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Figure 12. Comparison of results from 4 di↵erent flux emergence simulations. The top panels compare two simulations with di↵erent
initial field strength, but the same overall flux: a) 10.6 kG; b) 21.2 kG. In both cases the bottom boundary condition after the flux
emergence is an open boundary as described above. In panels c) and d) the initial field strength is 21.2 kG, but we used di↵erent bottom
boundary conditions. In panel c) we allow for horizontal flows, but no vertical flows in regions with more than 2.5 kG field strength, in
panel d) we continued the inflow in regions with more than 2.5 kG field strength. Except for panel d), where we did not observe spot
formation, results are comparable

influence the field strength of the spots, but leads to
moderately more coherent spots and less flux in the sur-
rounding plage region. In particular the accumulation
of flux near the domain boundaries is less pronounced.
Since the kept the total flux unchanged, doubling the
initial field strength cuts the volume of the torus in half
and therefore reduces the overall amount of mass that
is forced to overturn during the flux emergence process.
Panel c) presents a simulation similar to panel b), but we
transitioned to a di↵erent bottom boundary condition af-
ter the flux emergence. While we allow in panel b) for
both vertical and horizontal flows (symmetric boundary
condition on all three mass flux components), we do not
allow for vertical flows in regions with more than 2.5 kG
in panel c), i.e. the vertical mass flux is antisymmetric
across the boundary in regions where |B| exceeds 2.5 kG,
but symmetric everywhere else. The consequence of this
setup is that downflows that form during the spot forma-
tion process have to spread out at the bottom boundary
and in return destroy the coherence of the magnetic foot-
points. The results presented in panels b) and c) do not
show significant di↵erences, implying that the coherence
of spots in the photosphere is not related to the coherence
of field at the footpoints. The most dramatic di↵erence
happens when we do not transition after the flux emer-
gence to a boundary without inflows at the footpoints. In
panel d) we present the result from a simulation in which

an inflow of 500 m/s was kept in regions at the bottom
boundary condition with more than 2.5 kG field strength.
In this case we did not observe the formation of a pair
of spots. Instead the flux emergence led to a mixed po-
larity plage region with intermittent pores with the size
of granules. While the formation of these small pores
may possibly be attributed to properties of near-surface
stratified magnetoconvection Kitiashvili et al. (2010b);
Kemel et al. (2012), the combined results from the vari-
ous simulations here suggests that subsurface properties
(such as flows) are critical to spot formation.
Overall these control experiments illustrate that the

most crucial aspect of our setup is the transition from
emergence to an open boundary condition that does not
impose persistent upflows. Results are not too sensitive
on how fast this transition happens as long as the transi-
tion time is short compared to the typical convective time
scale of the domain (about one day based on the average
up- and downflow velocities). We varied the transition
time scale between 20 minutes and 6 hours and obtained
comparable results. With a longer transition time scale
the formation of spots is delayed.

3.7. Implications from Absence of Penumbra and Twist

The simulations presented here do not include penum-
brae. Penumbra formation and decay throughout the
course of the simulation can be included in principle
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Figure 1. Vertical magnetic field. The images are clipped at ±1.7 kG, but the actual range is ±3 kG. The x-axis is the east–west axis. The field entered in the upflows
at the bottom at an angle 30◦ to the x-axis. The active region approximately maintains this orientation. The separation of the pores is approximately the size of the
supergranule-scale convective cells near the bottom of the domain.

Figure 2. Continuum intensity image with horizontal magnetic field vectors superimposed. The images are clipped at 2.3 > I/〈I 〉 > 0.5. The actual range is
[0.2, 2.5]. In the initial emergence the granules are elongated transverse to the horizontal field. Thereafter the granules appear elongated along the magnetic field
direction.

Figure 3. Image of horizontal (green) and vertical (blue and red) magnetic fields. Magnetic field first emerges horizontally over granules followed by the appearance
of vertical field at the granule edges. The horizontal field is quickly swept into the intergranular lanes.

the rate of new flux emergence slows and the space between the
spot has little horizontal field (Figure 3).

4. SUMMARY AND CONCLUSIONS

These simulations show that magnetoconvection itself can
produce the flux tubes that give rise to active regions. The action
of upflows and downflows on an initial supergranule-size patch
of horizontal field can keep the major portion of the magnetic
flux confined to emerge at the surface in a similar supergranule-
size region. Interesting work for the future will be to investigate
the evolution of larger scale magnetic structures, such as those
in the flux emergence simulations of Abbett et al. (2000) and
Fan (2008), as they pass through the upper convection zone.

Movies of the active region formation are available on
http://steinr.pa.msu.edu/∼bob/research.html#AR.

The calculations were performed on the Pleiades cluster of the
NASA Advanced Supercomputing Division. R.F.S. is supported

by NASA grants NNX12AH49G and NNX08AH44G and NSF
grant AGS-1141921. This support is greatly appreciated.
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A. Brandenburg et al.: Mean-field and direct numerical simulations of magnetic flux concentrations from vertical field

Fig. 15. Magnetic field configuration at the upper surface for DNS Runs A30/1–C30/1 at three values of the magnetic Reynolds number. The white
contours represent the Fourier-filtered with k⊥ ≤ kf/6; their levels correspond to B

max

z /Beq(ztop) = 0.05, 0.2, and 0.4.

Fig. 16. Similar to Fig. 14, but for DNS Runs C30/1 (zbot/Hρ = −π;
thicker lines) and D30/1 (zbot/Hρ = −1.5π; thinner lines) listed in
Table 4, i.e., ν̃ = 10−4, B̃0 = 0.002, PrM = 0.5, k1Hρ = 1, and
kfHρ = 30. In the upper panel, the blue lines denote Beq(z)/B0.

Run A40/1. The only difference between Runs A40/1 and a40/1
is the vertical extent of the domain, which is twice as tall in the
former case (3πHρ instead of 1.5πHρ). We note in this connec-
tion that the spectra tend to show a local minimum near kf/6.
This justifies our earlier assumption of separating mean and fluc-
tuating fields at the wavenumber kf/6; see Sect. 3.1. The spectra
also show something like an inertial subrange proportional to
k−5/3 (Fig. 19) or k−2.5 (Fig. 18). The latter is close to the k−3

subrange in the MFS of Fig. 3. Those steeper spectra could be
a symptom of a low Reynolds number or, alternatively, a con-
sequence of most of the energy inversely ‘cascading’ to larger
scales in the latter two cases.

We have also checked how different kinds of helicities vary
during NEMPI. In the present case, magnetic and kinetic helic-
ities are fluctuating around zero, but cross helicity is not. The

latter is an ideal invariant of the magnetohydrodynamic (MHD)
equations, but in the present case of a stratified layer with a ver-
tical net magnetic field, 〈u · b〉 can actually be produced; see
Rüdiger et al. (2011), who showed that

〈u · b〉 ≈ ηtg ·B0/c
2
s = −ηtB0/Hρ. (35)

In a particular case of Run 30/1, we find a time-averaged value
of 〈u·b〉 that would suggest that ηt/ηt0 is around 6, which is sig-
nificantly larger than unity. This would agree with independent
arguments in favor of having underestimated ηt; see the discus-
sion in Sect. 2.5. In other words, if ηt were really larger than
what is estimated based on the actual rms velocity, it would also
explain why the diameter of tubes is bigger in the DNS than in
the MFS.

3.6. Mach number dependence

To study the dependence on Mach number, it is useful to con-
sider ILES without any explicit viscosity or magnetic diffusiv-
ity. In Figs. 20–22 we show the results for three values of Ma at
ĝ = gk1/c2s = 3 and k̂f = kf/k1 using a resolution of 2562×128
nodes on the mesh. In Table 6 we give a summary of various out-
put parameters and compare with corresponding DNS. Note first
of all that the results from ILES are generally in good agreement
with the DNS. This demonstrates that the mechanism causing
magnetic flux concentrations by NEMPI is robust and not sen-
sitive to details of the magnetic Reynolds number, provided that

Table 6. Summary of DNS and ILES at varying values of Ma, all for
ĝ = 3, k̂f = 30. For ILES, no accurate values of λ̂ are available. In
the DNS, the resolution is 2562 for Runs D01 and D02, and 5122 for
Run D10, while for Runs I03–I30 it is 2562 × 128.

Run B̃0 ReM Ma λ̂ B̂z B̂z

D01 0.01 24 0.15 0.28 3.06 0.78
D02 0.02 24 0.14 0.46 4.47 1.31
D10 0.10 8 0.50 0.25 4.91 1.61
I03 0.10 — 0.16 > 1 2.86 1.14
I10 0.10 — 0.34 > 1 2.70 1.00
I30 0.10 — 0.68 > 1 2.41 1.02
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Figure 3. Same as Fig. 2, but at later times (from t/τ td = 0.35 to 0.38) and the frame is re-centred, as illustrated in Fig. 4 below.

