the adjoint of p. The operator A = 1— E1Ey;E;3 is the
usual difference operator that appears in finite differences and difference equations. The
quantity FFsE3 plays a central role in determining the natural time-step for the problem,
namely, s = L1 4+ L + La; which is nothing but the light travel time around the perimeter
of the LISA triangle. A is just the difference corresponding to this time-step.

Explicitly, using (2.6) the matrix A is given by:

1-E} EiE;—E; E(1-E?
A=| (1-E})E; 1-F} EsEs—E; | . (2.10)
EsEy—E, Ei(1-E3) 1-—E%}

The equations display a cyclic symmetry in the indices 1, 2,3 which is also apparent in
the matrix A. The cyclic symmetry results from the nature of the problem since we are
free to choose the labelling of the three space-crafts. In the matrix A we must also change
the rows/columns consistently performing the cyclic change of the indices. The cyclic
symmetry is further carried over to the solutions (p,q).

The integration of the Eq. (2.9) can be carried out in time-steps of s. The integration
is immediate if we operate the Eq. (2.9) on V. We first need to take the transpose of
Eq. (2.9) and then operate on V. We then obtain:

ApTV = qTATV
= q"(paip")" V

= q'uAC
= —-Aq’ U, (2.11)
which gives,
A(pT V+qT U)=0. (2.12)
This equation immediately integrates to,
(T V+qf U)(t+ns) = (p* V+4q” U)(2), (2.13)

where 7 is an integer. If we arbitrarily set t = 0 and if (p” V + q” U)(0) = 0, then
(pT V +q” U)(ns) =0.
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It is not clear to us, how the above solution would be useful physically, but we present
it as an interesting outcome. However, the main problem is of seeking solutions (p,q) to
Eq. (2.8). This problem and its solution we discuss in the next section.

2.3 The Modules of Syzygies

Several solutions have been exhibited in [16,17] to Eq. (2.8). The solutions have the
characteristic property that the det u cancels on both sides leading to polynomial vectors
p and q. We reproduce here the solutions obtained in previous works. The solution ( is
given by p? = q” = (Ei, Ey, E3). The solution « is described by p? = (1, E3, E1E3) and
q” = (1, B\ B3, E>). The solutions 3 and ~ are obtained from a by cyclically permuting
the indices of Ejy,p and q. These solutions as realised in earlier works are important,
because they consist of polynomials with lowest possible degrees and thus are simple.
Other solutions containing higher degree polynomials can be generated conveniently from
these solutions. Linear combinations of these solutions are also solutions to the given
system of equations. But it is not clear that this procedure generates all the solutions.
In particular, ¢ cannot be generated from the set @, 3 and <, where generating a data
combination means writing it as a linear combination of the elements belonging to the
generating set.

The basic reason, as mentioned earlier, is that we do not have a vector space here. Three
independent constraints on a six tuple do not produce a space which is necessarily generated
by three basis elements. This conclusion would follow if the solutions formed a vector
space but they do not. The polynomial six-tuple p, q can be multiplied by polynomials in
E1, E3, E5 (scalars) which do not form a field. So that the inverse in general does not exist
within the ring of polynomials. We therefore have a module over the ring of polynomials
in the three variables F, Fs, Es.

In this section we present the general methodology for obtaining the solutions to (2.8).
The method is illustrated by applying it to equations (2.8). In the next subsection we
consider the more general problem of optical bench motion and the USO noise.

2.3.1 Cancellation of Laser Frequency Noise

There are three linear constraints on the polynomials given by the equations (2.8). Since
the equations are linear the solutions space is a submodule of the module of six-tuples of
polynomials. The module of six-tuples is a free module, i.e. it has six basis elements that
not only generate the module but are linearly independent. A natural choice of the basis
is fi = (0,...,1,...,0) with 1 in the i-th place and 0 everywhere else; i runs from 1 to 6.
The definitions of generation (spanning) and linear independence are the same as that for
vector spaces. A free module is essentially like a vector space. But our interest lies in its
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submodule which need not be free and need not have just three generators as it would
seem if we were dealing with vector spaces.

The problem at hand is of finding the generators of this submodule i.e. any element
of the module should be expressible as a linear combination of the generating set. In this
way the generators are capable of spanning the full module or generating the module. We
examine the Eq. (2.8) explicitly componentwise:

p1—q1 + E3qo — Eops = 0,
p2— @2+ E1g3— E3py = 0,
p3 —q3 + Eaq1 — Eip2 = 0. (2.14)

The first step is to use Gaussian elimination to obtain p; and p2 in terms of p3,q1,q2,qs.
We then obtain:

p1 = q — E3q2+ Eops,
pa = g2— Fig3+ E3p;
= FEsq + (1 — E3)g2 — E1g3 + E2E3ps, (2.15)

and then substitute these values in the third equation to obtain a linear implicit relation
between p3, g1, o, q3. We then have:

(EyEyE3 — 1)ps + (E1Es — Ez)q1 + E1(1 — E3)gz2 + (1 — Ef)g3 =0. (2.16)

Obtaining solutions to Eq. (2.16) amounts to solving the problem since the the remaining
polynomials pi, p» have been expressed in terms of ps3, g1, g2, g3 in (2.15).

We will assume that the polynomials have rational coefficients i.e the coefficients belong
to Q the field of the rational numbers. The set of polynomials form a ring - the polynomial
ring in three variables which we denote by R = Q[E, Es, E3]. The polynomial vector
(p3,q1,42,q3) € R*. The set of solutions to (2.16) is just the kernel of the homomorphism
¢ : R* — R where the polynomial vector (p3,q1, 42, q3) is mapped to the polynomial
(ByE2E3—1)py+(E1 E3— E)qi + E1(1— E3)g2+(1— Ef)gs. Thus the solution space ker is
a submodule of R*. Tt is called the module of syzygies in the literature. The generators of
this module can be obtained from standard methods available in the literature. We briefly
outline the method given in the books by Becker et al. [18] and Kreuzer and Robbiano [19]
below. The details have been included in the appendix B.

2.3.2 Groebner Basis

The first step is to obtain the Groebner basis for the ideal U generated by the coefficients
in Eq. (2.16):

uy = E\FEaE3—1, ug=FEE3—Ej, uz= Ei(1- Eg); ui=1- E% (2.17)
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The ideal U consists of linear combinations of the form Y v;u; where v;, i = 1,...,4 are
polynomials in the ring R. There can be several sets of generators for 2{. A Groebner basis
is a set of generators which is ‘small’ in a specific sense.

There are several ways to look at the theory of Groebner basis. One way is, suppose
we are given polynomials g1, g2, ..., g in one variable over say @ and we would like to
know whether another polynomial f belongs to the ideal generated by the g’s. A good
way to decide the issue would be to first compute the ged (greatest common divisor) g of
g1, 92, -+, gm and check whether f is a multiple of g. One can achieve this by doing the long
division of f by g and checking whether the remainder is zero. All this is possible because
Q|z] is a Euclidean domain and also a principle ideal domain (PID) wherein any ideal is
generated by a single element. Therefore we have essentially just one polynomial - the ged
- which generates the ideal generated by gi,92,...,9m. The ring of integers or the ring of
polynomials in one variable over any field are examples of PIDs whose ideals are generated
by single elements. However, when we consider more general rings (not PIDs) like the one
we are dealing with here, we do not have a single ged but a set of several polynomials
which generates an ideal in general. A Groebner basis of an ideal can be thought of as a
generalisation of the ged. In the univariate case, the Groebner basis reduces to the ged.

Groebner basis theory generalises these ideas to multivariate polynomials which are
neither Euclidean rings nor PIDs. Since there is in general not a single generator for an
ideal, Groebner basis theory comes up with the idea of dividing a polynomial with a set
of polynomials, the set of generators of the ideal, so that by successive divisions by the
polynomials in this generating set of the given polynomial, the remainder becomes zero.
Clearly, every generating set of polynomials need not possess this property. Those special
generating sets that do possess this property (and they exist!) are called Groebner bases.
In order for a division to be carried out in a sensible manner, an order must be put on the
ring of polynomials, so that the final remainder after every division is strictly smaller than
each of the divisors in the generating set. A natural order exists on the ring of integers
or on the polynomial ring Q(z); the degree of the polynomial decides the order in Q(z).
However, even for polynomials in two variables there is no natural order apriori (Is 2 + ¥
greater or smaller than z + y2?). But one can, by hand as it were, put an order on such
a ring by saying  >> y, where >> is an order, called the lexicographical order. We
follow this type of order, Ey >> E; >> F3 and ordering polynomials by considering their
highest degree terms. It is possible to put different orderings on a given ring which then
produce different Groebner bases. Clearly, a Groebner basis must have ‘small’ elements so
that division is possible and every element of the ideal when divided by the Groebner basis
elements leaves zero remainder, i.e. every element modulo the Groebner basis reduces to
Zero.

In the literature, there exists a well-known algorithm called the the Buchberger algo-
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rithm which may be used to obtain the Groebner basis for a given set of polynomials in the
ring. So a Groebner basis of U can be obtained from the generators u; given in Eq. (2.17)
using this algorithm. It is essentially again a generalisation of the usual long division that
we perform on univariate polynomials. More conveniently, we prefer to use the wellknown
‘Mathematica’ package. Mathematica yields a 3 element Groebner basis G for I:

G ={E}—1,E} - 1,E1 — E;Fs}. (2.18)

One can easily check that all the u; of Eq. (2.17) are linear combinations of the polynomials
in G and hence G generates /. One also observes that the elements look ‘small’ in the order
mentioned above. However, one can satisfy oneself that G is a Groebner basis by using the
standard methods available in the literature. One method consists of computing the S-
polynomials (see Appendix A) for all the pairs of the Groebner basis elements and checking
whether these reduce to zero modulo G.

This Groebner basis of the ideal U is then used to obtain the generators for the module

of syzygies.

2.3.3 Generating Set for the Module of Syzygies

The generating set for the module is obtained by further following the procedure in the
literature [18,19]. The details are given in Appendix B, specifically for our case. We
obtain 7 generators for the module. These generators do not form a minimal set and there
are relations between them; in fact this method does not guarantee a minimum set of
generators. These generators can be expressed as linear combinations of . 3,7, ( and also
in terms of X(, X@) X X@ given below in Eq. (2.19). The importance in obtaining
the 7 generators is that the standard theorems guarantee that these 7 generators do infact
generate the required module. Therefore, from this proven set of generators we can check
whether a particular set is infact a generating set. We present several generating sets
below:

Alternatively, we may use a software package called Macaulay 2 which calculates the
generators given the the equations (2.14). Using Macaulay 2, we obtain six generators.
Again, Macaulay’s algorithm does not yield a minimal set; we can express the last two
generators in terms of the first four. Below we list this smaller set of four generators in

the order X = (p1,p2,p3,41,42,43):

XU = (E\E3— E»,0,E? —1,0,EE3 — Ey, E? — 1),

X@ = (B, B, Es, By, Ea, E3),

X®) = (1,Es, E\E3,1,E By, B»),

X9 = (B\Ep1,E, Es,1,EyEs). (2-19)
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Note that the last three generators are just X(? = ¢, X©®) = o, X4 = . But there is an
extra generator X(!) needed to generate all the solutions.

Another set of generators which could be useful for further work is a Groebner basis
of a module. The concept of a Groebner basis of an ideal can be extended to that of a
Groebner basis of a submodule of (K|[z1,zs,...,2,])™ where K is a field, since a module
over the polynomial ring can be considered as generalisation of an ideal in a polynomial
ring. Just as in the case of an ideal, a Groebner basis for a module is a generating set with
special properties. For the module under consideration we obtain a Groebner basis using
Macaulay 2

GV = (B, By, Es, E\, E,, Es),

G® = (EBs— E5,0,E%—1,0,E,E; — By, E2 — 1),

G® = (E\Ey1,E, Es,1,EEs),

GW (1, E3, E1\E3,1, By Es, E),

G® = (BEs(E?-1),1- E2,0,0,1— E2, Ey(E% - 1)). (2.20)

Note that in this Groebner basis G = ¢(=X? GO = x1) g6 = B=XW gW =
a=X®), Only G® is the new generator.

Another set of generators are just o, 8,y and ¢. This can be checked using Macaulay 2
or one can relate , 3,7 and ( to the generators X(4), 4 = 1,2,3,4 by polynomial matrices.
In Appendix C, we express the 7 generators we obtained following the literature, in terms
of a, 3, and (. Also we express a, 8,7 and ¢ in terms of X(4). This proves that all these
sets generate the required module of syzygies.

The question now arises as to which set of generators we should choose which facilitates
further analysis. The analysis is simplified if we choose a smaller number of generators.
Also we would prefer low degree polynomials to appear in the generators so as to avoid
cancellation of leading terms in the polynomials. By these two criteria we may choose,
XA or a, 8,7,(.

2.4 Cancellation of Noise from Moving Optical Benches

There are two optical benches on each space-craft which have random velocities and are
connected by optical fibers. The random velocities of the optical benches and the delay in
the optical fibers are measured as further Doppler shifts apart from other noise and the
GW signal. Since we are interested in the cancellation of laser frequency noise and motion
of the optical benches, we write expressions for the beams containing only these quantities.
The Doppler beams will of course contain other effects arising from shot noise, GW signal,
motion of proof masses etc., but we will not write them in the expressions for the Doppler
data because they are not relevant to the problem we are interested in. We follow the
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Figure 2.5: Optical bench arrangement in the spacecraft

notations of [16,17]. The quantities pertaining to the left bench will be unstarred while
that for the right bench are starred. There are now twelve Doppler data streams which
need to be combined in an appropriate manner in order to cancel the noise from the laser
as well as from the motion of the optical benches. The fractional frequency fluctuations of
laser on the left optical bench i are denoted by C; and on the right optical bench i* by C7,
the random velocities of the benches V;, V7 and 7; the frequency shifts in the optical fibers
connecting the optical benches in space-craft i. We then have the following expressions for

the four data streams pertaining to space-craft 1:

Ul = E5(C3—fy-V3)—(fz- V]+CY),

Vi = —E3(Ci+1n3-V3)+(C1 —fg- Vi),
2 = C1—Cf+m—203-Vy,
ZT = CI* —C1+ m + 2119 - VT . (221)

The other eight data streams on space crafts 2 and 3 are obtained by cyclic permutations
of the indices in the above equations. Here fiy denotes a unit vector in the direction from
space-craft 1 to space-craft 3 and the remaining unit vectors fi and fi; are obtained by
cyclically permutating the indices.

We find that the twelve Doppler data streams depend only on the particular combi-
nations C) — fiz - Vi and C} + fip - VI and their cyclic permutations. We define these
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combinations as C; and C‘f respectively, i.e.:
Ci = Ci—13-Vy,
G = Ct+hy-Vi, (2.22)

and also their cyclic permutations. Then the expressions for the data streams simplify
considerably. We write the expressions for the data streams corresponding to space-craft
1. Others are obtained as before by cyclic permutations:

U = BCy—0CF,

Vvl = —E3és+él,
1
Zl = 5(21-2{)
= G ~C. (2.23)

The new variables Z* have been defined which automatically cancel the n;. Also we note
that the U’, V* have the same form as in Eq. (2.3), except that the C; are replaced by the
C; which account for the motions of the optical benches.

The noise cancellation condition now becomes:

piVi+qUi +12' =0, (2.24)

where r; are polynomials in E, Eo, F3. Since the above equations should hold for any
C;, C‘:‘, we obtain the following equations the polynomials p;, ¢;,7; must satisfy:

p1+E3q@+r =
Eops+qi+m =

0
0
p2+Eig3+ry = 0,
Espr+g+r2 = 0
p3+Eaqi+13 = 0
0

Eippt+gz+ry = (2.25)

We now have a nine component polynomial vector. The solutions to Eq. (2.25) form
another module of syzygies which is related in a simple way to the module obtained in just
laser noise cancellation. Eliminating r; from Eq. (2.25) we obtain the same equations for
pi and g; as in (2.14). This enables us to extend the previously obtained generating sets
to this module. Thus, thanks to the mapping of C;, (C}) — Cj, (Cy), the two modules
are isomorphic. We just state the remaining three entries (71,72, 73) of the generating sets
keeping the same notation. The first set of 4 generators in the order (ry,79,73) are:

XV = (Ey(1- E}),E\(1- E2),1- E2),
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X® = —(E;+ EyE3, Ey + E\E3, E3 + E1E),
x® = —(1+4+ E1EqEs3, E1Eq + E3,E1E3+ Ey),
X@W = —(E\Ey+ E3, 1+ E\EyE3, By + E3E3). (2.26)

In the other generating set, namely, the Groebner basis we need to specify just Gs since

the other elements are in the previous generating set. Thus,

G®) = (0, (E} - 1)(1 - E3),0). (2.27)

2.5 Ultra Stable Oscillator Noise

One proposed design of LISA envisages having six independent lasers, two on each space-
craft having central frequencies v; and v},7 = 1,2,3. These frequencies could well differ
by several hundred MHz. The outputs of the photodetectors therefore will have a large
fringe rate and must be down-converted (heterodyned) to the GW frequency band. For
the down-conversion each space-craft comes with an onboard clock - the Ultra Stable
Oscillator (USO). We will assume that each USO has a frequency fi, which brings along
with it clock-jitter with frequency fluctuations &;. The frequency fluctuations §; bring in
another source of noise - the USO noise. It has been realised recently, that the ultra stable
oscillator (USOQ) is an important source of noise, which could be two or three orders of
magnitude above the shot and optical path noise. Thus the USO noise will determine the
noise floor if the laser phase noise and the noise due to the motion of the optical benches
is cancelled. Suppressing the USO noise is crucial for the data analysis of LISA. One way
is to attempt reducing the USO noise in the hardware. However, given our powerful data
analysis methods involving commutative algebra, it is possible to tackle this question in
the data analysis - that is, look for data combinations which can also suppress the USO
noise. Recently Tinto et al [22] have made a case that time-delay interferometric methods
may be employed successfully for cancelling the USO noise. Our methods of commutative
algebra make it obvious how this noise can be cancelled.

The six data elementary data streams now also include the USO terms. We just mention
the data stream U':

Ul = (v3 —vf — ag1 f1) + E2C3 — CY — a21&1 + other noise + GW signal, (2.28]

where as; is a down-conversion factor. We may choose ag; such that v3 — vi —aafi =
0 so that the first term vanishes and we are left with just the USO noise term Ug1 =
—as:€;. Similarly, the rest of the 5 data streams are given by V51 = —ag1£; and their cyclic
permutations.