Figure 4. Vertical magnetic field at the top surface at t/τ td = 0.34 from
Run B. The domain has been extended periodically along both the x and y
directions. The solid lines draw the box used in Fig. 2 and the dashed lines
draw the box used in Fig. 3. The magnetic field is normalized by B0

eq.

magnetic field at the bottom part of the domain, as demonstrated
in Fig. 6. It is also clear from our results that the bipolar magnetic
structures are strongly influenced by the periodicity of our domain.
Is it possible to obtain similar structures, but at different length-
scales (relative to the box size) and in a larger domain? By running
a simulation with double the box size (Lx = Ly = Lz = 4π), we
have found that the characteristic length-scales of the bipolar struc-
tures scaled by the box-size remains the same. This is because in
our periodic geometry, the scale of the large-scale dynamo is always
the largest possible one that fits into the domain. In future work, it
is therefore important to relax this constraint arising from periodic
boundary conditions using, for example, spherical geometry.

3.5 Sharp bipolar structures

A particularly interesting aspect of these simulations is the forma-
tion of bipolar magnetic structures with sharp edges, examples of
which are Fig. 3 or Fig. 5. To document the characteristic length-
scale appearing in magnetic structures, we plot in Fig. 7 the angle-
averaged Fourier spectrum of Bz at the top surface at different times
corresponding to the snapshots in Fig. 5. The plot demonstrates that,
to represent the sharp structures, e.g. in the last snapshot in Fig. 5,
Fourier modes up to kx/k1 = 10 and ky/k1 = 10 are necessary. This
also underscores the necessity of having a large-scale separation

(kf/k1 = 30) to see these magnetic structures. Furthermore, we find
that at large k, the spectra can be approximated by a k−2 power law.

To take a closer look at the bipolar structure, we show in Fig. 8 the
spot-like structure from Run A plotted together with the magnetic
field lines in a three-dimensional representation. The magnetic field
lines of opposite orientation approach each other with height and
merge into a single sharp spot-like structure. This magnetic structure
leaves a clear signature on the velocity field as we demonstrate in
Fig. 9 by plotting the contours of the vertical component of W
overlaid with the horizontal components of velocity as arrows from
Run A.

3.6 Can NEMPI describe our numerical results?

Let us now try to understand the flux emergence and the formation
of bipolar structure. This falls in the general class of pattern forma-
tion in turbulent systems. A theoretical technique to describe this
general class of problems is the mean-field theory where we average
over the turbulent state to derive a set of mean-field equations. The
problem of pattern formation then becomes a problem of studying
the instabilities using the mean-field equations. A well-known ex-
ample, pioneered by Krause, Rädler & Steenbeck (1971) and Krause
& Rädler (1980) is that of dynamo theory where the mean-field the-
ory is applied to the induction equation (see e.g. Brandenburg &
Subramanian 2005, for a review). A recent example of an applica-
tion of this method to understand magneto-rotational instability in
the presence of small-scale turbulence is by Väisälä et al. (2014).

For the present problem, we need to average the momentum
equation over the statistics of turbulence. As a result of such an
averaging, a new term (describing the turbulent contributions) will
be added to the large-scale magnetic pressure term (Kleeorin et al.
1990; Kleeorin & Rogachevskii 1994; Rogachevskii & Kleeorin
2007). It has been shown that the effective magnetic pressure that
is the sum of non-turbulent and turbulent (new term) contributions,
can be negative in the presence of a background magnetic field
which, in this problem, will be provided by the dynamo.

From symmetry arguments, such a term can be constructed us-
ing the background magnetic field and gravity. In the two extreme
cases: one in which the gravity and the background magnetic field
are perpendicular to each other (Brandenburg et al. 2012; Käpylä
et al. 2012a), and the second in which gravity and the background
magnetic field are parallel to each other (Brandenburg et al. 2014;
Losada et al. 2014), the analysis of the instability simplifies. Un-
fortunately, the problem is more complicated in the present case
where all the three components of magnetic field are present. In
that case, a systematic determination of the new transport coeffi-
cients in the effective magnetic pressure, using direct numerical
simulations (DNS), has not yet been performed. Nevertheless there
are two signatures of NEMPI that we look for. First, we know the
effective magnetic pressure is negative only when the background

MNRAS 445, 761–769 (2014)
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Figure 1. Left panel: normalized vertical magnetic field Bz/Beq of the bipolar
region at the surface (z = 0) of the simulation domain. The white lines delineate
the area shown in Figure 3. Right panel: normalized magnetic energy B2/B2

eq
of the two regions relative to the rest of the surface. Note that we clip both color
tables to increase the contrast of the structure. The field strength reaches around
Bz/Beq = 1.4. Case A.
(A color version of this figure is available in the online journal.)

as the normalized vertical magnetic field Bz/Beq (left panel)
and the normalized magnetic energy B2/B2

eq (right panel) at
the moment of maximum strength, t/τtd = 2. Note that the
y-direction points to the right, while the positive x-direction
points downward, so the coordinate system has been rotated by
90◦ to allow a view that is more similar to how bipolar regions
are oriented on the solar disk. The shapes of both magnetic spots
are nearly circular, but are still disturbed by the turbulent motion
acting on the magnetic field. The field outside this bipolar region
is weak: almost all the magnetic field is concentrated inside
the bipolar region. At and slightly above z = 0, we find field
strengths significantly above the equipartition value. This is seen
more clearly in Figure 2(a), where we show for case A profiles
of Bz(y)/Beq through x = 0 at three heights. We normalize the
magnetic field by its local equipartition value, Beq(z) (Figure 2a)
or by the strength of the initial field B0 (Figure 2b). The field
Beq(z) is also shown as a thick line in Figure 2(b). At the surface
we have Beq(0)/B0 ≈ 50, but for z > 0 it drops sharply to
values below 20. At each height, we have computed maximum
and minimum field strengths of the mean field, B, defined here
by Fourier filtering to include only wavenumbers below kf /2, as
functions of z, i.e., B

max
z (z) and −B

min
z (z), respectively. It turns

out that B
min
z (z) ≈ −B

max
z (z), and that both decline more slowly

with height than Beq, so the field reaches super-equipartition
strength in the outer parts.

We recall that in case A, we have B0 = Bimp over the
whole domain. However, the field quickly becomes tangled
by the random velocity field in z < 0 where the forcing is
acting to produce small-scale magnetic fields on the scale of
the turbulence. In the upper part, however, this horizontal field
stays roughly unchanged up to the instant when it becomes
affected by a large-scale instability (NEMPI). As shown in
Figure 2(c), the rms values of the three components of the
magnetic field at the surface (z = 0) grow rapidly until they
saturate at t/τtd ≈ 0.2. At t/τtd ≈ 1, the magnetic field has
attained a strong vertical component while the horizontal one
declines. By the time t/τtd = 2, the vertical field is stronger than
the horizontal field until all three components decay rapidly to
a lower value and saturate there.

To see whether the increase of vertical magnetic field and
structure formation is related to NEMPI, we show in Figure 2(d)
that the effective magnetic pressurePeff is indeed negative below
the surface in the turbulent region for case A. It can be calculated

(a)

(b)

(c)

(d)

Figure 2. (a) Profiles of Bz(y)/Beq through x = 0 at three heights (z/Hρ =
0, 0.2, 0.4), whose values are also indicated by vertical bars in the following
panel. (b) Vertical profiles of Beq(z)/B0 (thick solid line) and B

max
z (z)/B0,

shown as a regular solid line at t/τtd = 2.0. The dotted lines show the profiles
of B

max
z (z)/B0, which are similar to those of −B

min
z (z)/B0. (c) Growth and

decay of the different magnetic field components at the surface (z = 0). The
solid lines represent the rms of the vertical field Brms

z = 〈B2
z 〉xy (black), and the

horizontal Brms
y = 〈B2

y 〉xy (red), Brms
x = 〈B2

x 〉xy (blue). The horizontal averaged
magnetic field in the direction of the initial field By = 〈By〉xy is shown with
a dotted red line, the value of the initial field is indicated by a dashed red
line. All values are normalized by the equipartition field strength at the surface.
(d) Effective magnetic pressure Peff over height z. The three lines indicate
different times during the simulation: t/τtd ≈ 0 (black), t/τtd ≈ 1 (red), and
t/τtd ≈ 2 (blue). The pressure is averaged over a time interval ∆t/τtd ≈ 0.15
and smoothed over four grid points. The dashed line represents the zero line.
Case A.
(A color version of this figure is available in the online journal.)

using an approach applied by Brandenburg et al. (2012):

Peff = B2

2B2
eq

+

(
Π(B)

xx − Π(0)
xx + Π(B)

zz − Π(0)
zz

)

B2
eq

, (5)

where Π(B)
ij ≡ ρuiuj +(1/2)δijµ

−1
0 b2−µ−1

0 bibj and Π(0)
ij are the

components of the total (Reynolds and Maxwell) turbulent stress
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Two layer model with helical and no-helical 
forcing: 

•  High stratification 
•  Isothermal equation of state  
•  Pencil-Code simulation  
•  with resolution of 288×1152×1152 
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condition such that the magnetic field is either symmet-
ric (quadrupolar) or anti-symmetric (dipolar) with re-
spect to the equator. For the magnetic field we assume
perfect conductor boundary conditions on the latitudinal
(θ = θ0) and lower radial (r = r0) boundaries, and radial
field boundary conditions on the outer radius (r = R).
On the equator, we assume either dipolar or a quadrupo-
lar symmetry. In terms of the magnetic vector potential
these conditions translate to

∂Ar

∂r
= Aθ = Aφ = 0 (r = r0), (4)

Ar = 0,
∂Aθ

∂r
= −

Aθ

r
,

∂Aφ

∂r
= −

Aφ

r
(r = R), (5)

Ar =
∂Aθ

∂θ
= Aφ = 0 (θ = θ0,π/2) (6)

for quadrupolar symmetry and

∂Ar

∂θ
= Aθ =

∂Aφ

∂θ
= 0 (θ = π/2) (7)

for dipolar symmetry.
For the velocity field we use stress-free, non-

penetrating boundary conditions in the radial direction.
The gravitational acceleration is g = −∇Φ, where

Φ(r) = −GM

(

1

r
−

1

rm

)

. (8)

Here G is Newton’s constant and M is the mass of the
sphere. The radial component of the gravitational ac-
celeration is then g = −GM/r2. The zero point of the
potential is chosen to be at rm = 0.85R. The quan-
tity GM determines the density contrast Γρ = ρbot/ρtop
between bottom and top of the domain. The thickness
of the shell is ∆r = R − r0, and it is used to define a
reference wavenumber k1 = 2π/∆r.

2.2. The forcing function

The forcing function f is similar to that of Mitra et al.
(2014),

f(x, t) = Re
[

N f̃(k, t) exp(ik · x+ iϕ)
]

, (9)

where x is the position vector, −π < ϕ ≤ π is a randomly
selected phase, and k is the wavevector which is chosen
from a set of wavevectors in a certain range around a
given forcing wavenumber, kf . The Fourier amplitudes,

f̃(k) = R · f̃(k)(nohel) with Rij =
δij − iσεijkk̂√

1 + σ2
, (10)

where σ characterizes the fractional helicity of f , and

f̃(k)(nohel) = (k × ê)

/

√

k2 − (k · ê)2 (11)

is a non-helical forcing function, and ê is an arbitrary
unit vector not aligned with k and k̂ is the unit vector
along k; note that |f̃ |2 = 1. The degree of helicity is
modulated in space via the function

σ(r, θ) =
σmax

2

[

1− erf

(

r − r∗
wf

)]

cos θ sinnθ, (12)

where erf is the error function, r∗ is the radius above
which the helicity vanishes, wf is the width of the transi-
tion layer, and the exponent n determines the latitudinal
helicity profile. For more details of this type of forcing
see Mitra et al. (2014).

2.3. Parameters of the simulations

During the exponential growth phase of the dynamo,
the growth rate is calculated as λ = dBrms/dt. The
nondimensional growth rate is given as λ̃ = λ/urmskf .
However, the time of the simulation is normally specified
in terms of the turbulent-diffusive time τtd = (ηt0k21)

−1,
where ηt0 = urms/3kf is the estimated turbulent diffu-
sivity. In most of the calculations, we use a scale sep-
aration ratio kf/k1 of 30 and a fluid Reynolds number
Re ≡ urms/νkf of 20. Our magnetic Prandtl number
PrM = ν/η is 1, so the magnetic Reynolds number is
then ReM = PrMRe = 20. These values are chosen to
have both kf and Re large enough for NEMPI to de-
velop at an affordable numerical resolution. The mag-
netic field is expressed in units of local equipartition
magnetic field, Beq(r) =

√

ρ(r)urms, where ρ(r) is the
density averaged over time and spherical shells. We also
define Beq0 =

√
ρ0 urms, where ρ0 is the initial density at

r = rm. In our units, cs = µ0 = ρ0 = 1.
We perform simulations with density contrasts between

2 and 1400. This enables us to study the effect of stratifi-
cation on the formation of magnetic structures. For most
of the simulations, we choose n = 6 in Equation (12), i.e.,
the helicity is maximum at lower latitudes. This is also
the case for our reference run. However, for comparison
we also present cases where n = 0.
We use Pencil Code1, to perform direct numeri-

cal simulations. This code uses sixth-order explicit fi-
nite differences in space and a third-order accurate time-
stepping method. For runs with a φ extend of π, we use
a numerical resolution of 256× 1152× 1152 mesh points
in the r, θ, and φ directions, and 256× 1152× 288 for all
other runs. Table 1 shows all runs with their parameters.

TABLE 1
Summary of the runs. The reference run is shown in bold.

Run Γρ r" φ ext. ReM n b.c. σmax λ̃
Q1 2 0.8 π 20 6 Q 1 0.079
Q2 450 0.8 π 20 6 Q 1 0.084

Q3 1400 0.8 π 20 6 Q 1 0.04
Q4 450 0.75 π 20 6 Q 1 0.074
D1 2 0.8 π 20 6 D 1 0.087
D2 450 0.8 π 20 6 D 1 0.082

D3 1400 0.8 π 20 6 D 1 0.077
D4 450 0.8 π 20 6 D 0.2 0.11
R1 450 0.8 π/4 20 6 D 1 0.0083
R2 450 0.8 π/4 40 6 D 1 0.075
H1 2 0.8 π 20 0 Q 1 0.087
H2 450 0.8 π 20 0 Q 1 0.083
H3 1400 0.8 π 20 0 Q 1 0.076
H4 450 0.75 π 20 0 Q 1 0.081

Note. — The column ‘b.c.’ indicates whether the equatorial
boundary condition is dipolar (D) or quadupolar (Q).

1 http://pencil-code.googlecode.com
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condition such that the magnetic field is either symmet-
ric (quadrupolar) or anti-symmetric (dipolar) with re-
spect to the equator. For the magnetic field we assume
perfect conductor boundary conditions on the latitudinal
(θ = θ0) and lower radial (r = r0) boundaries, and radial
field boundary conditions on the outer radius (r = R).
On the equator, we assume either dipolar or a quadrupo-
lar symmetry. In terms of the magnetic vector potential
these conditions translate to
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penetrating boundary conditions in the radial direction.
The gravitational acceleration is g = −∇Φ, where
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)
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Here G is Newton’s constant and M is the mass of the
sphere. The radial component of the gravitational ac-
celeration is then g = −GM/r2. The zero point of the
potential is chosen to be at rm = 0.85R. The quan-
tity GM determines the density contrast Γρ = ρbot/ρtop
between bottom and top of the domain. The thickness
of the shell is ∆r = R − r0, and it is used to define a
reference wavenumber k1 = 2π/∆r.

2.2. The forcing function

The forcing function f is similar to that of Mitra et al.
(2014),

f(x, t) = Re
[

N f̃(k, t) exp(ik · x+ iϕ)
]

, (9)

where x is the position vector, −π < ϕ ≤ π is a randomly
selected phase, and k is the wavevector which is chosen
from a set of wavevectors in a certain range around a
given forcing wavenumber, kf . The Fourier amplitudes,

f̃(k) = R · f̃(k)(nohel) with Rij =
δij − iσεijkk̂√

1 + σ2
, (10)

where σ characterizes the fractional helicity of f , and

f̃(k)(nohel) = (k × ê)

/

√

k2 − (k · ê)2 (11)

is a non-helical forcing function, and ê is an arbitrary
unit vector not aligned with k and k̂ is the unit vector
along k; note that |f̃ |2 = 1. The degree of helicity is
modulated in space via the function

σ(r, θ) =
σmax

2

[

1− erf

(

r − r∗
wf

)]

cos θ sinnθ, (12)

where erf is the error function, r∗ is the radius above
which the helicity vanishes, wf is the width of the transi-
tion layer, and the exponent n determines the latitudinal
helicity profile. For more details of this type of forcing
see Mitra et al. (2014).

2.3. Parameters of the simulations

During the exponential growth phase of the dynamo,
the growth rate is calculated as λ = dBrms/dt. The
nondimensional growth rate is given as λ̃ = λ/urmskf .
However, the time of the simulation is normally specified
in terms of the turbulent-diffusive time τtd = (ηt0k21)

−1,
where ηt0 = urms/3kf is the estimated turbulent diffu-
sivity. In most of the calculations, we use a scale sep-
aration ratio kf/k1 of 30 and a fluid Reynolds number
Re ≡ urms/νkf of 20. Our magnetic Prandtl number
PrM = ν/η is 1, so the magnetic Reynolds number is
then ReM = PrMRe = 20. These values are chosen to
have both kf and Re large enough for NEMPI to de-
velop at an affordable numerical resolution. The mag-
netic field is expressed in units of local equipartition
magnetic field, Beq(r) =

√

ρ(r)urms, where ρ(r) is the
density averaged over time and spherical shells. We also
define Beq0 =

√
ρ0 urms, where ρ0 is the initial density at

r = rm. In our units, cs = µ0 = ρ0 = 1.
We perform simulations with density contrasts between

2 and 1400. This enables us to study the effect of stratifi-
cation on the formation of magnetic structures. For most
of the simulations, we choose n = 6 in Equation (12), i.e.,
the helicity is maximum at lower latitudes. This is also
the case for our reference run. However, for comparison
we also present cases where n = 0.
We use Pencil Code1, to perform direct numeri-

cal simulations. This code uses sixth-order explicit fi-
nite differences in space and a third-order accurate time-
stepping method. For runs with a φ extend of π, we use
a numerical resolution of 256× 1152× 1152 mesh points
in the r, θ, and φ directions, and 256× 1152× 288 for all
other runs. Table 1 shows all runs with their parameters.