Six more data streams - called correction data - obtained at side-band frequencies
v; + fi, v} + fi are needed for cancelling the USO noise. Both the main frequency data
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as well as the side-band data contain the USO clock-jitter noise. This redundancy in the
data is used to eliminate the USO noise. Since just the side-band is used, the module
cancelling USO noise is identical (isomorphic) to the laser frequency noise cancellation
module. Writing only the USO noise part, we denote these correction data streams by
Ué*, VE"‘i. These are given by:

Ug' = Bafs — & —bns, V{' =& — B3& — b6y (2.29)

where bo; and b3; are down-conversion factors for the correction data. The coefficient bay
satifies the equation (v3+ f3—(vf + f1) —ba1 fi =0 (likewise bs; satifies a similar equation).
After elementary algebra one finds that the quantity:

Ufl = Ul
= ¢ 2 £ =EQs - Q, (2.30)

where Q; = &;/fi. AU" has the same form as in the case of laser frequency noise or optical
bench motion noise (See Eq. (2.3) and (2.23)). Similarly,

V!l — Vl
= f_fg_f =Q) - F5Q,. (2.31)

The other such data streams can be obtained from cyclic permutations. This implies

AU!

AV

that we again obtain the same (isomorphic) module, as in the previous cases. These data
streams can be used to eliminate the USO noise. For example, the USO part of the
Michelson combination is given by:

Xe = —aa1(1 - E3) [1Q1 + az1(1 — E3) /1Q1 + a3 Es(1 — E2) [,Q — ass(1 — E2)Es f3Qs.
(2.32)
The first term can be cancelled by adding to X¢ the combination:

(AU + B2AV®)ag) fr = ap fi(1 — E3)Q:

and so on.
Thus by using identical techniques the USO noise can also be cancelled.

2.6 Conclusion

We have presented a rigorous and systematic procedure for obtaining data combinations
which cancel the laser frequency noise based on algebraic geometrical techniques and com-
mutative algebra. The data combinations cancelling the laser noise have the structure of
a module called the module of syzygies. The module is over a ring of polynomials in three
variables, corresponding to the three time delays along the three arms of the interferom-
eter. Our formalism can be extended in a straightforward way to cancel optical bench

motion noise as well as USQO noise.
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Each of the noise cancelling data combinations have different response to the GW signal.
Also, the noises such as acceleration noise of proof-mass and the optical-path noises are not
cancelled out in this scheme. In the sections that follow, we compute the GW responses
and the transfer functions for the noise for the data combinations in the module.
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Detector response and Sensitivity to
GW

The ripples produced in the spacetime by the gravitational waves are recorded by LISA as
fractional Doppler shifts of the laser frequency. The data will contain the total frequency
shift from the various noises and the GW signal. In the previous sections we have found
the data combinations of beams cancelling the laser phase noise, optical bench motion
noise and USO noise. In following sections we investigate the response of the detector
for these data combinations, the transfer functions for the generators and also their linear
combinations. The laser phase noise, optical bench motion noise and USO noise is then
also cancelled for the linear combinations. However, noises such as the shot noise and the
acceleration noise of the proof masses do not cancel out. In the following subsections we
set up the coordinate system adapted to the LISA geometry and then go on to compute
the response of LISA.

3.1 Parameterisation of the Interferometer

The Figure 2.4 describes the LISA geometry. We choose a coordinate system in which
the LISA triangle is at rest. Although this coordinate system is in motion relative to the
usual coordinate systems normally encountered, we will find such a system of coordinates
convenient for further analysis, such as computing SNR’s of monochromatic sources etc.

The unit vector @ (Fig 3.6) connecting the origin and the source is parameterised by
the source angular location (0, ¢), so that

sinf cos ¢
W = sinf sing |, (3.33)
cos 6

the transverse plane is spanned by the unit transverse vector @ and é, defined by

N 1 8w
b =55 ¢= i (3.34)
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source

X

Figure 3.6: Source and detector orientation

As the wave propagates through the LISA triangle, the components of the gravitational
perturbation can be written as

hij(t,7) = hy (8 — D -7) (6:0; — dicbj) + hx (t — - F) (6idj + 0;0i) (3.35)

where h,(t) and hy(t) are arbitrary functions describing the two GW amplitudes.

We consider the effect of this perturbation on the light beam travelling between two
points A and B. From this we obtain the complete response. Let 74 and 7 be the position
vectors of points A and B respectively (as shown in Fig. (3.7). Then the line element of
the spacetime along the beam null ray obeys,

0 = dt* — dz® — dy® — dz? + h;jdaidat, (3.36)

where the i, j run over space indices only. If 71 is the unit vector directed from A to B, we
have
dz' = n'd), (3.37)

where ) is the Euclidean length. The equations (3.36) can be expressed as,
0 = dt* —d)\?[1 — hyn'n’] , (3.38)

or equivalently
1
d\ = dt [1+§h(t—ﬁ)-*ﬁ)} : (3.39)
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=

(@)

Figure 3.7: Light propagation along single arm

From Eq. (3.35) we get
h(t) = hi(t)€+(0,0) + hx(t)éx (0, 9), (3.40)
{ & = (0-2)2— (8- #)?

& = 2(0-7)(3-7) L

3.2 h-Sensitivity of One Arm

We now apply the above analysis to compute the Doppler response of the laser beam along
one arm of the LISA detector. Let the beam start at ¢ = £y from the point 74 and travel
towards the point 7p and reach it at ¢ = ¢;. Then,

7(t) = fa+(t—to)n, 7(t1) = 75. (3.42)
The line element along this path satisfies the equation,

dx = dt{1+éh[(1—w-ﬁ)t~w-FA+tgw-ﬁ]}. (3.43)
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The global travel time ¢; — ¢ is given by the integral :

1 tl - — A~ -~
L =t1—to+§ ht(1 = - R) — b - T4 + o - 7] dt. (3.44)
to

It is convenient for many purposes to pursue our analysis in the Fourier domain. We
Fourier transform the GW amplitude h:

h(t) = f dQ2 h(Q)exp(—iQt), (3.45)
and the travel time can be expressed as,

- t
ty—tg = L— %/dﬂh(ﬂ) / exp [—iQ (1 — b - A) t] exp [iQW - 7a] exp [—iQow - 7] di .

to

(3.46)
In the zeroth order of the integral, we have t; — {9 = L, and we obtain:
ti—tg = L— %fdQﬁ(Q) exp (10D - 74) exp (—iS)

exp (iQLw - 1) — exp(iLL) . (3.47)

—iQ(1l—w-n)

The phase change over that time interval is ® = w(t; —t), where w = 271, is the optical
circular frequency. We can assume that the time ¢y is the current time and #y the retarded
time, so that the phase is ®(t) = w(t —tp):

w = e .
d(t) = wL m/dﬂh(ﬂ) exp (1Q - 74) exp (—iQ)
exp (INLW - 7i) — exp(iQLL) (3.48)
—i) ) ’
By taking the time derivative, we get the instantaneous frequency,
ov(t) - 1 dd(t) (3.49)
Vopt w dt '
In the time domain and using 74 + L7 = 7 we finally get,
su(t) =1 _
= —-7g) —h(t—w-74—L)]. 3.50
In the Fourier domain we may express this result as:
@) B s iR =0 =G R)) . (@T)
Vopt 2(1—w-n)
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3.3  h-Sensitivity of Elementary Data Streams

In this section we compute the expression for the transfer function for the six elementary
streams given in the Eq. (2.3). These data streams are combined with suitable time delays
for cancelling laser phase noise. These operations lead to different GW transfer functions
for data combinations in the module.

The Doppler shift being expressed in the Fourier domain as,

5v(Q)

Vopt

= hy(Q)FL(Q) + hx (U Fy (Q), (3.52)

where F ((2) are transfer functions. We can compute the transfer functions for the
combinations Us, V;. We just give below Fy, 4 « and Fy;.4 «; the others are obtained by
cyclic permutations:

Qw73+ La)
< —iQLo(144-7ig)
» - — - I 2 2 )
Foiie x 2(1+1 - fg) ( € )52,+‘><,
eiﬂ(’if}-r"’g-}-bs) QL L
. gy TR _ i (1—w-ng) )
Fy ot x Ty (1-e ) st (3.53)
where,
Eit = (0-7)°—(¢-7)®  &ix = 2(0-7:)(B- 7). (3.54)

To implement the cancellation of laser phase noise these elementary beams must be com-
bined with suitable time-delays. We notice that in the Fourier domain the delay operators
get replaced by simple multiplicative factors as the following computations show. This is
one of the advantages of the Fourier analysis. The delay operators introduced earlier are
E; such that for any function of time f(¢), we have

Eix f(t) = f(t-Ly), (3.55)
which in the Fourier domain in nothing but
E Q) = e(Q)f(@), (3.56)
where the e; are simple multiplicative factors:
e; = e, (3.57)

Thus operator polynomials in E; become actual polynomials in e; in the Fourier domain.
This particularly simple fact can be used to advantage for the simple but astrophysically
important sources, namely the monochromatic sources considered in the next section.

Below in the figures 3.8(a) and 3.8(b) we present the transfer functions Fy, for both
polarisations: The other transfer functions show similar characteristics.
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Figure 3.8: Log Log plot of the PSD |Fy,,, |2 and |Fy;,, |?, of the corresponding transfer
function are displayed in (a) and (b) respectively, as a function of frequency for § = 0,
¢ =0.

3.4 Noise

We recall that the laser frequency noise and optical bench motion noise can be cancelled
by taking appropriate combinations of the beams. In this scheme the noises that do not
cancel out in the module of syzygies are the acceleration noise of the proof masses and
the shot noise. These then form the bulk of noise spectrum which we obtain below for
any given data combination X. We compute the noise power spectral densities for the
generators X (4),

The beam with the signal and the various noises can be written as,

U' = ExCs—Cf+2ny 07 +hyr + Y5 (3.58)
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Vi = —EC5+Cy + 2430 — hyy — Y& (3.59)
1
Z! = (5) (zl—zf)+ﬁ3‘ﬁl+ﬁg'ﬁ"f. (3.60)

The other beams can be obtained by taking cyclic permutations. Here # and U7 are the
random velocities of the proof masses, in the left and right branches respectively, in space
craft 1.

Let the noise cancelling combination X be given by,
X =pV'+qU' +n,2", (3.61)

where the 9-tuple (p;,g;,r;) is in the module of syzygies. Using Eq. (3.61) we obtain the
power spectral density of X for the two noises,

3
< X2SPT =" (12 + il + |2g5 + i) SP (3.62)
i=1
3
<X2>P =N (Ipif® + |gif?) S, (3.63)

i=1

where SP/ is obtained from ; and v; and denotes the proof mass noise; S°?! denotes the
optical path noise which includes shot noise, beam pointing noise etc. We take SP/ (f) =
2.5 x 1078 [f/1 Hz]™® Hz™' and SP!(f) = 1.8 x 1037 [f/1 H2]> Hz! following the
literature [17].

For the purpose of computing the GW response and the noise, we make a simplifying
assumption that the arm-lengths are equal ie. L; = Ly = Ly = L. This assumption is
justified because the GW wavelength is much larger than the differences between the actual
arm-lengths. Thus we have,

€1 = €3 = €3 = %

In the particular cases of the generators X(4), 4 =1,2 3,4 we obtain,

Sxw(f) = [16sin*(2nfL)+ 32sin* 7fL)] 5P*

+ [8sin®*(mfL) + 8sin?(27fL)] S (3.64)
Sxa(f) = 24sin®(xfL)SP + 65! (3.65)
Sx@(f) = [16sin®(xfL)+ 8sin*(3nfL)] SP/ + 65 (3.66)
Sxw(f) = [16sin*(wfL)+ 8sin*(3nfL)] SP/ + 65 (3.67)

The plots of these noise spectra are shown in the figure 3.9.

S.V. Dhurandhar and Jean-Yves Vinet



36 Gravitational Wave Data Analysis for LISA

1e-34

1e-36

1e-38

Log Sy, (f)

1e-40

1e-42 |

Log(f)

Figure 3.9: Log Log plot of the noise spectra for the generators X(4). The curves for X (3)
and X coincide in the figure.

3.5 Monochromatic Sources

Monochromatic sources are simplest among the gravitational wave sources. There are a
number of important objects such as pulsars, rotating neutron stars, coalescing-binaries
with sufficiently low mass may be considered as emitting monochromatic GW radiation.
We will call those sources to be monochromatic which even if they change a little in
frequency in a given observation time, the fractional change in SNR for the optimal data
combination does not fall below a pre-assigned limit. We could take this limit to be few
percent, but for concreteness we fix the limit at 1 %. The observation time 7" we take to
be one year.

For binary stars, the relevant quantity which decides the evolution in the GW frequency
at a given frequency fo is the so called chirp mass M = u3/5 M?/5, where p is the reduced
mass and M is the total mass of the binary system. We assume a Newtonian evolution for
the binary system which gives the rate of change of GW frequency f as,

: _3fo

f= Er (3.68)

where 7, is the Newtonian coalescence time measured from the epoch when the GW fre-
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quency is fo and the ‘dot’ denotes derivative with respect to time. The 7, is given by,

Cajen

7o ~ 2.15 x 108 [ﬁ]

My [ fo ] 3yea.rs, (3.69)

1mHz

where Mg, is the solar mass.
A limit on the rate of change of frequency can obtained by considering the total change
in the frequency Af during the period of observation 7. That is,

Af = fT. (3.70)

Inverting the above equations we obtain a limit on the chirp mass M:

11

3
fo 17% [ Af 18
M <175 [lmHz] [mﬂz] M. (3.71)

In our investigation we take the bandwidth Af by allowing SNR to change by 1% at the
frequency fo. Numerically, we estimate A f for various values of fy. The table below shows
the upper bound for M at various frequencies fj:

fo in mHz Af in p Hz ey
for 1% change in SNR
0.1 1.0 27705
9.9 691
2 22 243
10 1130 74

Here our goal is to seek a data combination which optimises the SNR for a monochro-
matic source with given polarisation parameters and direction information. A convenient
set of polarisation parameters are the angles ¢ and v describing the orientation of the
angular momentum vector in space. The direction to the source is described by the polar
angles ¢ and ¢ in the coordinate system tied to LISA. For a monochromatic source the
wave form can be written as,

i ; 2
hi(t) = H [i‘zos_e cos 29) cos Ut + cos € sin 29 sin Qt] ,
2
hy(t) = H [—% sin 27 cos Qt + cos € cos 27) sin Qt] ; (3.72)

where the angles (e,7) describe the orientation of the binary orbit (e,% could be the
direction angles of the orbital angular momentum vector) and H the overall amplitude
which depends on the masses, the distance and the frequency f as given below:

5
M 3 R 17! f 2/3
H — =22 | . .
llea k10 [1000 M(\] [lec] I:lmHz} ’ (5-73)
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where R is the distance to the source, f = /27 is the GW frequency of the source and
M = (i*M 2)% the chirp-mass, where u and M are respectively the reduced and the total
mass of the binary. For the typical parameters taken above the frequency evolves very
slowly, so much so that the time for the system to coalesce is more than 20 years. For an
observational time of the order of an year, the frequency of the binary changes very little
so that the source can be practically taken to be monochromatic.

Since we deal with essentially monochromatic sources, the Fourier domain is appropri-
ate for further analysis. In the Fourier domain we have,

hie(Q = H [1—+%(£2E cos21p — i cose sin qu] 5
he(Q) = H [—1—?%2—5 sin 2t — i cos e cos2w] . (3.74)
The response for the signal at the detector can now be written as,
hx = 23: [pi (Fviths + Fyixhx) + @ (Fuitha + Fuixhx)] (3.75)
i=1

where pi’s and g;’s are in the module of syzygies. From Eq. (3.62) and (3.63) we can
compute the total noise spectrum for the generators and it can be written as,

3
Sx(f) = Z [(Igpz' + 742 + |2¢; +7i|?) S + (Ipil* + |ail®) S"p‘] . (3.76)

i=1
The expression for the signal to noise ratio (SNR) for the monochromatic source simplifies
to,

SNR = {%} . (3.77)

We plot the sensitivities of the generators X (4) as function of f in figures 4.11(a) and
4.12(a) for fixed direction § and ¢. It is also important to understand the angular depen-
dence of the sensitivity of generators, which are plotted in the figures 3.10(a)-3.10(d) at a
frequency of f = 1 mHz. The sensitivity S is defined following [23],

VSxB
S =5Y2X" (3.78)
|hx|
where B = 1/T, where T is the observation time which we take to be one year. The

number 5 corresponds to an SNR of 5.

In this section we have found the GW response and the noise power spectral densi-
ties (PSD) for the various data combinations. We have given simple and elegant expres-
sions for obtaining the same. In the next section we use these results to compute the
SNR for the data combinations in the module and then optimise the average SNR and

sensitivity.

S.V. Dhurandhar and Jean-Yves Vinet



Monochromatic Sources 39

ﬂﬂ!!W!ﬂ'.ll,llllllfgyl{lli///l{ll////llz/

by, m,

(c) (d)

Figure 3.10: Plots of log S of the generators X(4), A = 1,2, 3,4, are displayed in (a), (b),
(c) and (d), respectively, as function of  and ¢ for f = 1 mHz and SNR = 5.
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Optimising SNR

4.1 Introduction

We start this section with the formalism for extremising the SNR. The noise and signal
pertaining to the data streams can be construed of as vectors. Qur formalism makes the
discussion lucid, elegant and convenient for further analysis. We compute the noise covari-
ance matrix, which is an outer product of the noise vector with its Hermitian conjugate
and obtain its eigenvectors and eigenvalues. The signal matrix (again outer product of
the signal vector with its Hermitian conjgate) is computed for binaries whose frequency
changes at most adiabatically (the monochromatic case is included) and for which the
signal is averaged over polarisations and directions. Here adiabatic means that the sig-
nal response, the noise and hence the SNR change imperceptibly even if the GW source
changes frequency during the observation time. We find that the signal matrix has the
same eigenvectors as the noise covariance matrix which results in computational simplifi-
cation. We show that the SNR at each frequency for any data combination in the module,
lies between an upper and a lower bound, the upper and lower bounds of the SNR being
those of the eigenvectors. The extremisation - both maximisation and minimisation - of
SNR is important for different purposes; maximisation is important for the detection and
parameter estimation of a GW source, while minimisation is important for the purpose of
distinguishing the GW confusion noise from the instrumental noise [21]. We further show
that the bounding SNR curves have multiple intersections within the band-width of LISA
(107* Hz - 0.1 Hz). The improvement of SNR of the upper-bound over the Michelson
combination, goes upto 70% , but only at high frequencies > 5 mHz. At low frequencies
< 5 mHz, both have the same sensitivity. Since the eigenvectors are independent random
variables, a ‘network’ SNR of independent detectors [24] can be constructed from the like-
lihood considerations which gives an improvement between v/2 and v/3 over the maximum
of SNRs of the eigenvectors. The improvement over the Michelson combination is about
40% at low frequencies < 3 mHz and rises above 100% at high frequencies.