TABLE 1
Summary of the runs. The reference run is shown in bold.

Run Γρ r" φ ext. ReM n b.c. σmax λ̃
Q1 2 0.8 π 20 6 Q 1 0.079
Q2 450 0.8 π 20 6 Q 1 0.084

Q3 1400 0.8 π 20 6 Q 1 0.04
Q4 450 0.75 π 20 6 Q 1 0.074
D1 2 0.8 π 20 6 D 1 0.087
D2 450 0.8 π 20 6 D 1 0.082

D3 1400 0.8 π 20 6 D 1 0.077
D4 450 0.8 π 20 6 D 0.2 0.11
R1 450 0.8 π/4 20 6 D 1 0.0083
R2 450 0.8 π/4 40 6 D 1 0.075
H1 2 0.8 π 20 0 Q 1 0.087
H2 450 0.8 π 20 0 Q 1 0.083
H3 1400 0.8 π 20 0 Q 1 0.076
H4 450 0.75 π 20 0 Q 1 0.081

Note. — The column ‘b.c.’ indicates whether the equatorial
boundary condition is dipolar (D) or quadupolar (Q).

1 http://pencil-code.googlecode.com
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celeration is then g = −GM/r2. The zero point of the
potential is chosen to be at rm = 0.85R. The quan-
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between bottom and top of the domain. The thickness
of the shell is ∆r = R − r0, and it is used to define a
reference wavenumber k1 = 2π/∆r.
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given forcing wavenumber, kf . The Fourier amplitudes,
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modulated in space via the function
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where erf is the error function, r∗ is the radius above
which the helicity vanishes, wf is the width of the transi-
tion layer, and the exponent n determines the latitudinal
helicity profile. For more details of this type of forcing
see Mitra et al. (2014).

2.3. Parameters of the simulations

During the exponential growth phase of the dynamo,
the growth rate is calculated as λ = dBrms/dt. The
nondimensional growth rate is given as λ̃ = λ/urmskf .
However, the time of the simulation is normally specified
in terms of the turbulent-diffusive time τtd = (ηt0k21)

−1,
where ηt0 = urms/3kf is the estimated turbulent diffu-
sivity. In most of the calculations, we use a scale sep-
aration ratio kf/k1 of 30 and a fluid Reynolds number
Re ≡ urms/νkf of 20. Our magnetic Prandtl number
PrM = ν/η is 1, so the magnetic Reynolds number is
then ReM = PrMRe = 20. These values are chosen to
have both kf and Re large enough for NEMPI to de-
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define Beq0 =

√
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2 and 1400. This enables us to study the effect of stratifi-
cation on the formation of magnetic structures. For most
of the simulations, we choose n = 6 in Equation (12), i.e.,
the helicity is maximum at lower latitudes. This is also
the case for our reference run. However, for comparison
we also present cases where n = 0.
We use Pencil Code1, to perform direct numeri-

cal simulations. This code uses sixth-order explicit fi-
nite differences in space and a third-order accurate time-
stepping method. For runs with a φ extend of π, we use
a numerical resolution of 256× 1152× 1152 mesh points
in the r, θ, and φ directions, and 256× 1152× 288 for all
other runs. Table 1 shows all runs with their parameters.
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Here G is Newton’s constant and M is the mass of the
sphere. The radial component of the gravitational ac-
celeration is then g = −GM/r2. The zero point of the
potential is chosen to be at rm = 0.85R. The quan-
tity GM determines the density contrast Γρ = ρbot/ρtop
between bottom and top of the domain. The thickness
of the shell is ∆r = R − r0, and it is used to define a
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unit vector not aligned with k and k̂ is the unit vector
along k; note that |f̃ |2 = 1. The degree of helicity is
modulated in space via the function

σ(r, θ) =
σmax

2

[

1− erf

(

r − r∗
wf

)]

cos θ sinnθ, (12)

where erf is the error function, r∗ is the radius above
which the helicity vanishes, wf is the width of the transi-
tion layer, and the exponent n determines the latitudinal
helicity profile. For more details of this type of forcing
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the growth rate is calculated as λ = dBrms/dt. The
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where ηt0 = urms/3kf is the estimated turbulent diffu-
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Re ≡ urms/νkf of 20. Our magnetic Prandtl number
PrM = ν/η is 1, so the magnetic Reynolds number is
then ReM = PrMRe = 20. These values are chosen to
have both kf and Re large enough for NEMPI to de-
velop at an affordable numerical resolution. The mag-
netic field is expressed in units of local equipartition
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define Beq0 =
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cation on the formation of magnetic structures. For most
of the simulations, we choose n = 6 in Equation (12), i.e.,
the helicity is maximum at lower latitudes. This is also
the case for our reference run. However, for comparison
we also present cases where n = 0.
We use Pencil Code1, to perform direct numeri-

cal simulations. This code uses sixth-order explicit fi-
nite differences in space and a third-order accurate time-
stepping method. For runs with a φ extend of π, we use
a numerical resolution of 256× 1152× 1152 mesh points
in the r, θ, and φ directions, and 256× 1152× 288 for all
other runs. Table 1 shows all runs with their parameters.
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erated by the α effect associated with the kinetic helicity
of the turbulence. In the upper part of the domain in
the DNS of Mitra et al. (2014) the turbulence forcing
was non-helical, so there is no α effect, but NEMPI can
still work. What is surprising in those simulations is the
fact that the magnetic fields in these structures exceeds
the equipartition value by a factor of three or more. Since
the effective magnetic pressure has not been measured in
the simulations of Mitra et al. (2014), it is not obvious
that the underlying mechanism is actually NEMPI, even
though downflows with a strength of about 20% of the
turbulent velocity could be detected. The physics of the
formation of sharp magnetic edges of bipolar structures
in the turbulent flow remains however elusive.
The magnetic field from the dynamo simulations of Mi-

tra et al. (2014) had the property of extending over the
entire horizontal length of the domain. As a consequence,
only one bipolar structure was produced, which occasion-
ally developed horizontal bands extending again over the
full length of the horizontally periodic domain. To over-
come this artifact of periodic boundary conditions, it is
important to consider larger domains with either no or
at least physically motivated boundary conditions. A
spherical shell is an obvious choice.
The dynamics of NEMPI from dynamo generated mag-

netic fields in spherical shells or wedges has recently
been studied by Jabbari et al. (2013) in a mean-field
simulations (MFS), although in their case the dynamo
mechanism operated throughout the domain and not just
below a certain depth, as in the DNS of Mitra et al.
(2014). Here we combine the two-layer setup of Mitra et
al. (2014) with the shell geometry used in the MFS of
Jabbari et al. (2013). There is also another DNS study
by Jabbari et al. (2014) in which they investigated a
combined system of dynamo and NEMPI in Cartesian
geometry. In that paper, the combination of rotation
and stratification leads to an α2 dynamo. In the present
work, we ignore rotation to understand first a simpler
case using instead helically forced turbulence. Investiga-
tion of a similar system with rotation and shear will be
the subject of a future study.
The purpose of the present paper is to study forced

turbulence in a strongly stratified spherical shell. As in
Mitra et al. (2014), the turbulence is made helical be-
low a certain radius r! so as to enable the formation of
large-scale magnetic fields by the α2 dynamo mechanism.
The sign of the helicity is assumed to change across the
equator. This leads to the formation of dynamo waves
that travel toward the equator with opposite polarity in
the southern hemisphere (Mitra et al. 2010). This is a
property that has been associated with the choice of per-
fectly conducting boundary conditions at high latitudes
of the wedge. On the other hand, changing the high-
latitude boundary condition to a normal field condition
(often referred to as a vertical field condition) causes dy-
namo waves to propagate away from the equator and
toward high latitudes, but now with the same polarity
in both hemispheres (Brandenburg et al. 2009). In the
present paper, we reconsider the former case and apply
a suitable boundary condition at the equator to cut the
computational costs.
There is another potential artifact of the dynamo waves

of Mitra et al. (2010) in that they tend to occur at high
latitudes where the kinetic helicity is assumed largest.

On the other hand, we have seen in DNS of turbulent
convection in spherical shells that kinetic helicity is in
fact concentrated to regions outside the inner tangent
cylinder of the shell (Käpylä et al. 2012b). This restricts
the kinetic helicity essentially to low latitudes below 45◦.
We model this feature here by assuming a suitable pro-
file for the kinetic helicity of the forcing function in the
deeper parts of the shell.