For the purpose of extremising the SNR, we choose the set of generators: «, 3,7 and

¢ (notation followed from [16,17,25]). The a, (3, are cyclic permutations of each other.
This symmetry comes in useful when computing scalar products between them and also
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in diagonalising the noise, and signal covariance matrices defined in the next section. We
list this generating set as 9-tuples of polynomials (p;, g;, r;). Recall that the polynomials
(p;i, qi. 7;) are polynomials in the variables E; and act on the data streams (V’:, U, 2 "')
respectively. These generators of the module are given by:

o« = (1,Es, E\Es,1,E1Ey, Es,—(1+ E1E2E3), —(E1E; + E3), —(E1E3 + E3)) ,
B = (E1E3,1,E1,Es1,EyE3,—(E1Es + E3), —(1+ E1E2E3), —(E1 + E3E3)),
v = (B3, EaEs,1, E3Ey, E1,1,—(E2 + E1E3), —(E1 + E2E3), —(1 + E1E2E3)) |
¢ = (Ei1, Es, Es Ei, Ey, E3,—(E) + E2E3), —(Ey + E1E3), —(Es + E©1E»)). (4.79)

Note that these sets of generators are not linearly independent. In particular, the set
of generators {a, 3,7,(} [16] obey the following condition :

(1 — ElEgEg)C = (E1 — EgEg)a + (Ez = E]Eg)ﬁ -+ (E3 — E]Eg)’y. (480)

When maximising the SNR in the Fourier space, this relation allows us to eliminate one
of the generators at almost all frequencies, except when the product Ey1E;E3 = 1. Note
that E1F5E3 is just the total time-delay Ly + L2 + L3 around the LISA triangle. Here,
we assume that all the arms of LISA are of equal length i.e Ly = Ly = L3 = L. In the
Fourier domain, i.e, B} = Fy = E3 = E = ¢ and the operator polynomials become
actual polynomials. One can then solve for ¢ in terms of o, 83,7, ezcept at the frequencies
Q), when €L = 1, Taking L ~ 5 x 10° km, the smallest such frequency f = Q/2m is ~ 20
mHz. Thus,

C=m(a+ﬁ+7), (4.81)

and can be effectively eliminated while extremising SNR, except at the singular frequencies.
Since SNR computation can be successfully carried out for frequencies arbitrarily close to
the singular frequencies, for the computation, the singularities do not seem to be important.
In the analysis that follows, we use only the three generators {c, 8, v}

We show further that the SNR can be improved with respect to the Michelson combi-
nation X, (notation of [16,17,25]), for monochromatic sources whose signals are averaged
over directions and polarisations. The Michelson combination X is given by the polynomial

vector,

X = (1-E2%,0,B,(E}-1),1-E} E3(E;-1),0,
EZ + E2 — E3E% —1,0,0). (4.82)

This combination is used to plot the standard LISA sensitivity curve [23]. From cyclic
symmetry, the combinations ¥ and Z can be obtained which exhibit the same frequency

response.
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4.2 Strategies for Improving the Effective Sensitivity of LISA

In this section, we show that the set of generators {a, 3, 7} can be combined into a new
set, consisting of ‘orthogonal’ eigenvectors. The noise covariance matrix naturally defines a
positive definite, non-degenerate bilinear form, which serves as a scalar product or a metric.
Orthogonality between eigenvectors is defined in terms of this metric. Physically this means
that the noises of the eigenvectors are uncorrelated with each other. The eigenvectors are
easily obtained by diagonalising the noise covariance matrix. The averaged signal matrix
that we consider here has the same form as the noise covariance matrix and consequently
has the same eigenvectors. Thus this set of eigenvectors simultaneously diagonalises both
matrices constituting the SNR and simplifies the analysis that follows. An important
observation here is that the eigenvectors are independent observables. They represent
therefore statistically independent detectors (so far as instrumental noises are concerned),
and they can be treated as a network of detectors. Furthermore, they can be combined
in a root mean square fashion to yield a ‘detector network statistic’ [24] to yield a much
improved sensitivity.

4.2.1 The Formalism

In this subsection our goal is to maximise the SNR for a given monochromatic source over
the set of noise cancelling combinations. These combinations can be generated by the
generators given in the Eq. (2.19) and (2.20). The SNR corresponding to the each of the
generators (X(4), A =1 to 4) as a function of frequency are shown in the figure. However
one must maximise the SNR over an arbitrary linear combination of X(4). This goal is
difficult to achieve since it involves a maximisation over a space of six tuples of polynomials
which is essentially a function space. In order to make the problem tractable and still
achieve adequate results we restrict the polynomials to be constants. This approach does
not fully optimise the SNR but it comes quite close to the optimal solution. Our approach
can be thought of as a zero’th order approximation.

A linear combination of the generators can be written as

4
X = ZQ(A)X(A), (483)
A=1

here, a4y (for A= 1 to 4) are a set of real numbers. Since a scalar multiple of X will not
yield anything new, we set one of the a’s, say, o(;) = 1. Thus the SNR now becomes a
function of three parameters a(iy,t = 2,3, 4, which are just real numbers and our objective
is to maximise the SNR with respect to ag;).

In order to carry out the analysis efficiently and elegantly we find that it is useful to
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define complex noise vectors N (4) pertaining to X (4) as follows:
N = (Vari(ap!® + (™), VT (2 + ("), VErip?, VEuigM),  (484)

where, pEA), qEA) and 7

and (2.26) and SP/ and S°P* are the proof-mass noise and the optical path noise given
in section (3.4). We have N(4) € C!2 the 12 dimensional complex space and the
usual scalar product C'2 induces a norm; N) . N 4y* = |[N|2 gives the noise PSDs
corresponding to the basis X (),

(4)

i

corresponding to generators X (4) are given in the Eq. (2.19)

In a similar fashion one can also write the signal corresponding to a particular basis
clement. We first define the polynomial 6-tuple for each generator X(4) as follows:

pl4) — (pE(A), ngm) , (4.85)
and the GW signal 6-tuple as,
H* = (Fy;+ht + Fygxhx, Fugihy + Fugxhx) . (4.86)
The signal for a specific generator X(4) is then written as,
R4 = plA) g+ (4.87)

and the corresponding SNR is given by,

(4) P(A) . F*)(P(A) . F*)*
(4 _ 7 /( )( )
SNR = N = @ N(A)* 2 (4.88)

For an arbitrary linear combination X (Eq. (4.83)) the noise vector and the signal vector

can be expressed as
N = O’(A)N(A), P= Q(A)P(A) s (489)

where summation convention has been used. The signal is just the scalar product h =
P.H* = o 4yh""). We omit subscripts X on these quantities.
In this notation the SNR of the combination (4.83) can be written as,
Al
SNR = ——. (4.90)
||V
Writing out explicitly the sums in the scalar products,

a(A)a(B)*h(A)h(B)*

SNR)? = = :

(4.91)

Maximisation with respect to a(g), (3), a4y leads to the following three conditions which
must be obeyed by a; in order to yield the maximum SNR for X:
R(hhy*)  R(NNE®)

RE NP (492)
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where J(z) denotes the real part of the quantity .
To demonstrate the usefulness of the formalism, we consider just two generators X (1)
and X, We take the a(1) = 1, 2) = @ and other two « s zero. Then,

X = XW4ox@, (4.93)

The Eq. (4.91) reduces to the form,

_ap+ 2b1a + C;Q‘g

= 4.
ag + 2bsa + coa?’ ($84)
where,
a1 = |h'?, by =R(h'AY), o = K22,
a2 = |N1|21 by = ‘%(NIN;): C = INglg L (495)
The condition for the optimisation (4.92) simplifies to
(braz — a1bz) + (cra2 — arca)a + (e1by — byeg)a® = 0. (4.96)

The two roots of the Eq. (4.96) can be obtained. Here, « is a function of the parameters f,
0, ¢, € and %. One of the solutions of the Eq. (4.96) correspond to the maximum and other
correspond to the minimum of the SNR. In a similar fashion one can maximise the SNR by
taking any two of the four generators given in the Eq. (2.19) and by taking appropriate Qi)
in the Eq. (4.83). We have seen in several cases that maximising over just two generators
yields remarkably good results.

This simple case demonstrates that one can use the solutions given in the Eq. (2.19)
to get a better SNR. However, to get full advantage one needs to maximise the SNR over
the three o’s. In order to optimise the SNR given by the general combination we resort
to numerical methods since there is no straight forward method for solving the coupled
algebraic equations given by (4.92). We use the Powell’s method as given in [26] for
maximising the SNR over the parameters oy 4)- The sensitivity S for the generators X (4)
and for the maximal SNR combination of X(4)’s denoted by [X1,X2,X3,X4] as a function
of frequency f has been plotted in figures 4.11(a) and 4.12(a). The corresponding values
of a(4) are shown in figures 4.11(b) and 4.12(b).

This simple example demonstrates how one can maximise SNR over the module. How-
ever in order to gain the physical insight it is important have analytical procedure for
maximisation. We show later that this goal can be achieved by diagonalising the noise co-
variance matrix and the signal matrix. The extremisation can be carried out algebraically
because of the special nature of the noise and signal matrices.
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Figure 4.11¢a). Log Log plot of the sensitivity S for the generators X(4) as function of f
for 0 = 0, ¢ = 0 over one year observation period for SNR = 5. The curve [X1,X2,X3,X4]
depicts the sensitivity of the linear combination of four generators X (4) which gives max-
imum SNR.

4.2.2 The Noise Covariance Matrix

We define noise vectors in the Fourier domain N, I = 1,2,3 for each of the generators
{a, 3,7} respectively, over the 12 dimensional complex space C 2

NO = (VER(26 + 1), VBRI (26" + 1", VB, VEWGD) . (4.97)

The polynomials (pgn,qg"],rgn), (now actual polynomials in the Fourier domain) corre-
sponding to the generators a, 3 and y are given in the equation (4.79). The noise covariance
matrix for the generators {a, 3,7} is defined as .N'((jg =nND. N(“J) and takes the simple
form,
ng Mo MNo
ND = no na mo |- (4.98)

Mo Mo N4

We note that because of the cyclic symmetry, the diagonal elements N a). N7, are equal
to each other - denoted by ng. Similarly, all the off-diagonal elements N (.N s for I # J
are also equal to each other and which we denote by n,. This was the reason a generating
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FIG. 4.11(b). Plot of coefficients e 4) which gives the maximum SNR for linear combina-
tions of all the four X(4) as function of ffor=0and ¢ =0.

set possessing symmetry properties was chosen in the first place. A matrix with this form
has two degenerate eigenvalues. Thus, the eigenvalues of the noise covariance matrix are
given by,

ny =Ny =ng —n, and ng =ng + 2n, . (4.99)

Since two of the eigenvalues are degenerate we need to systematically adopt a procedure
for choosing the linearly independent and orthonormal set of eigenvectors. This choice is
not unique. One such choice gives the following matrix M

o1 _[2
A 4.100)
el !
V3 V3 V3
which diagonalises the noise matrix N7), that is M - /' - M~ is diagonal, with eigen-

values as diagonal elements. The eigenvectors are:

A %(oﬁrﬁ—?’y)}
Y@ = % B—-a),
Y® = % (@+8+7). (4.101)
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Figure 4.12:(a). Log Log plot of the sensitivity S for the generators X (4) as function
of f for § = m/4, ¢ = m/4 over one year observation period for SNR = 5. The curve
[X1,X2,X3,X4] depicts the sensitivity of the linear combination of four generators x4
which gives maximum SNR.

We find that the data combination Y ® is proportional to the symmetric Sagnac com-
bination ¢ and has the same SNR as that of (.

4.2.3 The Signal Matrix

The response of a GW signal for a given data combination computed earlier is conveniently
expressed in the Fourier domain by,

3
WQ) = [pi (Fviy bt + Fri hx) + @i (Fug b + Fuch)] () (4.102)

i=1
Here, Fy,,  and Fy,, . are the antenna pattern functions. We note that the signal

depends only on the first six entries (p;, g;) of the 9-tuple describing a data combination.
So while dealing with the signal response, we only consider the 6-tuple P = (pi, qi) of the
9-tuple describing a data combination. We apply this formalism to a binary source which
may be adiabatically changing in frequency. The two GW amplitudes of such a source at
frequency €2 are given by the equation (3.74).
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FIG. 4.12(b). Plot of coefficients 4y which gives the maximum SNR for linear combina-
tions of all the four X(4) as function of f for § = m/4 and ¢ = /4.

In order to organise the calculations, we also define the detector response 6-tuple as,
R = (Fy hy + Fy by, Fy hy + Fy, hy) . (4.103)

Both P and R will be considered as row vectors for the purpose of defining matrix products.
In order to analyse the signal covariance matrix, it is useful to define a scalar product. For
two data combinations P and @ (considered as row vectors), we define the scalar product
as follows:

< PQ>»>=P -R-Qf, (4.104)

where, R = R!. R is a Hermitian matrix of detector responses and the ‘dot’ denotes the
matrix product. The norm of the vector P is then given by,

|P|? =< P,P>. (4.105)

The norm of P is the GW response for the data combination described by P.
The signal matrix for any generating set X(/) (and corresponding P(!)) is then defined

as,

HE?J = (RDh)) ewps = <<< PO, p >>> (4.106)

s’
where, K1) = PU) . Rt and the bracket ( )cygs represents the average over the polarisa-
tions and directions. Taking o, § and ~ as the generators, the cyclic symmetry between
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Figure 4.13: Noise Spectra of combinations Y
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them gives rise to a signal covariance matrix HE?) which has the same form as the noise
covariance matrix J\f((ﬁ given in equation (4.98). In this case the ng and n, are replaced by
hg = (h(‘r)hf”) and h, = (h(f)th)) respectively. Thus H is diagonalised by the similarity
transformation M and has the same eigenvectors Y (). The eigenvalues of ’HE?) are given
by,

h1 = ha = hq — ho, hs = hqg + 2h, . (4.107)

This simultaneous diagonalisation of both signal and noise matrices is important from
the point of extremisation of SNR. This forms the content of the next subsection. However,
we may note that in the formalism developed by Prince et al [27], the optimisation is
performed without averaging over the source directions and polarisations, which results in
the GW source matrix of rank 1. Since, the source directions are not known in general, we
average over these parameters which results in a signal matrix of rank 3.

4.2.4 Extremising the SNR

An arbitrary data combination can be written as Y = a(;)Ym, where () are polynomials
in E. The SNR for this combination is given by,

kihy + kshs

SNR? = ,
klm + k3n3

(4.108)
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Figure 4.14: Log Log plot of sensitivity S, curve as function of f after averaging over
polarisation and source directions for a observation period of one year and SNR =5.
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where, k1 = |a1|? + |a|? and k3 = |as3|?, and the ranges of ki, k3 are from 0 to co. The
simplicity of this expression is because of using the new set of the orthogonal generators
Y. Tt enables us to easily solve the extremisation problem. The maximum and the
minimum of this expression is governed by the quantity 1 where,

2
o) = o) _ P/
SNRZ, ~ hy/ny’

(4.109)

where SN R(j) denotes the SNR of Y. When n(f) # 1, the SNR is a strictly monotonic
function of the ratio ky /ks. If n(f) > 1 then the SNR of the generator Y1) or Y'(2) is greater
than that of Y3, Then for these frequencies Y!) or Y?) (or any linear combination of
them) yields the maximum SNR while Y®) yields minimum SNR. When 7(f) < 1, the
opposite is true: Y1) or Y2 (or any linear combination of them) yield the minimum SNR
while Y®) yields maximum SNR. The remaining case, when n(f) = 1 all the Y!) have the
same SNR. Since the extremum values of SNR are only attained by the eigenvectors, the
corresponding SNR curves constitute the bounding curves for any linear combination of
Y s. So our results determine the limiting sensitivities of data combinations cancelling
laser frequency noise and optical bench motion noise. It is interesting to note that at the
frequencies where the bounding curves intersect, all the data combinations belonging to
the module have the same SNR.
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Figure 4.15: Plot of parameter n as a function of f. The points = 1 correspond to the
frequencies at which all the data combinations have the same SNR. n >1 corresponds to
the region in which data combination Y(Mand Y are more sensitive than Y®) and vice

versa.
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In the lower frequency range (f <15 mHz), the combination Y(®)(same as that of the
combination ¢) has a very low sensitivity to the gravitational wave signal and the generators
Y (or Y®) has maximum sensitivity to the signal. However, at high frequencies, the
sensitivity curves of Y(!) and Y®) intersect at several frequencies eg. ~ 27 mHz, 39 mHz
etc. While computing 'HE?) and the average sensitivity, we assume a uniform distribution of
sources over polarisations and source directions in the sky. Averaging over the polarisations
is performed analytically and the averaging over source directions performed using the
Monte Carlo method. The sensitivity, S is defined as, S =5 \/% (see Eq. 3.78), where,
B = % and T is the observation time which we take to be one year. In the Figure 4.14, we
show the plots of S for the basis elements YD, for comparison, we also plot the sensitivity
for the Michelson combination X. In the Figure 4.15, we plot the ratio 7 as a function of
the frequency f. The points at which 7 intersects the line y = 1 corresponds to the points
where all the data combinations in the module have the same value of SNR.
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4.2.5 Operating LISA in a Network Mode

In the preceding sections, we have shown that either Y1) Y2 or Y®) maximise the SNR
and they are orthogonal i.e. they are independent random variables. The sensitivity
of LISA can be further improved because, each of these generators can be realised as
independent gravitational wave detectors. Here we obtain the network SNR by taking Y ()
as independent outputs of a network of three detectors. We assume that the underlying
noise is Gaussian [24] and the Y'(!) follow the standard normal distribution.

As shown in [24], if the noise of the individual detectors is uncorrelated then the
network likelihood ratio is just the product of individual likelihood ratios; the log network
likelihood ratio is the sum of the individual log likelihood ratios. Moreover, if the noise
in the individual detectors is Gaussian, the surrogate statistic of the network, yields the
network SNR as,

h 1 ﬁg

3
SNRietwm‘k = ZSNR?I) = 2—+

! 4.110
I=1 L n3 ( )

The corresponding sensitivities are shown in the Figure 4.14. At low frequencies f < 15
mHz, the improvement of the network SNR over the maximum of V) is slightly greater
than /2. This is because at low frequencies the data combination Y(® is not very sensi-
tive in comparison with Y(!). The best improvement in the relative SNR is achieved at
frequencies where all the data combinations are equally sensitive, that is, when n = 1. A
gain of a factor of /3 is achieved at these points. In the Figure 4.16, we have plotted the
relative improvements in the network SNR with respect to the Michelson combination and
the maximum of Y1) and Y.

4.3 Residual Laser Phase Noise

It is indeed very difficult to maintain constant distance between the three space-crafts. In
general, the three arm-lengths will be different. The actual length L, can only be estimated
upto a certain accuracy. Let the estimated arm-length be L; with an error AL; such that
the actual length is L = L; + AL;. Because of this uncertainty in the measurement of
exact arm length, the laser phase noise can not be completely cancelled for a given laser
noise-free data stream. If we demand that this residual laser phase noise level should be
below the combined noise from proof mass SP/ and the optical path noise S°P* then this
puts an upper limit on the laser stabilisation requirement Av and is given by

— pf o qopt 71/2
it [S u: ] (4.111)

Av =
QAL [ 3 pil* + lail?

For Nd-YAG laser, 1 = 3x 10 Hz and the inaccuracy in length is assumed to be AL ~ 200
m, the upper limit on the laser stabilisation requirement is plotted for data combinations
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Figure 4.16: Plots showing the relative improvements (ratios) of SNRs for the three cases:
(i) Network SNR over the Michelson data combination (solid line). (ii) Network SNR over
the maximum of Max [Y(1), Y®)] (dotted line). (iii) Max [Y (1), V3] over the Michelson

(dashed line). Here Max [Y(1),Y®)] is the maximum of the SNR of Y(*) and Y® over the
bandwidth of LISA.
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107"
Fregquency in Hz

Figure 4.17: Laser frequency stabilisation Av in Hz/v/Hz as function of frequency for Y1,
Y ® and Michelson X combinations, for AL = 200 m.

Yy in Fig. 4.17. For this assumed inaccuracy in arms, the Y3 combination demands
that the laser frequency stabilisation be at least as good as Av ~ 25 Hz/vHz at 1 mHz.
While for Y1), the requirement is much less stringent on frequency stabilisation. The laser
stabilisation requirement scales linearly with the assumed arm-length inaccuracy.

4.4 Conclusion

In this section we have used the results of the previous sections for optimising the sensitivity
of LISA by analysing the noise and signal covariance matrices. Maximisation of the SNR
is important for the detection and parameter estimation of a GW source. We have shown
that the SNR for any data combination in the module, then lies between an upper and
a lower bound. The upper and lower bounds of the SNR are functions of frequency and
they correspond to the eigenvectors of the noise and signal covariance matrices. We have
obtained the following results for the improvement in SNR: The improvement of SNR of the
upper-bound over the Michelson combination goes upto 70% , at high frequencies > 5 mHz,
however, at low frequencies < 5 mHz, both have the same sensitivity. Since the eigenvectors
are independent random variables, a ‘network’ SNR of independent detectors [24] has been
constructed from likelihood considerations which gives an improvement between /2 and
V/3 over the maximum of SNRs of the eigenvectors. The improvement of the network SNR
over the Michelson combination is about 40% at low frequencies < 3 mHz and rises above
100% at high frequencies.
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Optimising the Directional
Sensitivity of LISA

5.1 Introduction

The analysis of the emission of GW from known binaries could be extremely useful firstly
for, direct determination of distances, and secondly, possible small general relativistic ef-
fects, if the SNR is large enough. For this reason, we focus on optimising the sensitivity of
LISA for a given astrophysical source with known direction. Note that this optimisation
is different from the one in the previous section where the direction of the source was not
assumed to be known. The averaging then was performed also over the directions. Now
we do not average over directions.

The sensitivity of LISA can be improved by solving technological problems, but it can
also be improved by employing certain optimal data analysis strategies. Here, we show how
algebraic methods previously developed in [25], can be used to design optimal strategies
for combining data with appropriate time-delays. We first consider the simple case of a
toy model where LISA rotates only in a plane. The reason for this analysis is to get some
idea of the improvement in sensitivity without performing complex calculations. Later, we
treat the case of the real orbit of LISA.

In the real orbit case, we show that it is possible to maintain the optimality during the
year by continuously updating the parameters of the combination or simply by switching
to optimal data combinations as the source appears to move in the LISA frame, as it moves
in its complex orbit around the sun. The problem of optimisation of SNR, in this context,
has been addressed before in [27] and [28]. In [27] optimisation has been carried out before
averaging over the directions and polarisations, while in [28], the averaging is done first
and then the optimisation. Given this situation, the averaging over the polarisations is
performed first and then the SNR is optimised for the average signal for a given direction
over the relevant data combinations - those data combinations cancelling laser frequency
noise. Thus in this optimisation, the direction of source is assumed to be known, but not
its polarisation. This would be the case for several binaries in our galaxy. We analyse two
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observables in this context: (i) optimal data combination in the module which yields the
maximum SNR for a given direction and (ii) a ‘network’ observable which is obtained by
squaring and adding the SNRs of two independent (orthogonal) data combinations one of
them being the optimal combination mentioned in (i) and another orthogonal to it. The
network observable in general yields higher SNR. We analyse how these SNRs depend on
direction of the source. For an integration time of one year, we compare our results by
plotting sensitivity curves with those obtained from, (a) the Michelson combination X [29],
which has been used for obtaining the standard sensitivity curve for LISA, and (b) the
observable Xgwitch Obtained by switching the three Michelson combinations optimally. We
find that for sources lying in the ecliptic plane, the network sensitivity at low frequencies is
about 34% more than the optimally switched Michelson combinations which rises to nearly
90% at 20 mHz. Finally we compute the optimal SNRs for six known binary systems in
our galaxy, whose SNRs are significantly high, for an integration time of one year. We
show that if at low frequencies the two SNRs of the orthogonal data combinations can be
measured, then it is possible to estimate the inclination angle of the binary’s orbit.

As before it is sufficient to consider LISA as an equilateral triangle; we ignore the
deviations arising from this assumption. This simplifies the expressions for the noise and
further also for the signal. The eigenvectors now contain overall common factors which are
polynomials in E. These common factors make no difference to the computation of SNR
as they cancel out from the numerator and denominator which comprise of the signal and
the noise respectively. The unnormalised eigenvectors (with common factors cancelled) of
the noise covariance matrix is the set {Y (1} which we list below:

Yy® = 1-E,1+2E,-2-E,1+2E,1-E, -2-E),
y®@ — (-E-1,1,E,-1,1+E, -E), (5.112)
y®) (1,1,1,1,1,1).

We adopt the following terminology: we refer to a single element of the module as a data
combination; while a function of the elements of the module, such as taking the maximum
over several data combinations in the module or squaring and adding data combinations
belonging to the module, is called as an observable. The important point to note is that
the laser frequency noise is also suppressed for the observable although it may not be an
element of the module.

5.2 The GW Signal from Binaries and the Signal Matrix

Since binaries will be important sources for LISA the analysis of such sources is relevant.

One such class is of massive or super massive binaries whose individual masses could range
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from 10* Mg to 108 M, and which could be around a Gpc away. Another class of interest
are known binaries within our own galaxy whose individual masses are of the order of a
solar mass but are just at a distance of a few kpc or less. Here we will assume the direction
of the source to be known, which is justified for known binaries in our galaxy; but even
for the former case of distant binaries, it amounts to ‘looking’ in a specific direction.
For a binary that is not chirping, and hence monochromatic with frequency Q, the two
polarisation amplitudes h (t) and hy () [25] are given by the Eq.(3.74).
The GW response for a generator Y () = (pf?-”, qf,,I)) is,

rD(©) = FO@hy () + FO (@R (), (5.113)
where,
I E I I
FO@ = 3 (0" Frir +aPFuis) (90,
i=1
I § I I
Fh@ = 3 (p§ )Fyix + 4! )Fm,x) Q), (5.114)

1

.
Il

where we have expressed the response of the two polarisations in terms of the responses of
the elementary data streams for each of the polarisations. These are given in Eq. (3.53)
and (3.54).

The signal matrix hg,)) is given as follows:

() _ p(Dp=
(F_E_I)h++F>(<I)hx) (F+(J)h+ +Fx(.])hx)‘ 3 (5115)

In general we may not have any knowledge of the polarisation of the GW binary source.
We therefore average over the polarisations and assume that the direction of the orbital
angular momentum of the binary is uniformly distributed over the sphere. The orientation
of the binary (its orbital angular momentum vector) has been described in terms of the
angles € and ¢ in Eq.(3.74). Thus we carry out the averaging of hg,)) over (e,%) which
results in an overall factor of 2/5. The averaged matrix we denote by 'HE?) In the Fourier

domain it is given by,
HD @) =12 (2) (FOF:,  + FOR, ) (@ 5.116
(HBd= 5 ) B+ Figy + B F gy ) (). (5.116)
The signal matrix so averaged has the following properties:
e H is the sum of outer products of two vectors: FJE” with its complex conjugate and

Ff(” with its complex conjugate. Thus the natural basis for expressing H consists of

the two vectors Ff) and F S). In the analysis that follows we will use this fact.
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e Because we average over the polarisations, H is constructed out of two vectors. Its
rank is two, everywhere except on the § = 7 plane where it is one when F' )((r} goes
identically to zero. Earlier, we had obtained a signal matrix of rank three because
there we had averaged over the directions as well.

For simplicity first we describe a toy model, in which LISA rotates in a plane. In this
analysis, we estimate the improvement in the LISA sensitivity, when we switch from one
data combination to another in order to maintain optimality.

5.3 SNR Maximisation for a Toy Model of the LISA Triangle
Rotating in a Plane

For simplicity we first consider a toy-model in which we assume that LISA rotates in the
plane of the triangle formed by the spacescraft. This amounts to taking one motion into
account, which is the rotation of LISA about an axis orthogonal to the plane containing
the three space-craft. We ignore the other motion of LISA around the Sun. We note that
the transfer functions of the beams U?, V' are computed in the frame of LISA. Hence,
for the actual motion of LISA, a given GW source which is fixed on the celestial sphere
will appear to follow a complex trajectory in this frame. Since LISA has a non-uniform
directional response, it is a non-trivial problem to track the apparent motion of a ‘fixed’
GW source in the LISA frame and then compute its SNR. In the toy model this detail and
complexity is bypassed, but at the same time the results are not too much compromised.

We choose the X — Y plane to coincide with the plane formed by the three space-craft
constituting the LISA triangle. The origin is chosen at the centre of the equilateral triangle
(for computing the response, we take all the arms to be of equal length). The positive X-
axis passes through space-craft 2. Figure 1 shows how the X —Y axes have been chosen.
The Z-axis is orthogonal to this plane with the positive direction given by the right-handed
convention. Under these assumptions, the source would appear to move in the sky in a
circular trajectory about the Z-axis with a period of one year. In terms of polar coordinates
(6, ¢), the motion of such a source is uniform along ¢ with a constant value of . If one
tracks a source with a single data combination, say Y1), because the directional sensitivity
of YY) is non-uniform, it does not track the source optimally. Figure (5.18) displays the
3-dimensional sensitivity plots of Y() and Y® as a function of the angles (8, ¢) for a
monochromatic source at the GW frequency of 1 mHz and the signal uniformly averaged
over the polarisations (this average is computed analytically). It is obvious from these
plots that the sensitivity is a highly non-uniform function of source direction. We consider
here the case when the source with GW frequency 1 mHz lies in the plane of the LISA
triangle, that is, the GW source lies in the § = T plane. We choose this value because,
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Figure 5.18: Plot of log S, of the Y(!) and Y®), are displayed in (a) and (b) respectively,
as a function of § and ¢ for f = 1 mHz and SNR=5 over a observation period of one year.

in the plane of LISA, the variations in the sensitivity are maximum for the combinations
Y1) and Y. From the Figures (5.18) and (5.19), we note that the generators Y!) have
zero sensitivity at few values of ¢. This implies that no single data combination, even if it
is a linear combination of these, can give optimal sensitivity. To obtain best results, one
needs to maximise the SNR over the linear combinations o I)YU ),

We analyse two strategies for optimising the sensitivity:

(a) We consider the cyclic permutations of Y1) and compute the maximum sensitivity
using these three data combinations.

(b) We take the maximum of the linear combinations o ;)Y(‘T ) where a(ry are complex
numbers. At each value of ¢, a different linear combination of Y is optimal. Thus
the o) for which the SNR is maximised are, in general, functions of ¢.

The results of these analyses are described in Figure (5.21). For the strategy (a),
the improvement in sensitivity averaged over ¢ is ~ 49%; while for the strategy (b), the
improvement in sensitivity averaged over ¢ is ~ 59%. In addition Figure (5.20) shows the
plots of o) as function of ¢, which maximise the SNR.

The strategy (a) does not give the best SNR as it maximises the response over only a
set of three data combinations. On the other hand, strategy (b) maximises the SNR over
the module and is therefore superior. It is interesting to note that the maximised SNR is
constant as a function of ¢ and is the same as the SNR of Y(!) maximised over ¢. We
remark that the strategy (b) gives only marginal improvement over strategy (a), and also
strategy (a) is easier to implement requiring relatively fewer computations.
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Figure 5.19: Plot of sensitivity as a function angle ¢ at § = § and f = 1 mHz after

averaging over the polarisations.
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Figure 5.20: The coefficients o(r) maximising the SNR of the combination oy I)Y“ ) are

plotted as functions of ¢ for the frequency 1 mHz and 6 = 7/2.
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Figure 5.21: Sensitivity curves for the toy model of LISA are given as functions of ¢
at f = 1 mHz. The curves represented by broken lines correspond to the Y(!) and its
cyclic permutations. The solid line curves represent the sensitivities for the two strategies:
(a) taking the maximum of Y1) and its cyclic permutations (thin solid line); (b) taking
maximum over the linear combinations of Y(I), I = 1,2, 3 (thick solid line).
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Figure 5.22: Plot of sensitivity S as a function of frequency, for the toy model.
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As seen for a GW source with a frequency of 1 mHz, strategy (b) gives a constant value
for the maximum sensitivity over ¢ (see Figure (5.21)). Thus the maximum sensitivity is
independent of ¢ for a given frequency. We further extend this analysis to other frequencies
over the band-width of LISA, and obtain analogous results to the case of 1 mHz. This
maximum sensitivity however depends on the frequency. In Figure (5.22), we present
the maximum sensitivity curves as functions of frequency. For comparison, we perform
analogous computations for the Michelson data combination X and the maximum of the
cyclic permutations of Y1), In all these cases, the GW amplitude is first averaged over the
polarisations and then for a fixed frequency, the sensitivity as a function of ¢ is computed
and then averaged over ¢. Finally, this exercise is carried out for frequencies across the
LISA band-width.

The 1 mHz case is representative of the low frequency regime < 3 mHz where the
improvement in sensitivity is about 49% for strategy (a) and 59% for strategy (b). These
improvements scale up at higher frequencies at say, ~ 15 mHz, to 56% and 67%, respec-
tively, for the two strategies (a) and (b).

Using the simple toy model we have demonstrated that, if the source direction is known,
the sensitivity can be increased by optimally switching the data combinations. This toy
model can be further generalised for any given source direction and for realist orbital
motion of the LISA triangle which is presented in the next section.
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5.4 Optimising SNR the Actual Motion of LISA

In the rest of the section we now consider the real motion of LISA and optimise the SNR
and sensitivity. This problem is more complex than the one considered in the previous
section and much more analysis is necessary. Because LISA moves in a complicated orbit,
a GW source which is fixed on the celestial sphere appears to move in the LISA frame. For
optimising the directional sensitivity it is thus necessary to track the source by judiciously
switching data combinations. We first optimise the SNR for a given direction by using the
method of Lagrange multipliers and then integrate the optimal SNR over the observation
period. For doing this the data combinations must necessarily be switched. We also treat
the low frequency case separately, since it is of considerable astrophysical importance.

For a generic data combination o ;)YU ) where «(ry are polynomials in E, the SNR is
given by:

SNRZ=—"__ () (5.117)

If the PSD is given in units of Hz ! then the above equation yields the square of the SNR
integrated over one second. Because one second is short compared to the various time-scales
envisaged in the problem we call this SNR the instantaneous SNR. Since we are dealing with

monochromatic sources, £ = ¢*2L

, the coeflicients a(r) reduce to just complex numbers.
Also in the generating set {Y()} the noise covariance matrix is diagonal with diagonal
elements ”?r)' However, we find n(;) = n(y) in our case, so that the first two eigenvectors
correspond to the same eigenvalue. Thus, the denominator of Eq.(5.117) simplifies to a
sum of squares |o) |2 n? + |a(2)}2nf o |a(3)]2 n3 which we can set equal to unity because
the SNR does not depend on the normalisation of the data combination. Moreover, it is
convenient to define coefficients 5 which are scaled by the noise, Bay = emyn, Bp) =

a)n2, B3y = az)ns so that the B(;y satisfy,
Bol” + B[ + [Be|” = 1. (5.118)
The expression for SNR simplifies to,
SNR? = o H-a =87 -p-8, (5.119)
where we define a SNR matrix p by,

(1)
Mo (5.120)
WO

I
"EJ)) =

In the above equations the o, 3 are construed of as 3 x 1 column matrices and H and p as
3 x 3 square matrices.
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The extremisation of SNR is now carried out with the method of Lagrange multipliers
because of the normalisation constraint on 3. This procedure yields an eigenvalue equation
with the Lagrange multiplier appearing as an eigenvalue:

p-B=2A0. (5.121)

Since H has atmost rank 2, one eigenvalue is necessarily zero. We now proceed to compute
the other two eigenvalues. The analysis is simplified if we go to the basis consisting of the
two vectors fjr and f;:

F(I) FU)

(1 + (I X

= hg——, = hg——, 5.122)
f+ 0 0 fx 0 o (

where hg = (1/2/5)H is the amplitude of the GW averaged over the polarisation states at
frequency Q. We can then write the matrix p as a tensor product in terms of these two

vectors:
P=f+®f+ +Ix®fx - (5.123)
In general the vectors f+ and fx are not orthogonal.
The action of the matrix p on any vector ¥ is given by,

— =

p¥ = (fofi+xeR) o= (- Ofi+ - 0fk. (5.124)
For the eigenvalue problem, we have the eigenvalue equation,
(Fr )fs+ (fa - 0)fix = M. (5.125)

Expressing the eigenvector ¥ as a linear combination of f+ and fx, 7 = e A i
and from the linear independence of f and fy (they are linearly independent in general)

we obtain the system of equations for ¢4 and cy as:

(57 - Nep 42 Flex =0 (5458
(F - f)es + (x| = Nex = 0. ‘

Setting the determinant of this system to zero, we obtain eigenvalue equation:
N = (1P + 15PA+ 1 x fP =0, (5.127)
which can be solved to yield the eigenvalues:
A = 515 P +IfP £ VE), (5128
where,

A = (If P+ -4f x P
= (Ifi? = 1A +45 - &1 (5.129)
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In the low frequency limit as we shall find f:L . f;* ~ 0 so that the positive square root of
A is just |f1]2 — |fx|? and the eigenvalues are just |/+]? and |fx|? (infact the eigenvalue
equation factorises into linear factors) with f:. and f; as eigenvectors respectively. This
can also be directly inferred from the structure of p. So it may be appropriate to call A_ as

Ax even in the general case. In the general case the eigenvectors can be easily determined
from Eq.(5.126):

B o= = IAAA+ - ff

B = (fe fi)fa+ O = 1P, (5.130)
where U x are eigenvectors belonging to the eigenvalues Ay x respectively. Since p is
Hermitian the eigenvectors are orthogonal, ¢} - 7% = 0 as can be verified also directly from
the expressions of the eigenvectors. These eigenvectors are not normalised.