2. THE MODEL

In this paper we investigate a system similar to that of
Mitra et al. (2014), but in spherical geometry assuming
either symmetric (quadrupolar) or anti-symmetric (dipo-
lar) field properties about the equator. Jabbari et al.
(2013) used MFS in spherical geometry to show how the
large-scale dynamo can interact with NEMPI in such a
coupled system. In their MFS, the mean-field Lorentz
force was parameterized, which is subject to uncertain-
ties. It is therefore useful to perform DNS and to study
how the results depend on domain size, density stratifica-
tion, geometry, and boundary conditions. As explained
above, the main difference here is the fact that the forc-
ing is not uniform in whole domain. As in Mitra et al.
(2014), our domain is divided into two parts. We apply
helical forcing (which leads to an alpha squared dynamo)
in the lower part of the domain and non-helical forcing
in the upper part of the domain. The position of the
border between these two areas is varied to see how it
affects the results. We expect to detect similar intense
bipolar region of earlier DNS of Mitra et al. (2014).
We use an isothermal equation of state, so no convec-

tion is possible. Therefore, turbulence is driven using vol-
ume forcing given by a function f that is δ-correlated in
time and monochromatic in space. It consists of random
non-polarized waves whose direction and phase change
randomly at each time step. We present a more detailed
discussion about forcing in §2.2.

2.1. Basic equations

In DNS of an isothermally stratified layer we solve the
equations for the velocity U , the magnetic vector poten-
tial A, and the density ρ,

ρ
DU

Dt
= J ×B − c2s∇ρ+∇ · (2νρS) + ρ(f + g), (1)

∂A

∂t
= U ×B + η∇2A, (2)

∂ρ

∂t
= −∇ · ρU , (3)

where the operator D/Dt = ∂/∂t+U ·∇ is the advective
derivative, η is the magnetic diffusivity, B = ∇ × A is
the magnetic field, J = ∇×B/µ0 is the current density,
Sij = 1

2
(Ui,j + Uj,i) − 1

3
δij∇ · U is the traceless rate of

strain tensor (the commas denote partial differentiation),
ν is the kinematic viscosity, cs is the isothermal sound
speed, and µ0 is the vacuum permeability. We adopt
spherical coordinates (r, θ,φ).
For the φ direction we use periodic boundary condi-

tions. In the radial direction (the direction of the stratifi-
cation), we consider perfectly conducting boundary con-
ditions at the bottom and a vertical field boundary con-
dition at the top. At the equator, we adopt a symmetry
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condition such that the magnetic field is either symmet-
ric (quadrupolar) or anti-symmetric (dipolar) with re-
spect to the equator. For the magnetic field we assume
perfect conductor boundary conditions on the latitudinal
(θ = θ0) and lower radial (r = r0) boundaries, and radial
field boundary conditions on the outer radius (r = R).
On the equator, we assume either dipolar or a quadrupo-
lar symmetry. In terms of the magnetic vector potential
these conditions translate to

∂Ar
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= Aθ = Aφ = 0 (r = r0), (4)

Ar = 0,
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for quadrupolar symmetry and
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= Aθ =

∂Aφ
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= 0 (θ = π/2) (7)

for dipolar symmetry.
For the velocity field we use stress-free, non-

penetrating boundary conditions in the radial direction.
The gravitational acceleration is g = −∇Φ, where

Φ(r) = −GM

(

1

r
−

1

rm

)

. (8)

Here G is Newton’s constant and M is the mass of the
sphere. The radial component of the gravitational ac-
celeration is then g = −GM/r2. The zero point of the
potential is chosen to be at rm = 0.85R. The quan-
tity GM determines the density contrast Γρ = ρbot/ρtop
between bottom and top of the domain. The thickness
of the shell is ∆r = R − r0, and it is used to define a
reference wavenumber k1 = 2π/∆r.

2.2. The forcing function

The forcing function f is similar to that of Mitra et al.
(2014),

f(x, t) = Re
[

N f̃(k, t) exp(ik · x+ iϕ)
]

, (9)

where x is the position vector, −π < ϕ ≤ π is a randomly
selected phase, and k is the wavevector which is chosen
from a set of wavevectors in a certain range around a
given forcing wavenumber, kf . The Fourier amplitudes,

f̃(k) = R · f̃(k)(nohel) with Rij =
δij − iσεijkk̂√

1 + σ2
, (10)

where σ characterizes the fractional helicity of f , and

f̃(k)(nohel) = (k × ê)

/

√

k2 − (k · ê)2 (11)

is a non-helical forcing function, and ê is an arbitrary
unit vector not aligned with k and k̂ is the unit vector
along k; note that |f̃ |2 = 1. The degree of helicity is
modulated in space via the function

σ(r, θ) =
σmax

2

[

1− erf

(

r − r∗
wf

)]

cos θ sinnθ, (12)

where erf is the error function, r∗ is the radius above
which the helicity vanishes, wf is the width of the transi-
tion layer, and the exponent n determines the latitudinal
helicity profile. For more details of this type of forcing
see Mitra et al. (2014).

2.3. Parameters of the simulations

During the exponential growth phase of the dynamo,
the growth rate is calculated as λ = dBrms/dt. The
nondimensional growth rate is given as λ̃ = λ/urmskf .
However, the time of the simulation is normally specified
in terms of the turbulent-diffusive time τtd = (ηt0k21)

−1,
where ηt0 = urms/3kf is the estimated turbulent diffu-
sivity. In most of the calculations, we use a scale sep-
aration ratio kf/k1 of 30 and a fluid Reynolds number
Re ≡ urms/νkf of 20. Our magnetic Prandtl number
PrM = ν/η is 1, so the magnetic Reynolds number is
then ReM = PrMRe = 20. These values are chosen to
have both kf and Re large enough for NEMPI to de-
velop at an affordable numerical resolution. The mag-
netic field is expressed in units of local equipartition
magnetic field, Beq(r) =

√

ρ(r)urms, where ρ(r) is the
density averaged over time and spherical shells. We also
define Beq0 =

√
ρ0 urms, where ρ0 is the initial density at

r = rm. In our units, cs = µ0 = ρ0 = 1.
We perform simulations with density contrasts between

2 and 1400. This enables us to study the effect of stratifi-
cation on the formation of magnetic structures. For most
of the simulations, we choose n = 6 in Equation (12), i.e.,
the helicity is maximum at lower latitudes. This is also
the case for our reference run. However, for comparison
we also present cases where n = 0.
We use Pencil Code1, to perform direct numeri-

cal simulations. This code uses sixth-order explicit fi-
nite differences in space and a third-order accurate time-
stepping method. For runs with a φ extend of π, we use
a numerical resolution of 256× 1152× 1152 mesh points
in the r, θ, and φ directions, and 256× 1152× 288 for all
other runs. Table 1 shows all runs with their parameters.

TABLE 1
Summary of the runs. The reference run is shown in bold.

Run Γρ r" φ ext. ReM n b.c. σmax λ̃
Q1 2 0.8 π 20 6 Q 1 0.079
Q2 450 0.8 π 20 6 Q 1 0.084

Q3 1400 0.8 π 20 6 Q 1 0.04
Q4 450 0.75 π 20 6 Q 1 0.074
D1 2 0.8 π 20 6 D 1 0.087
D2 450 0.8 π 20 6 D 1 0.082

D3 1400 0.8 π 20 6 D 1 0.077
D4 450 0.8 π 20 6 D 0.2 0.11
R1 450 0.8 π/4 20 6 D 1 0.0083
R2 450 0.8 π/4 40 6 D 1 0.075
H1 2 0.8 π 20 0 Q 1 0.087
H2 450 0.8 π 20 0 Q 1 0.083
H3 1400 0.8 π 20 0 Q 1 0.076
H4 450 0.75 π 20 0 Q 1 0.081

Note. — The column ‘b.c.’ indicates whether the equatorial
boundary condition is dipolar (D) or quadupolar (Q).

1 http://pencil-code.googlecode.com
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. (8)
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Fig. 3.— Time evolution of Br/Beq at r/R = 0.98 for a simulation with Γρ = 450 for Run Q2.

Fig. 4.— Same as Figure 3, but for Run D2.