The eigenvalues A; x are the squares of the instantaneous SNRs for the two data
combinations described by the two corresponding eigenvectors. The data combinations
are 7y (Y and @y () YD), which we will call eigen-combinations or alternatively eigen-
observables, and which give the instantaneous SNRs: SNRZ , = A;  respectively. For
a given direction (,¢) in the LISA frame, SNR, is the maximum instantaneous SNR
among all data combinations. While SNRy is the minimum instantaneous SNR among
data combinations that are linear combinations of ¥, and ¥'; those which lie in the ‘plane’
of U4 and vx. However, SNRy is not zero in general and therefore not the absolute
minimum; the absolute minimum SNR is zero corresponding to the third eigenvalue which
is zero. Moreover, the eigenvectors are orthogonal, which means they yield statistically
independent observables. Thus these observables can be combined in quadratures to form
a network observable with instantaneous SNRpetwork given by:

SNRZ,work = SNRZ 4 SNR2,
= A +hc=1GLP+HIAE (5.131)

The third eigenvector is f:_* X f;*; it is orthogonal to f:. and f; with eigenvalue zero?.

This means that the data combination corresponding to this vector gives zero response in
that particular direction, which may be important if one wishes to ‘switch off’ the GW
coming from that direction.

5.5 Tracking a GW Source with LISA

In general the amplitude of the GW source will be small and it would be necessary to track
or follow the source for a considerable period of time in order to accumulate an adequate

*While defining the vector cross product of two complex vectors, we require its scalar product with
both vectors to vanish. Since the scalar product is defined by taking the complex conjugate of the second
vector, complex conjugates appear in the cross product.
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SNR. This period of time could range from few days to a year or even years - the life of
the LISA experiment. The LISA configuration performs a complex motion due to which
the source will appear to move in the LISA frame even if it is stationary in the barycentric
frame. For the purposes of this analysis, we will take the observation time to be a year
and integrate the SNR for this period of time. It is possible that some GW sources may
be sufficiently powerful that SNR integration for an year is not required. In that case it
is easily possible to limit the integration to the required period of observation and obtain
useful results. We will also assume that the source is stationary in the barycentric frame,
that is, its direction remains constant during the observation period. In this section we
will present the transformations connecting the barycentric frame and the LISA frame
and hence obtain the apparent motion in the LISA frame for a GW source fixed in the
barycentric frame.

The LISA constellation trails the Earth in its orbit by 20° around the sun. The plane of
LISA makes an angle of 60° with the plane of the ecliptic and the LISA triangle rotates in
its own plane completing one rotation in a year. We describe the barycentric frame by the
Cartesian coordinates {zg,ys,25}. The g — yp plane coincides with the orbital plane of
LISA. The zp-axis is orthogonal to this plane forming a right-handed coordinate system.
The transformation from the barycentric frame to LISA frame is given as follows [23]: A
vector rg = (2B, yB, 2p)7 is transformed to ry, = (:cL,yL,zL)T by the matrix R as,

r. =R-rg, (5.132)
where R is a product of the three matrices containing Euler angles:

R=C-B:-A, (5.133)
where the matrices A, B and C are given by,

cosp, sinyy, 0O

A = —siny, cosv, O | .
0 0 1
1 0 0
5= (o1 4]
cos, siny, 0
g = —sinty, cos, O | . (5.134)
0 0 1

Here 1, = wt+ g, e = —wt+ By and w = 27/T. T, is the orbital period of LISA which

we take to be of one year duration. The ag and (B are constants fixing initial conditions
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when the observation begins. The matrix R is time-dependent and is a product of two
time-dependent matrices.

The unit vector wp of the source direction described by the angles (6p,¢p) in the
barycentric frame is given by 1p = (sin 0 cos ¢,sin g sin ¢, cos 0p). The corresponding
vector Wy, in the LISA frame is then, w; = R(t) - wp. From this vector we can explicitly
work out the angles (01, ¢r. ):

1

0, = cos ! (5 cosfp — ?sinﬂg sin (¢p — %)) ;

2
¢, = tan"! (w—f) , (5.135)

where,

wy = cosy.sinfpcos(dp — )

1
s sin . sin g sin (¢ — 1,)

3
—I—% sin . cos O,

w% = —siny,.sinfpgcos(dp — 1Y)

1
+5 cos ¢, sin O sin (6B — %a)

3
+% cos . coslp. (5.136)

For a fixed source direction (3, ¢) in the barycentric frame, the apparent source direction
depends on time in the LISA frame; 6, ¢, are functions of time; the source appears to
move in the LISA frame. Thus a given data combination even if it is optimal initially,
will not continue to remain optimal subsequently. Our strategy is then to switch the data
combinations continuously so that the SNR remains optimal at all times. In this way we
can optimally track the source and accumulate maximum SNR. The following figures show
the apparent trajectory of the source for one year in the LISA frame when (i) the source
lies at the pole of the barycentric frame - it is just a circle in the LISA frame: 6, = 7/3
(See Fig.5.23) and (ii) the source lies in plane of the LISA orbit - a figure of 8 is described
by the source (See Fig.5.24).

5.6 Optimising the Directional Sensitivities

For optimal tracking of the source, we switch the data combinations so that the SNRs
yielded are optimal at all times. Three SNRs are of interest; SN R, x and SNRpetwork,
that is, the two eigenvalues and their sum. The eigenvalues are functions of 6, ¢ which
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Figure 5.23: Apparent position of the source in the sky as seen from LISA frame for
(g = 0, ¢ = 0). The track of the source for a period of one year is shown on the unit

sphere in the LISA frame.

Figure 5.24: Apparent position of the source in the sky as seen from LISA frame for
(g = Z, ¢ = 0). The track of the source for a period of one year is shown on the unit

sphere in the LISA frame.

L

S.V. Dhurandhar and Jean-Yves Vinet



Optimising the Directional Sensitivities 71

are in turn functions of ¢ as the GW source describes its apparent motion in the LISA
frame. The three integrated SNRs are given by:

.
SNRZ ,(@p) = / A x (Ot we), dr(t;wB))dt,
0
SNRietwork(@B) = SNRZ (p) + SNRE (), (5.137)

where we have taken the total observation time to be T and the initial time of observation
to be zero. If we integrate for a complete year, we can set the initial observation time
to be zero without loss of generality and at the same time set the constants ag, 5y to be
zero. However, if we make observations for times that are not integral number of years,
the constants ag, Jyp must be chosen appropriately in the transformation matrix R.

An important point is that, since LISA moves in an heliocentric orbit, a Doppler phase
depending on the position vector of the LISA projected on to the direction to the source
wp and the GW frequency will be added to the phase of the GW signal. This Doppler
phase will be a function of time which will be added to the monochromatic part of the
phase Qt of the signal. We assume in this analysis that this phase has been accounted for
when integrating the signal. One way is to ‘stretch’ the time-coordinate so that the signal
appears monochromatic (a technique well-known to radio astronomers) [30,31].

5.6.1 The Low Frequency Limit

An important case arises when we consider GW of low frequencies, say below 3 mHz. For
this case it is possible to obtain analytical expressions for the optimal SNRs. A large
fraction of the sources for LISA fall into this category, for example, massive/supermassive
blackhole binaries, several galactic and extragalactic binaries which contribute to the ‘con-
fusion noise’.

We need to compute the f1 and f; in order to compute the SNR matrix p and then
obtain its eigenvalues. Integrating the eigenvalues for the period of observation will yield
the relevant SNRs. To this end, we expand Fy;,4 x and Fy;.4 x to the lowest order in the
dimensionless frequency Q1L:

QL .
Fyi+x = 1‘7 (1+4QL 12) &9+ x,

QL .
FV1;+‘X = —17 (1 + QL 73) Eg;.,.x, (5138)
where,
= L)
m - 2 \/g 3
B (1-1—(:0329) T |

Emiy = S cos (2{;5 - (2m — 1)5) — 5 sin g,
fmx = —cosOsin (2 — (2m — 1)%) , (5.139)
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where, 7, is the unit vector in the direction of m-th spacecraft and m = 1,2,3 and
the angles 0, ¢ refer to the LISA frame (as before we have dropped the subscript ‘LY).
The transfer functions for the four other elementary data streams are obtained by cyclic
permutations. In order to get the f+, fx we must operate on the U?, V' with the polynomial
operators pg”,qﬁ” given in Eq.(5.113) and then scale them by the averaged signal divided
by the noise. Thus, we obtain after some algebra,

— L29
fr = pg(l—-l—c;q—)(—sin ®, cos ,0),
fx = —pocos0(cos®,sin®,0), (5.140)
where, 9
3 T
= —_—(QL)? ®=20+—. 5.141
" \/57’*‘-1( ) ¢ 3 ( )

The vectors f:. and fy are expressed in the Y(!) basis and in this basis they have real
components. We observe the following properties of the vectors:

e The vectors f and fx lie in the (¥, Y(2)) plane and the Y®) component is zero
for both vectors. This can be understood if we recall that Y3 is proportional to
symmetric Sagnac combination [28] which is insensitive to GW at low frequency.

e The apparent motion of a GW source in the LISA frame can be optimally and
continuously tracked by f+ and fy by rotating the pair ( f+, fx) by @ at each instant

fx B cos® sin® Yy (5.142)
fi | —sin® cos® Vg '

Here f+ and fy are unit vectors in the directions of f:L and fy respectively. Thus,

of time as follows:

optimally tracking a source amounts to orienting the data combinations along f:L
and f;.

e Moreover, the vectors are orthogonal: fjr . f;* = 0 in this low frequency limit. The
orthogonality implies that these eigen-observables f+ and fx have zero response to x
and + polarisations of GW respectively. We use this fact to estimate the polarisation
angles; namely (€,7) at the end of this section.

The eigenvalues of the eigen-vectors f+ and f are just | F+|? and | fx|? and are explicitly

1+ cos? 8 2

A = p%cos29. (5.143)

given by,
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Figure 5.25: Instantaneous SNR. yx and SNRyetwork as functions of time for the source
direction (g = 7, ¢p = 0) at the GW frequency of f = 1 mHz in units of p.
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The eigenvalues are the squares of the instantaneous SNRs. We notice that pg is the
maximum instantaneous SNR obtained when the source lies at the poles # = 0 or 7 in the
LISA frame. If the source is observed over a period of an year, the eigenvalues must be
integrated over this length of time. We notice that the eigenvalues do not depend on ¢.
Thus our next task of integrating the SNR becomes somewhat simplified.

5.6.2 The Integrated SNR

For a given source direction (6p,#p) the corresponding track (6L (t),¢r(t)) of the source
in LISA frame is given by Eq.(5.135). We may substitute these values into the integrals
for the SNRs and the integrals yield simple analytical expressions for the SNRs if the
integration is over an integral number of years. The instantaneous SNRs however change
with time. In the Fig.5.25 we show how the SNRs change with time as LISA orbits the sun
during the course of a year. The various SNRs are shown for a source lying in the ecliptic
plane, (g = 7/2,¢p = 0) for the GW frequency of 1 mHz. We have chosen this direction
because the SNRs show considerable variations during the course of a year.
Integration over a period of T' = T, leads to the following results:

SNR+(QB,¢B) = SNR‘G g+(COSGB)s
SNB:(0s,45) = SNRyg(costis), (5.144)
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where,
H
SNRp = pov/Tg = —=-(QL)2/Ts, (5.145)
NGED!
and
1 [To (1+00529L)2
2
gilz) = = — =) dt
+) To Jo 2

1 :.:22
= = [
(1)

3 9 3,. 9 5
Wil _— 1 P i —
+16(1 :c)(—l—4:r +32(1 z%) |,
Te
g2(z) = ES cos® Odt
T Jo
= L m2+§(1—$2) (5.146)
4 2 '

We have purposely not ‘simplified’ the formulae in powers of x? because in this form it is
easy to see the limits 2 = £1,0 corresponding to §p = 0,7, 7/2 respectively. Infact since
only z2 occurs in the expressions of g x there is symmetry about the ecliptic plane. The
network SNR is just the root mean square of the two SNRs:

SNRnetwork (GB-: ¢B) = SNR(} Onetwork (COS 93) s (5147)

where, ¢2.ork(2) = 92.(2) + g2 (2). In Fig.5.26 we plot the functions g4 x and gnetwork 2s
functions of 5 between 0° < p < 180°. The factors g are of the order of unity and the
SNR( gives essentially the integrated SNR of a GW source. Recall that this is an SNR
averaged over the polarisations.

We observe from Fig.5.26 that the maximum integrated SNR is obtained for sources
lying in the ecliptic plane (g = 90°). This can be readily explained from Fig.5.24 where
the trajectory of such a source is plotted. One observes that a large fraction of the orbit
in the LISA frame is away from the LISA plane (81, = 90°). As seen from Eq.(5.143) the
sensitivity of LISA increases as we go away from the plane of LISA, that is, towards the
poles. We also observe that the variations in the three curves are small; among these the
network SNR shows the highest variation of ~ 15%. This shows that LISA has a more or
less uniform average response over the year as it moves in its orbit.

The above formulae are also more generally valid if the integration time 7' is taken to
be in integral multiples of Ty; then the T in Eq.(5.145) should be replaced by T. We
compute the SNRs of six binaries in our galaxy which give high average SNR (averaged
over polarisations) if we integrate the SNR optimally over the period of a year. The
following table lists six binary systems which give the network SNRs ranging from about
3 to over 100. The SNRs have been computed assuming circular orbits for the binaries.
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Figure 5.26: The functions g4 x and gnetwork as functions of 65
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The information about the binaries has been obtained from [32]. We observe that the
binary masses are small; ~ .5Mg and companion mass ~ .02M. The reason for such
small masses is that the orbital periods of the binaries must be short, in this case ranging
from about .01 to .03 of a day. The GW quadrupole frequency Jow is related to the orbital
period by the equation:

f w2 g L _lmHy (5.148)
M Py 7\ 0lday - :

Thus the sources radiate GW at frequencies ~ 1 or 2 mHz, the band in which LISA has
maximum sensitivity. This yields the high SNRs. They are also close by; R ~ 100 or 200
pc which tends to increase the raw gravitational wave amplitude H. Note that the SNRs
listed in the table are average and actual observations can yield different values depending
on the orientation of the binary orbit. Also the observables used are optimal in the average
sense. If the orientation of the binary is known then in general a better observable can be
found.
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Table 5.1: In this table we list six binaries in our galaxy whose parameters are known. For
these we compute the optimum SNRs where the optimisation has been performed after

averaging over the polarisations.
Name | Pory indays | my | ma | log(H) | 0p | Rinpc | SNRy | SNRx | SN Runetwork |

AM CVn 0.011907 0.5 | 003 | -21.4 | 124.46 100 89.9 75.6 117.4
CP Eri 0.019950 0.6 | 0.02 | -22.0 | 116.43 200 8.9 7.4 11.4
CR Boo 0.017029 0.6 | 0.02 | -21.7 | 72.103 100 26.3 22.7 34.7
GP Com 0.032310 0.5 | 0.02 | -22.2 | 66.997 200 2.2 1.8 2.8
HP Lib 0.012950 0.6 | 0.03 | -21.4 | 85.040 100 77.6 67.8 103.0

V803 Cen 0.018650 0.6 | 0.02 | -21.7 | 120.32 100 20.6 17.5 27.0

5.6.3 Estimation of Inclination Angle of the Orbital Plane

We showed in previous sections that if we do not have any prior information of the incli-
nation angle € of the binary orbit and the the angle 1, then tracking the source with f,
and fy are optimal in the average sense. Typically, the orbital inclination is difficult to
estimate from other astrophysical observational means. However, for binaries with known
masses and distances (e.g. binaries in table-5.1), we can estimate (e, %) from the output of
eigen-observables f+ and fx. The integrated SNRs over the period of one year of f+ and

fx, without averaging over polarisations are given by

5
SNRy(0p,¢B) = \/; SNRg g+ (cos0p) a4,
SNRy«(0p,¢B) = \/g SNRy gx (cos0p) ax, (5.149)

where ay = |hy(Q)/H| and ax = |hx(Q)/H| (see Eq. (3.74)). We note that here the
factor /5/2 appears, since there is no averaging over the polarisations. The a x can be
estimated, if the SNRs appearing on the LHS of Eq. (5.149) can be measured. Further,
straightforward algebra shows that

1+ cos?e)’
a2 +ak = (-l—_(;oq_e) + cos? €. (5.150)

From the above equation, we can estimate e. Substituting back in a., one can also estimate
1 if needed. This exercise can be carried out for the binaries listed in the table 5.1.

5.6.4 The General Case

In this section we relax the condition of dealing only with low frequencies and consider
the entire band-width of LISA. We compare the sensitivities for LISA obtained by using
the optimum SNR with the Michelson data combination usually denoted by X. As a
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polynomial vector (p;,q;) it is given by:
X = (1 - E%!U: E?(E% - 1)!1 - EgaES(Eg - 1)30) (5'151)

When we set all the E; to be equal, the factor (1 — E?) factors out and one is left with
a simple polynomial vector (1,0,—F,1,—F,0). This combination has been used to plot
the standard LISA sensitivity curve. Two other Michelson observables are obtained by
cyclic permutations called Y and Z in the literature [16]. In this section we will compare
the sensitivities obtained by using the eigen-combination #'; and the network observable
with the Michelson combination X and the observable Xgwitc, obtained by ‘switching’
the Michelson’s X,Y,Z optimally, that is, SNRx,,,,., = max(SNRx,SNRy,SNRy).
Extending the definition of sensitivity of a data combination given in Eq. (3.78) to an
observable, we define the sensitivity of an observable W as,

5

Sensitivityy (f) = SNEw ()’

(5.152)
where SN Ry (f) is the integrated SNR over a observation period 7. The number 5 has
been chosen following earlier literature. Eq. (5.152) for a fixed data combination W)
reduces to the standard one in literature:

SWn (f)B

Sensitivit =5
thvityy () = 5 ¥

g (5.153)
where B = 1/T. As before we take T' = Tj, for plotting the sensitivity curves in the
figures below. The results of our findings are displayed in the plots. Fig.5.27 displays
the sensitivity curves for the observables (a) Michelson - X (dotted curve), (b) Switched
Michelson Xgyitch (dash-dotted curve), (c) Eigen-combination ;. (dashed curve) and (d)
network observable (solid curve). We observe that the sensitivity over the band-width
of LISA increases as we go from (a) to (d). We observe that the Xguitcn does not do
much better than X. This is because for the source direction chosen X is reasonably well
oriented and there is not much switching to Y and Z combinations. However, the network
and Uy observables show significant improvement in sensitivity over both X and Xwitch-
The sensitivity curves (except X) do not show much variations for other source directions
and the plots are similar. The quantitative comparison of sensitivities is shown in Fig.5.28.

Here we have compared the network, and the eigen-combinations U4 x with Xgyiteh-

Defining: SNEL(f)
%) = Nty (1)

where the subscript a stands for network or +, x and SNRx

switch

(5.154)

the SNR of the observable
Xswitch, We plot these ratios of sensitivities over the LISA band-width. We notice from
the Kpetwork curve that the improvement in sensitivity for the network observable is about
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Figure 5.27: Sensitivity curves for the observables: Michelson, Switched Michelson, 7 and

network for the source direction g = 90°, ¢ = 0°.
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Figure 5.28: Ratios of the sensitivities of the observables network, v x with Xgwiten for
the source direction 6 = 90°, ¢p = 0°.
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Figure 5.29: The sensitivity curves for the network observable for 85 = 0°, 30°, 60°, 90°
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34% at low frequen}:ies and rises to nearly 90 % at about 20 mHz, while at the same
time the U} combination shows improvement of 12 % at low frequencies rising to over 50
7 at 20 mHz. Finally, Fig.5.29 exhibits the sensitivities of the network observable over
various source directions. Since the sensitivity of this observable is independent of ¢B,
we plot the curves for several values of 05 = 0,30, 60,90 degrees. Also since the network
observable possesses reflection symmetry about the ecliptic plane 5 = 90°, we do not need
to plot the curves g between 90° and 180°. The important observation from this figure
is that not much variation in sensitivity is seen as all source directions are scanned. Thus
the network observable integrated over the year has essentially uniform sensitivity to all
source directions over the frequency range 10~* — 10! Hz.

5.7 Conclusion

We have shown how the SNR can be optimised for a GW source with known direction
but with unknown polarisation. While obtaining the SNR the signal is averaged over the
polarisations and then optimised. Because of this procedure we lose out to some extent
on the SNR but on the otherhand it leads to robust results. The optimisation methods
are algebraic in that one must solve an eigenvalue equation to determine the optimum
SNRs. We have separately dealt with the low frequency case as it is of considerable
astrophysical importance - a large fraction of GW sources are expected to belong to this
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category. Secondly, it lends itself to simple analytical approximations which throw light
on the results obtained. Lastly, we have dealt with the general case covering the full
band-width of LISA. We have compared the sensitivities obtained with our strategy to
those obtained in the standard way. We have found that the improvement in sensitivity
of the network observable over X or Xawitch Tanges from about 34% to nearly 90% over
the bandwidth of LISA for a source lying the ecliptic plane. Finally we have presented a
list of few binaries in our galaxy for which the optimal SNRs and the network SNRs have
been computed. We have also described a method of extracting information about the
inclination angle of the orbit of the binary if SN R4 x can be measured.
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Conclusion of the Work

In this work, we have presented a rigorous and systematic procedure for obtaining data
combinations which cancel the laser frequency noise, which is based on algebraic geometri-
cal techniques and commutative algebra. The data combinations cancelling the laser noise
have the structure of a module called the module of syzygies. The module is over a ring
of polynomials in three variables, corresponding to the three time delays along the three
arms of the interferometer. Our formalism can be extended in a straightforward way to
include (cancel) the Doppler shifts due to the motion of the optical benches and the USO
noise. This module provides us with a choice of data combinations which are in turn linear
combinations of the generators of the module. This module has four generators which
can reproduce all the data combinations cancelling laser phase noise. Telemetering just
the four generators to Earth is sufficient for obtaining all the information about the GW
signal. Moreover, the telemetering can be done at a reduced band-width saving on the
total cost. This approach is general in that it can be extended to space-missions with more
than three spacecraft with alternative geometric configurations.

The underlying mathematical structures for any time-delay data analysis should consist
of rings and modules. Our work on LISA data analysis essentially establishes this link.

One of the important applications of this formalism is the extremisation of SNR. We
use this formalism to maximise the SNR over frequency for one class of GW sources,
namely, those that are monochromatic. We have considered binaries as GW sources whose
frequencies change at most adiabatically (monochromatic sources are included), that is,
even if the frequency changes during the observation time, the change in SNRs under
consideration is insignificant. We observe that in the plot of sensitivity verses direction
angles for the generators X4), namely figures 3.10 (a)-(d), the sensitivity has several
peaks. It may be possible to employ this property to optimally resolve binaries in the
confusion noise regime by considering suitable data combinations which would be sensitive
to specific directions in the sky.

We have investigated the following applications of the above formalism:

(i) We have shown that the optimisation of SNR /sensitivity can be carried out efficiently
by algebraic techniques because of the special nature of the signal and noise ma-
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trices. The signal matrix has been computed for which the signal is averaged over
polarisations and directions. We have then computed the noise covariance matrix
for LISA and obtained its eigenvectors and eigenvalues. This matrix has the same
eigenvectors, resulting in calculational simplification. We have shown that the SNR
for any data combination in the module, lies between the upper and lower bounds
which are determined by the eigenvectors of both matrices. We have further shown
that the bounding SNR curves of the eigenvectors have multiple intersections within
the band-width of LISA - 10~4 - 1 Hz. We have obtained the following results for
the improvement in SNR: The improvement of SNR of the upper-bound over the
Michelson combination goes upto 70% , at high frequencies %, 5 mHz, however, at
low frequencies < 5 mHz, both have the same sensitivity. Since the eigenvectors
are independent random variables, a 'network’ SNR of independent detectors [24]
has been constructed from likelihood considerations which gives an improvement be-
tween /2 and /3 over the maximum of SNRs of the eigenvectors. The improvement
of the network SNR over the Michelson combination is about 40% at low frequencies
< 3 mHz and rises above 100% at high frequencies.

(ii) The second application is a simple toy model of LISA rotating in its own plane. For

this model we estimated the improvement of SNR by optimally switching from one
data combination to another. We have shown that, if this strategy is used, it is
possible to improve the SNR by about 55% on an average over the band-width of
LISA. We also show that if we instead maximise over the module, the SNR improves
by about 60% on an average over the LISA band-width. These improvements are
obtained using just one data combination, namely, the eigenvector Y, The SNR
improvement in both cases is larger at higher frequencies % 10 mHz than at low

~

frequencies.

(iii) We have also shown that the SNR can be optimised for a GW source with known

direction but with unknown polarisation. While obtaining the SNR the signal is
averaged over the polarisations and then optimised. This is different from (i) where
the averaging was also done over directions. Because of this procedure we lose out
to some extent on the SNR but on the otherhand it leads to robust results. The
optimisation methods are algebraic in that one must solve an eigenvalue equation
to determine the optimum SNRs. We separately deal with the low frequency case
as it is of considerable astrophysical importance - a large fraction of GW sources
are expected to be of this category. Secondly, it lends itself to simple analytical
approximations which throw light on the results obtained. Lastly, we deal with the
general case covering the full band-width of LISA. We have compared the sensitivities
obtained with our strategy to those obtained in the standard way. We have found
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that the improvement in sensitivity of the network observable over the X or Xswitch
ranges from about 34% to nearly 90% over the bandwidth of LISA for a source lying
the ecliptic plane. Finally we have presented a list of few binaries in our galaxy
for which the optimal SNRs and the network SNRs have been computed. We have
also described a method of extracting information about the inclination angle of the
orbit of the binary if SNR, » can be measured. Although here we have investigated
monochromatic GW sources, we believe that this formalism may also be applied
successfully to other type of GW sources eg. stochastic GW background.

The following are the salient achievements of our work:

1. We have given a general method based on commutative algebra for gen-
erating data combinations for cancelling laser phase noise in LISA:

(i) The method can be applied to more general configurations, eg. LISA
follow-on missions with more than three spacecraft. In fact the plan
is to have four spacecraft in case of one of them fails.

(ii) The mathematical theorems guarantee that ALL such data combina-
tions are generated from a set of (four) generators.

2. Only four data streams (four generators) need to be telemetered to the
earth instead of the six data streams.

3. The data needs to be sampled at lower rate; laser noise of higher frequency
( ~ 30 Hz/VHz ) is eliminated, and the sampling rate is governed by the
highest detectable GW frequency 1 Hz. This and the previous point
implies saving in the band-width while telemetering the data to earth.

4. This formulation allows simple expressions/notations which is important
for numerical coding.

5. The method can be extended in a straight forward way for bench motion
noise, Ultra Stable Oscillator (USO) noise. The cancellation of USO noise
is easily apparent from our formalism.

6. The SNR can be maximised for monochromatic sources by diagonalising
the noise covariance matrix.
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7. LISA can be viewed as a network of independent detectors. One can
square and add the outputs to yield higher SNR - factor of /2 or V3
depending on the mode of operation.

8. The combinations can be switched optimally when tracking a source. We
find that the SNR can be improved upto 60% because of the optimal
tracking.
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rectional sensitivity of LISA”, Submitted to Phs Rev. D, http://arxiv.org/gr-
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6.2 Assessment of the Project

This project was initially conceived and proposed in the view of developing efficient data
analysis tools for space based GW detector LISA. A major source of noise is the laser
phase noise. The earlier method for cancellation of this noise was purely on the basis of
trial and error. In the present work a rigorous and systematic formalism based on algebraic
geometrical methods involving computational commutative algebra, which can generate all
the data combinations cancelling the laser frequency noise was developed. The generality
of this approach allows us to extend this method in a straight forward way for cancellation
of bench motion noise and USO noise. Furthermore, this method can be applied to more
general configurations — LISA follow-on missions.

An important application of this formalism is the maximisation of SNR, which is es-
sential for the detection and parameter estimation of a GW source. The SNR maximised
for monochromatic sources using algebraic techniques. The eigenvalue problem for the
signal and noise matrices yields the optimal SNR. The algebraic method works because
of the special nature of the matrices. The improvement in SNR can go over 100 % at
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some frequencies over the Michelson combination. LISA can also be operated in a network
mode where each of the eigenvectors behave as independent detectors. Thus the sum of
the squares of the eigenvectors produces a ‘network’ statistic whose SNR is improved by a
factor between v/2 and /3 over the maximum of SNRs of the individual eigenvectors. We
also show that a GW source with known direction can be optimally tracked by switching
the data combinations so that the SNR at each moment remains maximum.

The above results will have a direct impact on future LISA data analysis strategies.

It is remarkable that the a field in pure mathematics, that of commutative algebra,
has been successfully applied to obtain physically important results for LISA data analysis
and in general in gravitational wave data analysis. The major contribution is that the
link between the fields of commutative algebra and gravitational wave data analysis has
been established. Rings and modules are the mathematical structures which underlie any
time-delay data analysis. The time-delay data analysis need not be Jjust restricted to
gravitational waves. We emphasise that we have not only found interesting results, but
also presented a general method which allows the systematic treatment for all potential
problems involving the suppression of noise in LISA, and moreover in general, open a new
way of considering digital data processing.

On the academic side, Dr. Rajesh Nayak from IUCAA and Dr. A. Pai from Observa-
toire de la Céte d’Azur, have strongly contributed to this project. The gravitational wave
group at [IUCAA and the Prof. Vinet’s group have formed a close knit scientific group. This
has led to the exchange of ideas, knowledge and skills which has resulted in innovative and
original research and finally a successful completion of the project. The Indians found
the French attitude welcoming, forthcoming and warm. The Virgo project contingencies
did not allow the French side to visit Pune although they were keen on visiting, but the
number of Indian visits to France allowed close contact, and each of these visits proved
extremely fruitful.

We would like to thank Dr.(Ms) Himani Arjunwadkar for her invaluable help with
commutative algebra and Groebner basis methods.

Both the French and the Indians found IFCPAR absolutely perfect in its dealings.
There was no bureaucracy of any kind which hampered the functioning. Dr. P. G. S. Mony,
the director, IFCPAR, deserves a special mention since he went out of his way several times
to help us and thus ensured smooth functioning of the project.
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Appendix A

Rings and Modules

Definition: A nonempty set R is said to be an associative ring if in R there are defined
two binary operations, denoted by + and - respectively, such that for all a, b, cin R:

l.a + bisin R.
2.a+b=1"b+ a.
3.(@a+b) +c=a+ (b + c).
4. There is an element 0 in R such th.at a+0=a (for every a in R ).
5. There exists an element —a in R such that a + (—a) = 0.
6. a-bisin R.
7.a-(b-c)=(a-b)-c.
8. a-(b+c)=a-b+a-cand (b+c)-a=b-a+c-a (the two distributive laws).
In addition if a- b = b - a for every elemet a, b in R, then R is called a commautative ring.

Examples: The basic commutative rings in mathematics are the integers Z, the rational
numbers Q, the real numbers R, and the complex numbers C.

Definition: If R is a commutative ring, then a # 0 € R is said to be a zero-divisor if
there exisits a b € R, b # 0, such that a-b= 0.

Definition: A commutative ring is an intergal domain if it has no zero divisors. A
commutative ring is a filed if its nonzero elements form a group under multiplication.

Definition: A subset I of a ring R is a Ideal provided it is a subgroup of the additive
group Randifa€ Randbe I, thena-band b-a € I.
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Definition: Suppose R is a commutative ring and z is a “variable" or “symbol". The
polynomial ring R[z] is the collection of all polynomials f = >77" a;x’ where a; € R.
Under the obvious addition and multiplication, R[z] is a commutative ring. The degree of
a non-zero polynomial f is the largest integer n such that an a, # 0, and is denoted by

n = deg(f).

Definition: An integral domain R is said to be a Euclidean Domain if for every a # 0 in
R there is defined a nonnegative integer d(a) such that

1. For all a, b € R, both nonzero, d(a) < d(a-b).

2. For all a, b € R, both nonzero, there exist ¢, r € R such that @ =t -b+r were
either 7 = 0 or d(r) < d(b).

Definition: Suppose z and y are “variables". If @ € R and n,m > 0, then az"y™ = ay™a"

is called a monomial.

Definition: A domain 7 is a principal ideal domain (PID) if, given any ideal I, there
exists a ¢ € T such that I =T . Note that Z PID and any field is PID.

Definition: Let R be any ring; a nonempty set M is said to be an R-module (ora
module over R) if M is an abelian group under an operation + such that for every r € R
and m € M there exists an element rm im M subjected to

1. r(a+b) = ra+rb;
2. r(sa) = (rs)a;
3. (r+s)la=ra+saforalla,be M andr, s €R.

Definition: An module Mis said to be finitely generated if there exist elements a1, ..., ap €
M such that every m in M is of the form m = ra1 + reag + -+ - + Tnan.
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Appendix B

Generators of the Module of Syzygies

We require the 4-tuple solutions (ps, g1, g2, g3) to the equation:
(zyz — ps + (22 — y)g1 + 2(1 - 2%)q2 + (1 — 2?)g3 = 0, (B.1)

where for convenience we have substituted z = Ej,y = Es,z = E3. ps,q1,92,q3 are
polynomials in z,y, z with integral coefficients i.e. in Z[x,y,z].

We now follow the procedure in book by Becker et al. [18].

Consider the ideal in Z[z,y,2] (or Q[z,y,2] where Q denotes the field of rational
numbers), formed by taking linear combinations of the coefficients in Eq.(B.1) f1 = zyz —
l,fo=zz—y, fs=x(1 — 2%), fy =1 — 22. A Groebner basis for this ideal is:

G={n=2"-1L,p=9*-1,g3=2—yz}. (B.2)

The above Groebner basis is obtained using the function GroebnerBasis in Mathematica.
One can check that both the f;,i = 1,2,3,4 and 95,7 = 1,2,3 generate the same ideal
because we can express one generating set in terms of the other and vice-versa:

[i = di;9;, 9i = ¢jifi, (B.3)
where d and c are 4 x 3 and 3 x 4 polynomial matrices respectively, and are given by,
0 0 -z 22-1
d= y c=11 -y 0 0 : (B.4)
0 =z 1 0

-1 =22 —(z+y2)

The generators of the 4-tuple module are given by the set A | J B* where A and B* are the
sets described below:
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A is the set of row vectors of the matrix I — d.c where the dot denotes the matrix

product and I is the identity matrix, 4 X 4 in our case. Thus,

ay = (l—zQ,O,I—yz,l-—zg),

a2 = (0,2(1—2%),zy—2y(1-2%),

a3 = (0,0,1—22z(22~-1)),

as = (2%,22,92,2%). (B.5)

We thus first get 4 generators. The additional generators are obtained by computing the
S-polynomials of the Groebner basis G. The S-polynomial of two polynomials g1, g2 is
obtained by multiplying g1 and g by suitable terms and then adding, so that the highest
terms cancel. For example in our case g; = 22 — 1 and gy = y? — 1 and the highest terms
are 22 for g; and y? for go . Multiply g1 by %2 and go by 2? and subtract. Thus, the
S-polynomial pi2 of g1 and g3 is:

Pl = y2g1 = 3292 =22 y2 . (B.6)

Note that order is defined (z >> y >> 2) and the y?2? term cancels. For the Groebner
basis of 3 elements we get 3 S-polynomials pi2, p13, p23. The p;; must now be rexpressed in
terms of the Groebner basis G. This gives a 3 x 3 matrix b. The final step is to transform to
4-tuples by multiplying b by the matrix ¢ to obtain b* = b.c. The row vectors b},i=1,2,3
of b* form the set B*:

b= (1-2%y(2 - 1),2(1-9%), (% - 1)(z* - 1)),
by = (0,2(1—22),1—2%—a(z —y2),(z —y2)(z* - 1)),
b = (z—yzz—zy,1—9%0). (B.7)

Thus we obtain 3 more generators which gives us a total of 7 generators of the required
module of syzygies.
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Matrices of Conversion between
Generating Sets

In this appendix we list the three sets of generators and relations among them. We first
list below «, 3,7, (:

= (1,2,z2,1,2y,y),
= (zy,1,2,2,1,y2),
= (y,yz1,z2,2,1),
= (2,9,2,2,9,2). (C.1)

S 2 e R

We now express the a; and bj in terms of a, 3,7,(:

ay = y-—2¢,

as = a-—2z0,

a3 = —za+pB-—zy+z2(,

ag = z(

bi = —ya+yzB+v-2(,

b = (1-2°)8-ay+2,

by = B-yC. (C2)

Further we also list below a, 3,7, ¢ in terms of X (4);

= x©) ;

= X,

X 42X 2

= x@, (C.3)

Sy =2 T R
Il

S8.V. Dhurandhar and Jean-Yves Vinet



92 Gravitational Wave Data Analysis for LISA

This proves that since the a;, b; generate the required module, the o, 8,7,¢ and X (4) A =
1.2,3,4 also generate the same module.