3.2. Spot formation

Next, we consider the surface appearance of the radial
magnetic field. We see the formation of structures at low
latitudes in less than a turbulent diffusive time. At first
a few bipolar regions form. As time goes on, these struc-
tures move, rotate, and expand, and after a long enough
time they form a strong field concentration which move
toward the equator and forms three band-like structures
with opposite polarities (see Figure 4). A similar behav-
ior was also observed by Mitra et al. (2014); see Figures 3
and 4 of their paper.
Figures 3 and 4 illustrate the time evolution of our ref-

erence simulations (Runs Q2 and D2) with Γρ = 450.
As one can see, at early times of bipolar spot formation,
the two polarities are very close to each other. One sees
that each polarity consists of a core with strong field and
a shadow around it with weaker field. As time elapses,
both core and the shadow expand but the speed of the
expansion of the shadow is larger than the speed of ex-
pansion of the core. This implies that two polarities start
moving apart form each other. The rest of the evolution
is somewhat different for Runs Q2 and D2. For Run Q2,
the bipolar spot orientation is preferentially in the az-
imuthal direction, both at early and later times. For
Run D2, on the other hand, the spots tilt in such a way
that the part of the structure with the same polarity
tends to occupy a certain latitudinal band, while that
of the opposite orientation occupies a band at a differ-
ent latitude; see Figure 4. This global structure remains
without change, no matter how much time passes.
The time dependence of kinetic and magnetic ener-

gies is shown in Figure 5. Different colors correspond
to different degree of stratification. Earlier studies have
demonstrated the importance of stratification in the for-
mation of structures through NEMPI. In fact, by increas-
ing the stratification, the structures were found to be-
come more intense. Here we show that for the highest
stratification (Γρ = 1400), the magnetic energy inside
the spot is less than that for Γρ = 450. This means that,

Fig. 5.— Upper panel: time evolution of magnetic energy (solid
thick lines) together with kinetic energy (dashed thin lines) for runs
Q1 (blue), Q2 (black) and Q3 (red). Lower panel: magnetic (solid)
and kinetic (dashed) energy versus depth for runs D1 (blue), D2
(black) and D3 (red) at t/τtd = 0.8.

there must be an upper limit for the density contrast. A
similar effect was also observed in the work of Jabbari
et al. (2014), which they referred to it as gravitational
quenching, which suppresses NEMPI. We must also re-
member that NEMPI can only work in regions where
the magnetic field relative to the equipartition value is
in the optimal range (Kemel et al. 2012; Losada et al.
2014; Brandenburg et al. 2014). However, in our strongly
stratified system, the regions where this would be the
case can become rather narrow. This gives another geo-
metric constraint on the possibility of NEMPI, which was
already discussed by Losada et al. (2014) in connection
with polytropic stratifications, where this limitation can
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•  Our spots show a systematic East-West orientation with negative vertical field on 
the left and positive values on the right.  

•  Some of the regions also show a certain tilt. 
•  Most of the bipolar regions are oriented in a similar fashion. 
•  expected Ω loop scenario? 
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Fig. 8.— Similar to Figure 7, but for r/R = 0.98 and for Γρ =
450.

Fig. 9.— Formation of the high-latitude spots for case n=0 (Run
H2).

formation of sharply bounded structures. This is reminis-
cent of the appearance of sharp structures as a result of
ambipolar diffusion under laminar conditions (Branden-
burg & Zweibel 1994). This raises the question, whether
for strongly stratified turbulence the effective magnetic
diffusivity can attain a nonlinear dependence on the mag-
netic field that is similar to that of ambipolar diffusion,
i.e., it increases with increasing field strength. To address
these questions, it would be best to return to Cartesian
geometry where it would be possible to determine turbu-
lent transport coefficients with dedicated methods such
as the test-field approach. This is however beyond the
scope of the present work.
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Fig. 3.— Time evolution of Br/Beq at r/R = 0.98 for a simulation with Γρ = 450 for Run Q2 (rows 1 and 2). The last row shows the
magnetic field above a certain threshold.

Fig. 4.— Upper panel: time evolution of magnetic energy (solid
thick lines) together with kinetic energy (dashed thin lines) for runs
Q1 (blue), Q2 (black) and Q3 (red). Lower panel: magnetic (solid)
and kinetic (dashed) energy versus depth for runs Q1 (blue), Q2
(black) and Q3 (red) at t/τtd = 0.8.

Fig. 5.— Mercator projection of Br/Beq with (Bθ, Bφ) vectors
superimposed just below the surface.

Previous studies (Brandenburg et al. 2012; Käpylä et al.
2012a) in Cartesian geometry has shown that qs and qg
are very close to zero. We therefore ignore qs and qg in
the following.
Next, we subtract the time average of an early time in-

terval between times t1 and t2 and compute the diagonal
components of the change of the stress as

∆Πi(r, θ, t) = Πi(r, θ, t)−
1

t2 − t1

∫ t2

t1

Πi(r, θ, t
′) dt′,

(19)
where t1 = 0.1 and t2 = 0.5 denote the time interval
over which the stratification is not yet affected by the
magnetic field. We thus compute

qp = −
(

∆Πθ +∆Πφ

)

/B
2
, (20)

so we get
Peff = 1

2
(1− qp)β

2, (21)

where β2 = B
2
/B2

eq(r, θ, t).
In Figure 7 we show Peff vs t and θ for r/R = 0.85 and

Runs Q1, Q2, and Q3. The bottom panels show scatter
plots of Peff(β). It is customary to fit these data to an
expression of the form (Kemel et al. 2012)

qp(β) = β2
∗/(β

2
p + β2), (22)

where (β∗,βp) are fit parameters that have previously
been determined for Cartesian simulations with an im-
posed magnetic field (Brandenburg et al. 2012). In Fig-
ure 7, the dashed lines show for comparison the result
for two representations of Equation (22) with (β∗,βp) =
(0.39, 0.013) and (0.21, 0.008) for curves with the deeper
and less deep minimum, respectively. Neither of the
curves fit the data point well. Nevertheless, it is im-
portant to note that Peff is always negative for β < 0.1,
although in the runs with stronger stratification the num-
ber of such points is rather small.
Thus, we may conclude that, although there is defi-

nitely evidence for negative values of Peff , but we can still
not be certain that NEMPI really does play a sufficiently
significant role to explain the occurrence of spots in our
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Fig. 6.— Mercator projection of Br/Beq with (Bθ, Bφ) vectors
superimposed just below the surface.

at the surface together with field vectors projected onto
the horizontal plane. Note that the vectors tend to point
in the negative φ direction, i.e., the azimuthal field points
to the left. In most of the bipolar spots in this figure,
Br/Beq tends to be positive on the right-hand side of
the spot (pointing upward) and negative on the left-hand
side of the spot (pointing downward). This corresponds
to the expected Ω loop scenario.

3.4. Dependence on r!, σ, Reynolds number,
stratification, and scale separation

We recall that we adopt a similar forcing setup as Mitra
et al. (2014) with a transition at a radius r! from helical
in the deeper parts to non-helical forcing in the upper
parts. Mitra et al. (2014) found that, when the border
is moved closer to the bottom of the convection zone,
the structures appear later. This is due to the fact that
it takes a longer time for dynamo to affect the upper
layers. A similar behavior was observed when the helicity
parameter σ is decreased from its maximum value of 1.
In such a case the formation of structures occurs again
with time delay, which is due to the weaker dynamo.
The effect of stratification on the formation of the spot

is shown in Figure 7. For the lowest density contrast, no
structures form, independently of time, size of the shell,
value of Reynolds number, and position of the border
between helical and non-helical turbulence. This implies
that stratification plays a crucial role in the formation of
bipolar regions.
In spherical geometry, it is possible to investigate the

effect of different φ extent on the formation of structures.
Not surprisingly, it turns out that for small φ extent (be-
low π/6) the size of the spots is limited by the domain
size.

3.5. Effective magnetic pressure

To assess whether NEMPI is operating, we now calcu-
late the effective magnetic pressure, following Branden-
burg et al. (2012) and adapting the formulation to the
spherical case. Using the θθ and φφ-components of the
total stress from fluctuating velocity and magnetic fields,
one gets

∆Π
f

i = ρ (u2
i − u2

0i) +
1
2
(b2 − b20)− (b2i − b20i), (13)

where the subscript i refers to either θ or φ. The sub-
script 0 refers to the case with zero magnetic field. But
as the background field is here dynamo generated, we
use the values of the related quantities in the upper part
of the domain (non-helical part) at early times. This

gives us the possibility to estimate the effective magnetic
pressure in spherical geometry with dynamo-generated

magnetic field. In Equation (13), ∆Π
f

i denotes the three

diagonal components of the tensor ∆Π
f

ij . In the mean-
field description, it depends on the mean magnetic field
B and is parameterized as

∆Π
f

ij =
(

qsβ̂iβ̂j − 1
2
qp δij + qg ĝi ĝj

)

B
2
, (14)

where β̂i and ĝi are the unit vectors along B and g,
respectively. The effective magnetic pressure is defined
as a sum of non-turbulent and turbulent contributions:

Peff = 1
2
(1− qp)β

2, (15)

where, qp is

qp = −
1

B
2
[∆Πθ +∆Πφ − qs(B

2

θ +B
2

φ)], (16)

with

qs =
(

∆Πθ −∆Πφ

)/

(

B
2

θ −B
2

φ

)

, (17)

and

qg =
1

B
2

[

−∆Πr + qsB
2

r −
1

2
qpB

2
]

. (18)

Previous studies (Brandenburg et al. 2012; Käpylä et al.
2012a) in Cartesian geometry have shown that qs and
qg are very close to zero. This is also confirmed by the
present simulations, where ∆Πθ −∆Πφ is found to cor-

relate poorly with B
2

θ − B
2

φ. We therefore ignore qs and
qg in the following.
Next, we subtract the time average of an early time in-

terval between times t1 and t2 and compute the diagonal
components of the change of the stress as