The Groebner basis is given in terms of the above generators as follows: G M =¢,6? =
xM, GG = 3,G* = o and GO = a3.
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combinations as C; and C’f respectively, i.e.:
C1 = Ci-1h3-Vy,
G = Cf+1iy-V3, (2.22)

and also their cyclic permutations. Then the expressions for the data streams simplify
considerably. We write the expressions for the data streams corresponding to space-craft
1. Others are obtained as before by cyclic permutations:

Ut = BCs—C7,

vl = —Egé'; + él ,
1
AN 5(21 —27)
= C;-Cy. (2.23)

The new variables Z* have been defined which automatically cancel the 7,. Also we note
that the U?, V* have the same form as in Eq. (2.3), except that the C; are replaced by the
C; which account for the motions of the optical benches.

The noise cancellation condition now becomes:
ini +qui —|—T1‘Zi =0, (2.24)

where r; are polynomials in E;, Es, E5. Since the above equations should hold for any
Ci, C~'Z*, we obtain the following equations the polynomials p;, g;, 7; must satisfy:

p1+Eqa+r = 0
Esps+qg4+r1 = 0
p2+Eigs+ry = 0
Espr+q+r, = 0,
p3+FEaqi+r3 = 0
0

Eypyt+qs+ry = (2.25)

We now have a nine component polynomial vector. The solutions to Eq. (2.25) form
another module of syzygies which is related in a simple way to the module obtained in just
laser noise cancellation. Eliminating r; from Eq. (2.25) we obtain the same equations for
p; and g; as in (2.14). This enables us to extend the previously obtained generating sets
to this module. Thus, thanks to the mapping of C;, (C¥) — C;, ((:"l*), the two modules
are isomorphic. We just state the remaining three entries (rq, 79, 73) of the generating sets
keeping the same notation. The first set of 4 generators in the order (r1,m2,73) are:

XM = (By(1- E2),E(1- E2),1- E2),
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x@ = —(E1 + E9E3, Fy + E1 B3, B3 + Eq1Ey),
X(3) = —(1 + E1EoFE3, E1Fo + Es3,E1E3 + E2) ;
X@ = _(E\By+ B, 1+ E\EyEs, By + B2 Es) . (2.26)

In the other generating set, namely, the Groebner basis we need to specify just G5 since
the other elements are in the previous generating set. Thus,

G® = (0, (E} - 1)(1 - E3),0). (2.27)

2.5 Ultra Stable Oscillator Noise

One proposed design of LISA envisages having six independent lasers, two on each space-
craft having central frequencies v; and vf,i = 1,2,3. These frequencies could well differ
by several hundred MHz. The outputs of the photodetectors therefore will have a large
fringe rate and must be down-converted (heterodyned) to the GW frequency band. For
the down-conversion each space-craft comes with an onboard clock - the Ultra Stable
Oscillator (USO). We will assume that each USO has a frequency f;, which brings along
with it clock-jitter with frequency fluctuations &;. The frequency fluctuations &; bring in
another source of noise - the USO noise. It has been realised recently, that the ultra stable
oscillator (USO) is an important source of noise, which could be two or three orders of
magnitude above the shot and optical path noise. Thus the USO noise will determine the
noise floor if the laser phase noise and the noise due to the motion of the optical benches
is cancelled. Suppressing the USO noise is crucial for the data analysis of LISA. One way
is to attempt reducing the USO noise in the hardware. However, given our powerful data
analysis methods involving commutative algebra, it is possible to tackle this question in
the data analysis - that is, look for data combinations which can also suppress the USO
noise. Recently Tinto et al [22] have made a case that time-delay interferometric methods
may be employed successfully for cancelling the USO noise. Our methods of commutative
algebra make it obvious how this noise can be cancelled.

The six data elementary data streams now also include the USO terms. We just mention
the data stream U:

Ul = (v3 — vf — a21 f1) + E2C3 — CT — a21€1 + other noise + GW signal, (2.28)

where as; is a down-conversion factor. We may choose a2 such that v3 — vf —ag1f1 =
0 so that the first term vanishes and we are left with just the USO noise term Ug1 =
—ag1&1. Similarly, the rest of the 5 data streams are given by Vg1 = —a31£; and their cyclic
permutations.

Six more data streams - called correction data - obtained at side-band frequencies
vi + fi, v} + fi are needed for cancelling the USO noise. Both the main frequency data
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as well as the side-band data contain the USO clock-jitter noise. This redundancy in the
data is used to eliminate the USO noise. Since just the side-band is used, the module
cancelling USO noise is identical (isomorphic) to the laser frequency noise cancellation
module. Writing only the USO noise part, we denote these correction data streams by
Ug’i, VE’Z These are given by:

Uél = ngg = 51 — b21§1, Vgl = fl - E3€2 - b31£l (2'29)

where by; and b3; are down-conversion factors for the correction data. The coefficient bo1
satifies the equation (v3+ f3— (Vi + f1) —ba1 fi = 0 (likewise bs; satifies a similar equation).
After elementary algebra one finds that the quantity:

02 - v}
=== E2Qs — Qu, (2.30)

where Q; = &;/f;. AU! has the same form as in the case of laser frequency noise or optical
bench motion noise (See Eq. (2.3) and (2.23)). Similarly,

1 VEll — V«Sl

The other such data streams can be obtained from cyclic permutations. This implies

AU!

that we again obtain the same (isomorphic) module, as in the previous cases. These data
streams can be used to eliminate the USO noise. For example, the USO part of the
Michelson combination is given by:

Xe = —a1(1 — E3) f1Q1 + as1(1 — E2) f1Q1 + a3 B3(1 — E2) £2Qs — ags(1 — E3)E f3Qs.
(2.32)
The first term can be cancelled by adding to X¢ the combination:

(AU + BoAV3)agy f1 = agi f1(1 — E3)Q1

and so on.
Thus by using identical techniques the USO noise can also be cancelled.

2.6 Conclusion

We have presented a rigorous and systematic procedure for obtaining data combinations
which cancel the laser frequency noise based on algebraic geometrical techniques and com-
mutative algebra. The data combinations cancelling the laser noise have the structure of
a module called the module of syzygies. The module is over a ring of polynomials in three
variables, corresponding to the three time delays along the three arms of the interferom-
eter. Our formalism can be extended in a straightforward way to cancel optical bench

motion noise as well as USO noise.
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Each of the noise cancelling data combinations have different response to the GW signal.
Also, the noises such as acceleration noise of proof-mass and the optical-path noises are not
cancelled out in this scheme. In the sections that follow, we compute the GW responses
and the transfer functions for the noise for the data combinations in the module.
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Detector response and Sensitivity to

GW

The ripples produced in the spacetime by the gravitational waves are recorded by LISA as
fractional Doppler shifts of the laser frequency. The data will contain the total frequency
shift from the various noises and the GW signal. In the previous sections we have found
the data combinations of beams cancelling the laser phase noise, optical bench motion
noise and USO noise. In following sections we investigate the response of the detector
for these data combinations, the transfer functions for the generators and also their linear
combinations. The laser phase noise, optical bench motion noise and USO noise is then
also cancelled for the linear combinations. However, noises such as the shot noise and the
acceleration noise of the proof masses do not cancel out. In the following subsections we
set up the coordinate system adapted to the LISA geometry and then g0 on to compute
the response of LISA.

3.1 Parameterisation of the Interferometer

The Figure 2.4 describes the LISA geometry. We choose a coordinate system in which
the LISA triangle is at rest. Although this coordinate system is in motion relative to the
usual coordinate systems normally encountered, we will find such a system of coordinates
convenient for further analysis, such as computing SNR’s of monochromatic sources etc.

The unit vector w (Fig 3.6) connecting the origin and the source is parameterised by
the source angular location (6, ¢), so that

sin @ cos ¢
@ = sinf sing |, (3.33)

cos 0

the transverse plane is spanned by the unit transverse vector § and qg, defined by

. ow - 1 ow
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source

Sun X

Figure 3.6: Source and detector orientation

As the wave propagates through the LISA triangle, the components of the gravitational

perturbation can be written as
hij(t,m = hy (t — W - 7_") (91'9]' — ¢1¢]) + hy (t — - 7_") (quﬁ] + (9]¢Z) , (3.35)

where h.(t) and hy(t) are arbitrary functions describing the two GW amplitudes.

We consider the effect of this perturbation on the light beam travelling between two
points A and B. From this we obtain the complete response. Let 74 and 7'p be the position
vectors of points A and B respectively (as shown in Fig. (3.7). Then the line element of

the spacetime along the beam null ray obeys,
0 = dt* — da® — dy? — d2? + hyjda’da?, (3.36)

where the i, j run over space indices only. If 7 is the unit vector directed from A to B, we

have
drt = n'dX, (3.37)

where )\ is the Euclidean length. The equations (3.36) can be expressed as,
0 = dt? —d)\?[1— hyn'n?] , (3.38)

or equivalently
1
d\ = dt {1+§h(t—w~f')} . (3.39)
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=

0]

Figure 3.7: Light propagation along single arm

From Eq. (3.35) we get
h(t) = hy(t)€4(0,0) + hy (t)éx (0, 6), (3.40)
{ &= (0-2)2—(¢-n)?

& = 200 2)(@- ) (341)

3.2 h-Sensitivity of One Arm

We now apply the above analysis to compute the Doppler response of the laser beam along
one arm of the LISA detector. Let the beam start at ¢t = ¢, from the point 74 and travel
towards the point 75 and reach it at ¢t = t;. Then,

™) = Fa+(t—to)n, 1) = 7p. (3.42)
The line element along this path satisfies the equation,

dr = dt{1+%h[(1—w~ﬁ)t—w-FA+tow-ﬁ]}. (3.43)
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The global travel time ¢; — to is given by the integral :

1
L =t —th+=

t1
2/ W[t — - A) — b - 74 + toih - A1) di . (3.44)
b

0

It is convenient for many purposes to pursue our analysis in the Fourier domain. We

Fourier transform the GW amplitude h:
h(t) = / dQ h(Q)exp(—iQlt), (3.45)
and the travel time can be expressed as,

. oy
t1—to = L— % /th(Q) / exp [—iQ (1 — b - A) t] exp [iQD - 7a] exp [—iQtotd - 1) di .
¢

0

, (3.46)
In the zeroth order of the integral, we have t; —to = L, and we obtain:
t1—to = L— %/dQB(Q) exp (iQw - 74) exp (—ifdt1)

exp (iQL - ft) — exp(i2L) (3.47)

—iQ(1 — - f)

The phase change over that time interval is ® = w(t; — o), where w = 27V, is the optical
circular frequency. We can assume that the time ¢; is the current time and tg the retarded
time, so that the phase is ®(t) = w(t — tp):

w ~
d(t) = e Qh(Q2 Q) - T —iQ
(t) wL 2(1—1?}-73)/d h(Q) exp (iQW - 74) exp (—iQ)
exp (INLW - 1) — exp(iQLL) (3.48)
—iQ) ) )
By taking the time derivative, we get the instantaneous frequency,
Sv(t) _ 1 do(t) (3.49)
Vopt wodt ’
In the time domain and using 74 + LA = 7p we finally get,
ov(t) =1
= h(t—w-7g) —h(t—w 74— L)]. ;
Yo 2(1__11).1%)[ (t—w-78) —h(t—: 74— L) (3.50)
In the Fourier domain we may express this result as:
wQ) Q) , o . o
o~ 2= R exp [iQL +w - 74)] (1 — exp [—iQL(1 — W - 71)]) . (3.51)
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3.3  h-Sensitivity of Elementary Data Streams

In this section we compute the expression for the transfer function for the six elementary
streams given in the Eq. (2.3). These data streams are combined with suitable time delays
for cancelling laser phase noise. These operations lead to different GW transfer functions
for data combinations in the module.

The Doppler shift being expressed in the Fourier domain as,

———

()

Vopt

= he(QFL(Q) + hx (QFx(Q), (3.52)

where F «(§2) are transfer functions. We can compute the transfer functions for the
combinations U;, V;. We just give below Fy,.+ x and Fy; .4 x; the others are obtained by
cyclic permutations:

Qw73+ Lo)
€ . i@
Frr. = e (1 _ ,—iQLa(141-R2) . :
B 2(1+ 0 - na) € >§2,+,x
£+ Ls) . .
- _ _ ,—iQL3(1—-ng) )

Fyiit,x 20— % ) (1 e ) E3.+,% 1 (3.53)

where,
ir = (0-7)° = (6-7) & = 200-7)(d- ). (3.54)

To implement the cancellation of laser phase noise these elementary beams must be com-
bined with suitable time-delays. We notice that in the Fourier domain the delay operators
get replaced by simple multiplicative factors as the following computations show. This is
one of the advantages of the Fourier analysis. The delay operators introduced earlier are
E; such that for any function of time f(t), we have

Eix f(t) = f(t-Li), (3.55)

which in the Fourier domain in nothing but
Eix f(Q) = e()f(Q), (3.56)
where the e; are simple multiplicative factors:

€ = eiQLi. (3.57)

Thus operator polynomials in E; become actual polynomials in e; in the Fourier domain.
This particularly simple fact can be used to advantage for the simple but astrophysically
important sources, namely the monochromatic sources considered in the next section.

Below in the figures 3.8(a) and 3.8(b) we present the transfer functions Fy, for both
polarisations: The other transfer functions show similar characteristics.
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Figure 3.8: Log Log plot of the PSD |Fy, . |* and |Fy;,, |?, of the corresponding transfer
function are displayed in (a) and (b) respectively, as a function of frequency for § = 0,

¢ =0.
3.4 Noise

We recall that the laser frequency noise and optical bench motion noise can be cancelled
by taking appropriate combinations of the beams. In this scheme the noises that do not
cancel out in the module of syzygies are the acceleration noise of the proof masses and
the shot noise. These then form the bulk of noise spectrum which we obtain below for
any given data combination X. We compute the noise power spectral densities for the
generators XA,

The beam with the signal and the various noises can be written as,

Ul = Ey)C3—Cf+2ny T +hpn + Y (3.58)
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VI = —E3C3+ 01+ 203 T — hyy — Y (3.59)
1
Z1 = (5) (Zl—ZT)+7Al3-Ul+TAL2-1—}T. (360)

The other beams can be obtained by taking cyclic permutations. Here ¥ and U7 are the
random velocities of the proof masses, in the left and right branches respectively, in space
craft 1.

Let the noise cancelling combination X be given by,
X = ini + qui + TiZi , (3.61)

where the 9-tuple (p;, ¢;,;) is in the module of syzygies. Using Eq. (3.61) we obtain the
power spectral density of X for the two noises,

3

<X2>PL =% (124l + 201+ 1l?) 5P (3.62)
=1
3
< X2 >P =N (Ipaf? + |gsf?) 87, (3.63)
i=1

where SP/ is obtained from ; and 17;* and denotes the proof mass noise; S°P* denotes the
optical path noise which includes shot noise, beam pointing noise etc. We take S?/ (f)=
2.5 x 1078 [f/1 H2z]"? Hz"! and SPHf) = 1.8 x 10737 [f/1 H2]* Hz~" following the
literature [17].

For the purpose of computing the GW response and the noise, we make a simplifying
assumption that the arm-lengths are equal ie. L; = Ly = L3 = L. This assumption is
Justified because the GW wavelength is much larger than the differences between the actual
arm-lengths. Thus we have,

e1 = es = e3 = &L,

In the particular cases of the generators X(4), 4 = 1,2,3,4 we obtain,
Sxw(f) = [16sin®(2rfL)+ 32sin* 7fL)] SP/
+ [8sin®(7fL)+ 83in2(27rfL)] goet (
Sx@(f) = 24sin®(nfL)SP! + 65 (
Sx@(f) = [16sin®(nfL)+ 8sin®*(3nfL)] SP/ + 65 (3.66
Sx@(f) = [16sin®(mfL) + 8sin®(3mfL)] SP/ + 65°P* (

The plots of these noise spectra are shown in the figure 3.9.
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Figure 3.9: Log Log plot of the noise spectra for the generators X (A). The curves for X©®
and X® coincide in the figure.

3.5 Monochromatic Sources

Monochromatic sources are simplest among the gravitational wave sources. There are a
number of important objects such as pulsars, rotating neutron stars, coaleséing—binaries
with sufficiently low mass may be considered as emitting monochromatic GW radiation.
We will call those sources to be monochromatic which even if they change a little in
frequency in a given observation time, the fractional change in SNR for the optimal data
combination does not fall below a pre-assigned limit. We could take this limit to be few
percent, but for concreteness we fix the limit at 1 %. The observation time T" we take to
be one year.

For binary stars, the relevant quantity which decides the evolution in the GW frequency
at a given frequency fo is the so called chirp mass M = w35 M 2/5 where p is the reduced
mass and M is the total mass of the binary system. We assume a Newtonian evolution for

the binary system which gives the rate of change of GW frequency f as,

i 3fo

F=3 o (3.68)

where 7. is the Newtonian coalescence time measured from the epoch when the GW fre-
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quency is fo and the ‘dot’ denotes derivative with respect to time. The 7 is given by,

5 8
M i f i

where M, is the solar mass.
A limit on the rate of change of frequency can obtained by considering the total change
in the frequency Af during the period of observation 7. That is,

Af = fT. (3.70)

Inverting the above equations we obtain a limit on the chirp mass M:

11

M <175 [ fo ]T [Af FMQ. (3.71)

1mHz 1puHz

In our investigation we take the bandwidth Af by allowing SNR to change by 1% at the
frequency fo. Numerically, we estimate A f for various values of fo. The table below shows
the upper bound for M at various frequencies fj:

fo in mHz Af in u Hz MM@
for 1% change in SNR
0.1 1.0 27705
9.9 691
2 22 243
10 1130 74

Here our goal is to seek a data combination which optimises the SNR for a monochro-
matic source with given polarisation parameters and direction information. A convenient
set of polarisation parameters are the angles € and ¢ describing the orientation of the
angular momentum vector in space. The direction to the source is described by the polar
angles 6 and ¢ in the coordinate system tied to LISA. For a monochromatic source the
wave form can be written as,

1 2
hift) = H [—+;—O§—6 cos 21 cos Ut + cos € sin 2¢) sin Qt] ,
2
hy(t) = H Ii—l—w sin 21 cos 0t + cos € cos 21) sin Qt} , (3.72)

where the angles (€,9) describe the orientation of the binary orbit (e, could be the
direction angles of the orbital angular momentum vector) and H the overall amplitude

which depends on the masses, the distance and the frequency f as given below:

5
M 3 R 17! f o
= 22, . i
= 2dE8 w1l [1()00 M@] [1Gpc] {1 mHz] ’ ()
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where R is the distance to the source, f = Q/27 is the GW frequency of the source and
M= (u3M 2)% the chirp-mass, where 4 and M are respectively the reduced and the total
mass of the binary. For the typical parameters taken above the frequency evolves very
slowly, so much so that the time for the system to coalesce is more than 20 years. For an
observational time of the order of an year, the frequency of the binary changes very little
so that the source can be practically taken to be monochromatic.