∆Πi(r, θ, t) = Πi(r, θ, t)−
1

t2 − t1

∫ t2

t1

Πi(r, θ, t
′) dt′,

(19)
where t1 = 0.1τtd and t2 = 0.5τtd denote the time inter-
val over which the stratification is not yet affected by the
magnetic field. We thus compute

qp = −
(

∆Πθ +∆Πφ

)

/B
2
, (20)

so we get Peff = 1
2
(1−qp)β2, where β2 = B

2
/B2

eq(r, θ, t).
In Figure 8 we show Peff vs t and θ for r/R = 0.85 and

Runs Q1, Q2, and Q3. The bottom panels show scatter
plots of Peff(β). It is customary to fit these data to an
expression of the form (Kemel et al. 2012)

qp(β) = β2
∗/(β

2
p + β2), (21)

where (β∗,βp) is a set of fit parameters. They have pre-
viously been determined for Cartesian simulations with
an imposed magnetic field (Brandenburg et al. 2012).
In Figure 8, the dashed lines show for comparison the
result for two representations of Equation (21) with
(β∗,βp) = (0.39, 0.013) and (0.21, 0.008) for curves with
the deeper and less deep minimum, respectively. Nei-
ther of the curves fit the data points well. Nevertheless,
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Fig. 6.— Br/Beq for simulations with different stratifications for Runs Q1, Q2 and Q3 with density contrasts 2, 450 and 1400 from left
to the right, respectively.

Fig. 7.— Peff vs t and θ for r/R = 0.85 in the top panels. for Γρ = 2 (left), 450 (middle column), and 1400 (right). The horizontal lines
in black, red, and blue indicate three latitudes (50◦, 35◦, and 20◦), for which we show Peff vs t in the middle panels. The bottom panels
show scatter plots of Peff(β).

simulations. Furthermore, the relatively sharp boundary
of our spots, which is a marked feature of these types of
calculation, is probably related to mean-field terms in the
induction equation rather than the momentum equation.
In the near-surface layers, on the other hand, there is

no evidence of negative effective magnetic pressure, as
can be seen from Figure ??, where we show the results
for Peff at r/R = 0.98 and for Γρ = 450. This is however
still consistent with the idea that spots are formed mainly
due to suction from deeper layer.

3.6. High-latitude spots

When the helicity is large at high latitudes, i.e., when
we choose the helicity profile with n = 0 in Equation (12),
magnetic spots form close to the poles in a fashion remi-
niscent of recent simulations by Yadav et al. (2014). Fig-
ure 9 presents the formation of spots near the pole for
run H2. The results for the simulations with n = 0 show
also the same behavior and parameter dependence as the
case with n = 6. This means that for weaker stratifica-
tion no spot form and for smaller σ and deeper r", the
structures form with time delay.

4. CONCLUSIONS

The present work has demonstrated that in a strongly
stratified two-layer spherical model with helical turbu-
lence in the lower layer and non-helical turbulence in the

upper one, the α2 dynamo produces large-scale magnetic
fields that develop sharp spot-like structures at the sur-
face. This confirms the results of Mitra et al. (2014)
in Cartesian geometry, but now for a much larger do-
main. We therefore see for the first time that the bipolar
magnetic spots have a finite size. However, contrary to
earlier expectations (Kemel et al. 2012; Brandenburg et
al. 2014), the size of these structures exceeds the local
value of the density scale height by much more than the
earlier expected value of about ten.
In our present simulations the dynamo (caused by the

α2 dynamo) is fully helical, so the resulting large-scale
field is rather strong and the magnetic spots begin to
fill eventually the entire horizontal surface. This is also
what is expected for very active stars where the filling
factor of the surface magnetic field is known to reach
unity as the star becomes more active (Saar & Linsky
1985). Conversely, to model sunspots, which are much
smaller, we expect that we would need to decrease the
fractional helicity.
The physics behind spot formation remains still some-

what obscure. While it is clear that strong stratifica-
tion is an essential element behind spot formation, the
results presented here do not match our earlier findings
that were obtained under more idealizing conditions such
as the use of an imposed magnetic field. However, like
the earlier results of Mitra et al. (2014) we find again the

The	
  Results:	
  Effec-ve	
  pressure	
  



The	
  results:	
  high	
  la-tude	
  spots	
  

10/12	
  

3

condition such that the magnetic field is either symmet-
ric (quadrupolar) or anti-symmetric (dipolar) with re-
spect to the equator. For the magnetic field we assume
perfect conductor boundary conditions on the latitudinal
(θ = θ0) and lower radial (r = r0) boundaries, and radial
field boundary conditions on the outer radius (r = R).
On the equator, we assume either dipolar or a quadrupo-
lar symmetry. In terms of the magnetic vector potential
these conditions translate to

∂Ar

∂r
= Aθ = Aφ = 0 (r = r0), (4)

Ar = 0,
∂Aθ

∂r
= −

Aθ

r
,

∂Aφ

∂r
= −

Aφ

r
(r = R), (5)

Ar =
∂Aθ

∂θ
= Aφ = 0 (θ = θ0,π/2) (6)

for quadrupolar symmetry and

∂Ar

∂θ
= Aθ =

∂Aφ

∂θ
= 0 (θ = π/2) (7)

for dipolar symmetry.
For the velocity field we use stress-free, non-

penetrating boundary conditions in the radial direction.
The gravitational acceleration is g = −∇Φ, where

Φ(r) = −GM

(

1

r
−

1

rm

)

. (8)

Here G is Newton’s constant and M is the mass of the
sphere. The radial component of the gravitational ac-
celeration is then g = −GM/r2. The zero point of the
potential is chosen to be at rm = 0.85R. The quan-
tity GM determines the density contrast Γρ = ρbot/ρtop
between bottom and top of the domain. The thickness
of the shell is ∆r = R − r0, and it is used to define a
reference wavenumber k1 = 2π/∆r.

2.2. The forcing function

The forcing function f is similar to that of Mitra et al.
(2014),

f(x, t) = Re
[

N f̃(k, t) exp(ik · x+ iϕ)
]

, (9)

where x is the position vector, −π < ϕ ≤ π is a randomly
selected phase, and k is the wavevector which is chosen
from a set of wavevectors in a certain range around a
given forcing wavenumber, kf . The Fourier amplitudes,

f̃(k) = R · f̃(k)(nohel) with Rij =
δij − iσεijkk̂√

1 + σ2
, (10)

where σ characterizes the fractional helicity of f , and

f̃(k)(nohel) = (k × ê)

/

√

k2 − (k · ê)2 (11)

is a non-helical forcing function, and ê is an arbitrary
unit vector not aligned with k and k̂ is the unit vector
along k; note that |f̃ |2 = 1. The degree of helicity is
modulated in space via the function

σ(r, θ) =
σmax

2

[

1− erf

(

r − r∗
wf

)]

cos θ sinnθ, (12)

where erf is the error function, r∗ is the radius above
which the helicity vanishes, wf is the width of the transi-
tion layer, and the exponent n determines the latitudinal
helicity profile. For more details of this type of forcing
see Mitra et al. (2014).

2.3. Parameters of the simulations

During the exponential growth phase of the dynamo,
the growth rate is calculated as λ = dBrms/dt. The
nondimensional growth rate is given as λ̃ = λ/urmskf .
However, the time of the simulation is normally specified
in terms of the turbulent-diffusive time τtd = (ηt0k21)

−1,
where ηt0 = urms/3kf is the estimated turbulent diffu-
sivity. In most of the calculations, we use a scale sep-
aration ratio kf/k1 of 30 and a fluid Reynolds number
Re ≡ urms/νkf of 20. Our magnetic Prandtl number
PrM = ν/η is 1, so the magnetic Reynolds number is
then ReM = PrMRe = 20. These values are chosen to
have both kf and Re large enough for NEMPI to de-
velop at an affordable numerical resolution. The mag-
netic field is expressed in units of local equipartition
magnetic field, Beq(r) =

√

ρ(r)urms, where ρ(r) is the
density averaged over time and spherical shells. We also
define Beq0 =

√
ρ0 urms, where ρ0 is the initial density at

r = rm. In our units, cs = µ0 = ρ0 = 1.
We perform simulations with density contrasts between

2 and 1400. This enables us to study the effect of stratifi-
cation on the formation of magnetic structures. For most
of the simulations, we choose n = 6 in Equation (12), i.e.,
the helicity is maximum at lower latitudes. This is also
the case for our reference run. However, for comparison
we also present cases where n = 0.
We use Pencil Code1, to perform direct numeri-

cal simulations. This code uses sixth-order explicit fi-
nite differences in space and a third-order accurate time-
stepping method. For runs with a φ extend of π, we use
a numerical resolution of 256× 1152× 1152 mesh points
in the r, θ, and φ directions, and 256× 1152× 288 for all
other runs. Table 1 shows all runs with their parameters.

TABLE 1
Summary of the runs. The reference run is shown in bold.

Run Γρ r" φ ext. ReM n b.c. σmax λ̃
Q1 2 0.8 π 20 6 Q 1 0.079
Q2 450 0.8 π 20 6 Q 1 0.084

Q3 1400 0.8 π 20 6 Q 1 0.04
Q4 450 0.75 π 20 6 Q 1 0.074
D1 2 0.8 π 20 6 D 1 0.087
D2 450 0.8 π 20 6 D 1 0.082

D3 1400 0.8 π 20 6 D 1 0.077
D4 450 0.8 π 20 6 D 0.2 0.11
R1 450 0.8 π/4 20 6 D 1 0.0083
R2 450 0.8 π/4 40 6 D 1 0.075
H1 2 0.8 π 20 0 Q 1 0.087
H2 450 0.8 π 20 0 Q 1 0.083
H3 1400 0.8 π 20 0 Q 1 0.076
H4 450 0.75 π 20 0 Q 1 0.081

Note. — The column ‘b.c.’ indicates whether the equatorial
boundary condition is dipolar (D) or quadupolar (Q).

1 http://pencil-code.googlecode.com
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Fig. 3. Radial velocity u

r

at r=0.99 r

o

in (a), (b), radial magnetic field B

r

at r=0.99 r

o

in (c), (d), and total heat flux F normalized by its surface
mean F

mean

on outer surface in (e), (f) for model NA-Pr10-N5 and A-Pr10-N5 respectively. u

r

is given in terms of the Reynolds number and the
radial magnetic field is normalized by the equipartition field strength calculated using the time averaged total kinetic energy in the shell. The color
variations for u

r

and B

r

are saturated at values lower than the extrema; the full variation range for B

r

is ⇡ ±0.3 in (d).

3.2.2. Model A-Pr10-N5: Polar starspots

Instead of initiating the dynamo simulation with a tiny seed mag-
netic field we now take the flow input from model H-Pr10-N5
and initiate the dynamo simulation with strong dipolar mag-
netic field aligned with the rotation axis. The resulting dynamo
model is A-Pr10-N5 (Tab. 1). The motivation behind starting
with a strong dipolar field is to have strong Lorentz forces
that can quench the shearing di↵erential-rotation via Maxwell
stresses (Ferraro 1937; Aubert 2005). This allows an axial-dipole
dominant (ADD) solution to develop and stabilize. As shown
in Fig. 4(c) the axisymmetric di↵erential rotation becomes even
more strongly quenched (energy content about 3% of total ki-
netic energy) as compared to the non-magnetic model than in
case NA-Pr10-N5 and and has lost entirely any semblance to
geostrophy. Reynolds stresses are not e↵ective any more as the
spiralling of convection columns nearly vanishes (Fig. 4(d)).
Such di↵erential rotation profile is typically associated with a
thermal wind balance (Aubert 2005), i.e. a balance of buoyancy
and Coriolis forces. This ADD solution seems to be stable as we
have run this simulation for more than a magnetic di↵usion time.

Dynamos with ADD magnetic field which co-exist with
highly quenched di↵erential rotation are classified as ↵2-
dynamos (Olson et al. 1999; Chabrier & Küker 2006; Schrinner
et al. 2012). Dynamos in this state are said to be in a "magne-
tostrophic" state where Lorentz forces are rather strong and en-
ter in first order force balance (e.g. Sreenivasan & Jones (2006)).
Generally, parameter studies (Browning 2008; Gastine et al.
2012; Yadav et al. 2013a) show that large scale magnetic fields
generated by a distributed dynamo quench the di↵erential rota-
tion to low values (much lower than the solar case). Recently,
this could be empirically verified for a large sample of cool stars
which show a rough inverse correlation between rotation rate
and di↵erential rotation (Reinhold et al. 2013). Note that higher
rotation rates generally imply stronger magnetic fields in cool
stars (Pizzolato et al. 2003).

A snapshot of radial velocity and radial magnetic field near
the outer boundary is given in Fig. 3(b) and (d) respectively. Un-
like the multipolar dynamo model NA-Pr10-N5, the quenching
of near-surface flows in regions of strong magnetic field is rather
prominent in this case and is clearly visible in Fig. 3(b), espe-
cially at high latitudes. The size of the big patch near the north
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August 7 - “6120 Å” August 7 - “6400 Å”

Fig. 6. Doppler images of BO Mic, reconstructed by CLDI from the wavelength region given above each panel. The lower and upper map of
each panel show the same surface, but rotated by 180 degrees. Black and dark gray/orange areas represent surface regions completely covered
or 50% covered with spots, respectively. Unspotted regions are rendered as light shades. The subobserver longitudes of the observed phases are
marked by short lines. A rotation phase φ = 0 corresponds to a subobserver longitude of ϕ = 0◦; rotation proceeds with decreasing subobserver
longitude. About 13 stellar rotations have passed between the images of the upper and the lower panels.

Yadav et al 2014 

Wolter et al 2005 
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Fig. 2. Evolution of BMRs with different emergence latitudes (λ0), with
tilt angles equal to 0.5λ0, and with solar surface shear. The two polari-
ties indicated by black and yellow colour, and the regions with unsigned
field strength above the threshold are represented by white regions sur-
rounded by black contours. Contours for 4% and 2% of the initial peak
strength are filled with shades of black and yellow in order to illustrate
the overall shape of the region. The projections are centred at a fixed
meridian and 60◦ latitude. The latitude circles are plotted with 30◦ in-
tervals. Elapsed time after emergence (in days) is indicated. Stellar (dif-
ferential) rotation is shown with respect to the rest frame of the equa-
tor. The initial BMR configuration corresponds to β0 = 4◦,∆β = 10◦,
leading to an initial area of about 323 square degrees, or 0.8% of the
solar/stellar surface area.

shear (see Fig. 1a), and is partly responsible for the variation of
lifetime as a function of emergence latitude (Fig. 3b). The ef-
fect can also be seen when one compares the evolution of BMRs
at 10◦ and 40◦ in Fig. 2. On the other hand, the bipole at 60◦
lives longer than the ones at 10◦ and 40◦, although the local
shear rate is higher for the former. The reason is the meridional
flow (see Fig. 1b): firstly, there is an acceleration of the poleward
flow with increasing latitude until around 37◦, above which the
flow is decelerated. Therefore, a BMR emerging at a latitude
lower (higher) than about 37◦ experiences a diverging (converg-
ing) flow. Secondly, low-latitude BMRs are advected to latitudes
with stronger shear, whereas the high-latitude BMRs are moved
to regions with less shear. Both of the effects mentioned above
contribute to the longer lifetimes of high-latitude BMRs.

Next we consider the effect of varying the latitudinal rotation
profile (surface shear) by using the results for the solar profile (as

Fig. 3. a) Time variation of BMR area normalised to its initial value, for
a BMR with β0 = 4◦,∆β = 10◦ emerged at 40◦. BMR area is defined
as the area above a given threshold (see text). b) BMR lifetime as a
function of the emergence latitude.

Fig. 4. Lifetime of BMRs as a function of the emergence latitude,
for three differential rotation (surface shear) profiles: solar shear (di-
amonds), the minimum observed shear for AB Dor (crosses), and the
maximum observed shear for AB Dor (asterisks). a) For the tilt angle
relation α = 0.5λ0; b) α = 0.

above), and those for AB Doradus (Fig. 1a), with observed min-
imum and maximum values for ∆ω of 2.64 and 5.54 deg day−1,
respectively (Donati et al. 2003b). The variation of BMR life-
time as a function of the emergence latitude for the three cases
is shown in Fig. 4, for tilt angles α = 0.5λ0 (Fig. 4a) and α = 0
(Fig. 4b), respectively. The lifetimes are affected by the shape
of the rotational shear profile (cf. Fig. 1a). For instance, for
λ0 = 30◦, 56% weaker shear leads to an about 37% (14 days)
longer lifetime. The effect of meridional flow becomes more no-
ticeable for the cases with smaller rotational shear. For α = 0,
the BMRs suffer more flux cancellation at the longer neutral line
between the opposite polarities, so that they live shorter than
their tilted counterparts. The presence of a tilt angle α = 0.5λ0
prolongs the lifetimes, particularly so at higher latitudes: be-
cause the opposite polarities have different angular velocities,
they gradually separate so that the neutral line at the interface
for flux cancellation shortens (see Fig. 2).

3.2. Size dependence of lifetime
Larger BMRs have systematically longer lifetimes owing to
a larger initial area. Figure 5 shows the lifetimes, for 40◦

Isik et al 2007 

Jabbari et al 2013 
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Summary	
  	
  	
  
•  Formation of sharp spot-like structures in a strongly 

stratified two-layer spherical model with helical turbulence 
in the lower and non-helical turbulence in the upper one. 

•  Confirmation of the results of Mitra et al 2014 in spherical 
geometry and for a much larger domain 

•  For the first time, the bipolar magnetic spots have a finite 
size and more than 10 time equipartition field strength. 

•  Stratification as an essential element behind the spot 
formation 

•  Delayed appearance of the structure for weaker σ or 
smaller r* 

•  The physics behind the spot formation? 
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