Since we deal with essentially monochromatic sources, the Fourier domain is appropri-
ate for further analysis. In the Fourier domain we have,

1 2
he(Q) = H [_—I—_(&E cos 21) — 1 cos € sin 21&] ;
1+cos?e ,

hy(Q) = H|—————sin2¢ —icosecos2y| . (3.74)

The response for the signal at the detector can now be written as,

3
hx = Y [pi (Friths + Frixhy) + ¢ (Fuithy + Fuixhx)] (3.75)
i=1

where p;’s and ¢;’s are in the module of syzygies. From Eq. (3.62) and (3.63) we can
compute the total noise spectrum for the generators and it can be written as,

3
Sx(f) = Z [(IQPi + 712 + |2¢; + 74l S+ (Ipil + laal®) Som} ; (3.76)

=1

The expression for the signal to noise ratio (SNR) for the monochromatic source simplifies

SNR = {ﬂ‘l—} . (3.77)
Sx(f)

We plot the sensitivities of the generators X (4) as function of f in figures 4.11(a) and

to,

4.12(a) for fixed direction @ and ¢. It is also important to understand the angular depen-
dence of the sensitivity of generators, which are plotted in the figures 3.10(a)-3.10(d) at a
frequency of f = 1 mHz. The sensitivity S is defined following [23],

Sx
lhx|
where B = 1/T, where T is the observation time which we take to be one year. The

Sy

S=5

(3.78)

number 5 corresponds to an SNR of 5.

In this section we have found the GW response and the noise power spectral densi-
ties (PSD) for the various data combinations. We have given simple and elegant expres-
sions for obtaining the same. In the next section we use these results to compute the
SNR for the data combinations in the module and then optimise the average SNR and

sensitivity.
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Figure 3.10: Plots of log S of the generators X(4) A =1,2, 3.4, are displayed in (a), (b),
(c) and (d), respectively, as function of § and ¢ for f = 1 mHz and SNR = 5.
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4.1 Introduction

We start this section with the formalism for extremising the SNR. The noise and signal
pertaining to the data streams can be construed of as vectors. Qur formalism makes the
discussion lucid, elegant and convenient for further analysis. We compute the noise covari-
ance matrix, which is an outer product of the noise vector with its Hermitian conjugate
and obtain its eigenvectors and eigenvalues. The signal matrix (again outer product of
the signal vector with its Hermitian conjgate) is computed for binaries whose frequency
changes at most adiabatically (the monochromatic case is included) and for which the
signal is averaged over polarisations and directions. Here adiabatic means that the sig-
nal response, the noise and hence the SNR change imperceptibly even if the GW source
changes frequency during the observation time. We find that the signal matrix has the
same eigenvectors as the noise covariance matrix which results in computational simplifi-
cation. We show that the SNR at each frequency for any data combination in the module,
lies between an upper and a lower bound, the upper and lower bounds of the SNR being
those of the eigenvectors. The extremisation - both maximisation and minimisation - of
SNR is important for different purposes; maximisation is important for the detection and
parameter estimation of a GW source, while minimisation is important for the purpose of
distinguishing the GW confusion noise from the instrumental noise [21]. We further show
that the bounding SNR curves have multiple intersections within the band-width of LISA
(107* Hz - 0.1 Hz). The improvement of SNR of the upper-bound over the Michelson
combination, goes upto 70% , but only at high frequencies > 5 mHz. At low frequencies
< 5 mHz, both have the same sensitivity. Since the eigenvectors are independent random
variables, a ‘network’ SNR of independent detectors [24] can be constructed from the like-
lihood considerations which gives an improvement between /2 and v/3 over the maximum
of SNRs of the eigenvectors. The improvement over the Michelson combination is about
40% at low frequencies < 3 mHz and rises above 100% at high frequencies.

For the purpose of extremising the SNR, we choose the set of generators: «, 3, and

¢ (notation followed from [16,17,25]). The «, 3,7 are cyclic permutations of each other.
This symmetry comes in useful when computing scalar products between them and also
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in diagonalising the noise, and signal covariance matrices defined in the next section. We
list this generating set as 9-tuples of polynomials (p;, gi, ;). Recall that the polynomials
(pi, ¢, ;) are polynomials in the variables E; and act on the data streams (Vi, e, Zi)
respectively. These generators of the module are given by:

(1, B3, EyE3, 1, By Ey, By, —(1 + E1 B2 E3), —(E1E2 + E3), —(E1Es + E2))
(Er\E»,1,E1, Es, 1, EyEs, —(E1E + E3), —(1 + E1E2Es), —(E1 + E2 E3))

v = (Ey,EyEs,1,E3E1, Er,1,— (B + E1Es), —(E1 + E2E3), — (1 + E1E» E3))
(E1, Esy, Es, By, Es, Es, —(E1 + E2E3), —(E; + E1E3), —(Es + E1 E)). (4.79)

Note that these sets of generators are not linearly independent. In particular, the set
of generators {a, 3,7, ¢} [16] obey the following condition :

(1 - E1E2E3)C = (E1 — EgEg)Oé - (EQ — E1E3)ﬁ + (E3 — ElEg)’y . (480)

When maximising the SNR in the Fourier space, this relation allows us to eliminate one
of the generators at almost all frequencies, except when the product Ey EqE3 = 1. Note
that E;E5Es is just the total time-delay Ly + Lo + L3 around the LISA triangle. Here,
we assume that all the arms of LISA are of equal length i.e Ly = Ly = L3 = L. In the
Fourier domain, i.e, F1 = Ey = E3 = E = ¢“L and the operator polynomials become
actual polynomials. One can then solve for ¢ in terms of «, 3,7, ezcept at the frequencies
), when e3?L = 1. Taking L ~ 5 x 10° km, the smallest such frequency f = Q/2m is ~ 20
mHz. Thus,

E
C=m—§(a+ﬁ+’7)a (4.81)

and can be effectively eliminated while extremising SNR, except at the singular frequencies.
Since SNR computation can be successfully carried out for frequencies arbitrarily close to
the singular frequencies, for the computation, the singularities do not seem to be important.
In the analysis that follows, we use only the three generators {o, 3, 7}

We show further that the SNR can be improved with respect to the Michelson combi-
nation X, (notation of [16,17,25]), for monochromatic sources whose signals are averaged
over directions and polarisations. The Michelson combination X is given by the polynomial

vector,

X = (1—E2,0,B,(E?-1),1— E3, BEs(E;—1),0,
E2 + E2 — E2F% —1,0,0) . (4.82)

This combination is used to plot the standard LISA sensitivity curve [23]. From cyclic
symmetry, the combinations Y and Z can be obtained which exhibit the same frequency

response.
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4.2 Strategies for Improving the Effective Sensitivity of LISA

In this section, we show that the set of generators {a, 3, 7} can be combined into a new
set, consisting of ‘orthogonal’ eigenvectors. The noise covariance matrix naturally defines a
positive definite, non-degenerate bilinear form, which serves as a scalar product or a metric.
Orthogonality between eigenvectors is defined in terms of this metric. Physically this means
that the noises of the eigenvectors are uncorrelated with each other. The eigenvectors are
easily obtained by diagonalising the noise covariance matrix. The averaged signal matrix
that we consider here has the same form as the noise covariance matrix and consequently
has the same eigenvectors. Thus this set of eigenvectors simultaneously diagonalises both
matrices constituting the SNR and simplifies the analysis that follows. An important
observation here is that the eigenvectors are independent observables. They represent
therefore statistically independent detectors (so far as instrumental noises are concerned),
and they can be treated as a network of detectors. Furthermore, they can be combined
in a root mean square fashion to yield a ‘detector network statistic’ [24] to yield a much
improved sensitivity.

4.2.1 The Formalism

In this subsection our goal is to maximise the SNR for a given monochromatic source over
the set of noise cancelling combinations. These combinations can be generated by the
generators given in the Eq. (2.19) and (2.20). The SNR corresponding to the each of the
generators (X(4) A =1 to 4) as a function of frequency are shown in the figure. However
one must maximise the SNR over an arbitrary linear combination of X(4), This goal is
difficult to achieve since it involves a maximisation over a space of six tuples of polynomials
which is essentially a function space. In order to make the problem tractable and still
achieve adequate results we restrict the polynomials to be constants. This approach does
not fully optimise the SNR but it comes quite close to the optimal solution. Our approach
can be thought of as a zero’th order approximation.

A linear combination of the generators can be written as

4
X = omXxW, (4.83)
A=1

here, a4y (for A= 1 to 4) are a set of real numbers. Since a scalar multiple of X will not
yield anything new, we set one of the a’s, say, a(;y = 1. Thus the SNR now becomes a
function of three parameters a(;),i = 2,3, 4, which are just real numbers and our objective
is to maximise the SNR with respect to o).

In order to carry out the analysis efficiently and elegantly we find that it is useful to
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define complex noise vectors N (4) pertaining to X (4) as follows:
NA = (VErT(ap™ + V), VErT (2 + 1), V5p® VEwia(Y) ,  (484)

where, pEA), qu) and r

(4)
(2

and (2.26) and SPf and S°Pt are the proof-mass noise and the optical path noise given
in section (3.4). We have N4 ¢ (C'2 the 12 dimensional complex space and the

usual scalar product C'2 induces a norm; N (4. Ney* = |IN (4|2 gives the noise PSDs

corresponding to generators X (4) are given in the Eq. (2.19)

corresponding to the basis X (4),
In a similar fashion one can also write the signal corresponding to a particular basis
element. We first define the polynomial 6-tuple for each generator X (4) as follows:

p4) _ (pgA), qZ(A)) , (4.85)
and the GW signal 6-tuple as,
H* = (Fy;rhy + Fygxhx, Fugaha + Fugxchx) - (4.86)
The signal for a specific generator X (4) is then written as,
R4 = pA) H* (4.87)
and the corresponding SNR is given by,

B (P - H) (P - H*)"
NEW — | _ .
SNES = IN@)| N - Nay*

(4.88)

For an arbitrary linear combination X (Eq. (4.83)) the noise vector and the signal vector

can be expressed as
N=qqyN®W,  P=auP"P, (4.89)

where summation convention has been used. The signal is just the scalar product h =
P.H" = o A)h(A). We omit subscripts X on these quantities.
In this notation the SNR of the combination (4.83) can be written as,

Al
SNR = ——. (4.90
] )
Writing out explicitly the sums in the scalar products,
BY* R A hy oy *
(SNR)? = A2 (B) (4.91)

Maximisation with respect to a(a), o(3), (4 leads to the following three conditions which

must be obeyed by a;) in order to yield the maximum SNR for X:

|h|? INJ[2

(4.92)
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where R(z) denotes the real part of the quantity z.
To demonstrate the usefulness of the formalism, we consider just two generators X (1)
and X ). We take the o) = 1,(2) = o and other two a s zero. Then,

X = XU 4ax®, (4.93)
The Eq. (4.91) reduces to the form,

a1+ 2b1a + c1a2

— 4.
as + 2byay + coa?’ 494)
where,
a1 = |R', by = R(AIRY), o = |h??2,
ay = [N'[?, by =R(N'N}), ¢ =|N?2. (4.95)
The condition for the optimisation (4.92) simplifies to
(blag s albg) + (C1a2 —_ alcg)oz + (Clbg = blcg)a2 = (. (496)

The two roots of the Eq. (4.96) can be obtained. Here, « is a function of the parameters f,
0, ¢, € and 1. One of the solutions of the Eq. (4.96) correspond to the maximum and other
correspond to the minimum of the SNR. In a similar fashion one can maximise the SNR by
taking any two of the four generators given in the Eq. (2.19) and by taking appropriate Q)
in the Eq. (4.83). We have seen in several cases that maximising over just two generators
yields remarkably good results.

This simple case demonstrates that one can use the solutions given in the Eq. (2.19)
to get a better SNR. However, to get full advantage one needs to maximise the SNR over
the three a’s. In order to optimise the SNR given by the general combination we resort
to numerical methods since there is no straight forward method for solving the coupled
algebraic equations given by (4.92). We use the Powell’s method as given in [26] for
maximising the SNR over the parameters a(a)- The sensitivity S for the generators X (4)
and for the maximal SNR combination of X (4)’s denoted by [X1,X2,X3,X4] as a function
of frequency f has been plotted in figures 4.11(a) and 4.12(a). The corresponding values
of a(4) are shown in figures 4.11(b) and 4.12(b).

This simple example demonstrates how one can maximise SNR over the module. How-
ever in order to gain the physical insight it is important have analytical procedure for
maximisation. We show later that this goal can be achieved by diagonalising the noise co-
variance matrix and the signal matrix. The extremisation can be carried out algebraically

because of the special nature of the noise and signal matrices.
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Figure 4.11a). Log Log plot of the sensitivity S for the generators X (4) as function of f
for 0 = 0, ¢ = 0 over one year observation period for SNR = 5. The curve [X1,X2,X3,X4]
depicts the sensitivity of the linear combination of four generators X (4) which gives max-
imum SNR.

4.2.2 The Noise Covariance Matrix

We define noise vectors in the Fourier domain N, I = 1,2,3 for each of the generators
{a, 8,7} respectively, over the 12 dimensional complex space e
N = (V5ri(2p + D), V577 (26" + 1D, VB, /EtgD) . (4.07)
The polynomials (pl(-I),qEI),rgI)), (now actual polynomials in the Fourier domain) corre-
sponding to the generators o, 3 and -y are given in the equation (4.79). The noise covariance
matrix for the generators {a, (3,7~} is defined as J\/'((JI)) =NO. N(*J) and takes the simple
form,
ng Mo Mo
N =1y ng mo |- (4.98)
No Mo N4

We note that because of the cyclic symmetry, the diagonal elements N ().

to each other - denoted by ng. Similarly, all the off-diagonal elements N (1 -N(*J), for I # J

are also equal to each other and which we denote by n,. This was the reason a generating

N, (*I) are equal
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FIG. 4.11(b). Plot of coefficients a(4) which gives the maximum SNR for linear combina-
tions of all the four X(4) as function of ffor 8 =0 and ¢ =0.

set possessing symmetry properties was chosen in the first place. A matrix with this form
has two degenerate eigenvalues. Thus, the eigenvalues of the noise covariance matrix are
given by,

ny=ng="ng—"n, and ng =ng+ 2n,. (4.99)

Since two of the eigenvalues are degenerate we need to systematically adopt a procedure
for choosing the linearly independent and orthonormal set of eigenvectors. This choice is
not unique. One such choice gives the following matrix M

1 1 2
% % Vi
— 1 1
M= |-& L o |, (4.100)
il 1 1
V3 V3 3

which diagonalises the noise matrix A/, that is M - A - M~ is diagonal, with eigen-

values as diagonal elements. The eigenvectors are:

YW = —(e+p-2),

YO - (g,

Sl

(@ % B+4) . (4.101)

o
I
S-S
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Figure 4.12:(a). Log Log plot of the sensitivity S for the generators X as function
of f for @ = m/4, ¢ = m/4 over one year observation period for SNR = 5. The curve
[X1,X2,X3,X4] depicts the sensitivity of the linear combination of four generators X (4)
which gives maximum SNR.

We find that the data combination Y3 is proportional to the symmetric Sagnac com-
bination ¢ and has the same SNR as that of ¢.

4.2.3 The Signal Matrix

The response of a GW signal for a given data combination computed earlier is conveniently

expressed in the Fourier domain by,

3
h($2) = Z [pi (FW;+h+ + FVi;xhX) + i (FUi;+h+ + FUi;xhX)] (). (4.102)
i=1
Here, Fy,, /Xand Fy,.,. are the antenna pattern functions. We note that the signal

depends only on the first six entries (p;, ¢;) of the 9-tuple describing a data combination.
So while dealing with the signal response, we only consider the 6-tuple P = (pi, qi) of the
9-tuple describing a data combination. We apply this formalism to a binary source which
may be adiabatically changing in frequency. The two GW amplitudes of such a source at
frequency Q are given by the equation (3.74).
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FIG. 4.12(b). Plot of coefficients o4y which gives the maximum SNR for linear combina-
tions of all the four X(4) as function of f for # = 7/4 and ¢ = /4.

In order to organise the calculations, we also define the detector response 6-tuple as,
R = (FW;+h+ + Fvi;xhx, FU¢;+h+ -+ FUi;xhx) : (4.103)

Both P and R will be considered as row vectors for the purpose of defining matrix products.
In order to analyse the signal covariance matrix, it is useful to define a scalar product. For
two data combinations P and @ (considered as row vectors), we define the scalar product

as follows:
<<P,Q>>:P-R-QT, (4.104)

where, R = R'- R is a Hermitian matrix of detector responses and the ‘dot’ denotes the

matrix product. The norm of the vector P is then given by,
|IP|? =< P,P>. (4.105)

The norm of P is the GW response for the data combination described by P.
The signal matrix for any generating set X () (and corresponding P )) is then defined

as,

) = O v = (< PO, PO )

7 (4.106)

edo
where, h) = PU) . Rt and the bracket ( )ewoy represents the average over the polarisa-
tions and directions. Taking o, 8 and 7 as the generators, the cyclic symmetry between
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Figure 4.13: Noise Spectra of combinations 1 4%
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them gives rise to a signal covariance matrix ’HE?) which has the same form as the noise

covariance matrix A/ (JI) given in equation (4.98). In this case the ng and n, are replaced by
hg = (K) h’("I)) and h, = (U )hz‘ J)> respectively. Thus H is diagonalised by the similarity

transformation M and has the same eigenvectors Y/ ). The eigenvalues of HE?) are given

by,
h1 = ho = hg — hy, hs = hg + 2h, . (4.107)

This simultaneous diagonalisation of both signal and noise matrices is important from
the point of extremisation of SNR. This forms the content of the next subsection. However,
we may note that in the formalism developed by Prince et al [27], the optimisation is
performed without averaging over the source directions and polarisations, which results in
the GW source matrix of rank 1. Since, the source directions are not known in general, we

average over these parameters which results in a signal matrix of rank 3.

4.2.4 Extremising the SNR

An arbitrary data combination can be written as Y = o I)Y(I ), where gy are polynomials

in E. The SNR for this combination is given by,

kihi + k3hs (4.108)

SNE? = S
kini + ksns
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