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Accelerated expansion of the universe driven by tachyonic matter

T. Padmanabhan*
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~Received 19 April 2002; published 28 June 2002!

It is an accepted practice in cosmology to invoke a scalar field with a potentialV(f) when the observed
evolution of the universe cannot be reconciled with theoretical prejudices. Since one function degree of
freedom in the expansion factora(t) can be traded off for the functionV(f), it is alwayspossible to find a
scalar field potential which will reproduce a given evolution. I provide a recipe for determiningV(f) from
a(t) in two cases:~i! a normal scalar field with the LagrangianL5(1/2)]af]af2V(f) used in quintessence
or dark energy models;~ii ! a tachyonic field with the LagrangianL52V(f)@12]af]af#1/2, motivated by
recent string theoretic results. In the latter case, it is possible to have accelerated expansion of the universe
during the late phase in certain cases.
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I. INTRODUCTION

The stress tensorTb
a for any source term in a Friedman

universe, described by an expansion factora(t), must have
the formTb

a(t)5dia @r(t),2p(t),2p(t),2p(t)#. Given an
equation of state which specifiesp as a function ofr, we will
be left with two degrees of freedoma(t) andr(t) which can
be determined by two independent Einstein’s equations
the Friedmann model. The situation, however, is slightly d
ferent if the source is described by an ‘‘adjustable functio
as in the case of scalar fields. If, for example, the sourc
described by a scalar field with a LagrangianL
5(1/2)]af]af2V(f), then it is possible to chooseV(f)
in order to have a specific evolution for the universe. Giv
any a(t) it is usually possible to obtain aV(f) such that it
results in a consistent cosmological evolution. In fact, t
can be achieved even in the presence of other energy d
ties in the universe~such as matter, radiation, etc.! in addi-
tion to the scalar field. This should not be surprising, sin
the existence of a free functionV(f) allows a trade off with
another functiona(t).

Recently, it has been suggested that@1# the tachyonic con-
densate in a class of string theories can be described b
effective scalar field with a Lagrangian of the formL5
2V(f)@12]af]af#1/2. The evolution of this condensat
can have cosmological significance which may be worth
ploring @2#. ~Scalar field models with a nonquadratic sca
kinetic term were studied on phenomenological grounds
lier in @3#; time dependent solutions to the tachyonic fie
were studied earlier in@4#.! Since this Lagrangian also has
potential functionV(f), it seems reasonable to expect th
any form of cosmological evolution@that is, anya(t)# can be
obtained with the tachyonic field as the source by choos
V(f) ‘‘suitably.’’ It turns out that this is indeed true.

I will outline a recipe for constructingV(f) given a par-
ticular form of evolution for the universea(t) in the two
cases~normal scalar field and tachyonic field! mentioned
above. The first case corresponds to quintessence or
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energy models and has been a favorite pastime of the
mologists in the past several years~for a sample of refer-
ences, see@5#!. In this case, there is very little~independent!
constraint onV(f) and hence it is not possible to evalua
the relative merits of different choices forV(f). In the case
of tachyonic scalar field, there are some constraints on
form of V(f), especially on the asymptotic behavior, whic
could rule out a certain class of cosmological models. It
nevertheless possible to construct several interesting mo
satisfying the asymptotic constraints onV(f). In particular,
it may be possible to have a rapidly accelerated phase
expansion for the universe at late times which seems to h
some observational support.

II. RECIPE FOR THE SCALAR FIELD POTENTIAL

Consider ak50 universe with a normal scalar field hav
ing a potentialV(f) as the source. We assume that the e
lution of the universe is already specified so thata(t),
H(t)[(ȧ/a) . . . etc. are known functions of time and w
need to determineV(f) such that Friedmann equations

S ȧ

a
D 2

5
8pG

3
r, S ä

a
D 52

4pG

3
~r13p! ~1!

as well as the equation of motion for the scalar field

f̈13Hḟ52
dV

df
~2!

are satisfied.~Of course, only two of these three equatio
are independent when the universe is driven by a sin
source.! In a Friedmann universe,f(t,x)5f(t) and the en-
ergy density and pressure of the scalar field is given by

rf5
1

2
ḟ21V~f!, Pf5

1

2
ḟ22V~f!. ~3!

It is convenient to define a time dependent parameterw(t)
by the relationw(t)[Pf(t)/rf(t). The equation of motion
for the scalar field, written in the formd(ra3)5

2wrd(a3), can be integrated to give (ṙf /rf)523H(1
©2002 The American Physical Society01-1
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1w). The Friedmann equation, on the other hand, givesrf

}H2 so that (ṙf /rf)52(Ḣ/H). Combining the two rela-
tions we get

11w~ t !52
2

3

Ḣ

H2
~4!

thereby determiningw(t). ~Note that we have not used th
specific form of the source so far; so, this equation will
satisfied by any source in a FRW model.! From the definition
of w and Eq.~3!, it follows that ḟ2/2V5(11w)(12w)21

[ f (t), say. Writing this asḟ252 f V, differentiating with
respect to time, and using Eq.~2! we find that

V̇

V
52

ḟ 16H f

11 f
. ~5!

Integrating this equation and using the definition off (t) and
Eq. ~4! we get

V~ t !5
3H2

8pG F11
Ḣ

3H2G . ~6!

Substituting back in the relationḟ252 f V, we can determine
f(t) to be

f~ t !5E dtF2
Ḣ

4pG
G1/2

. ~7!

Equations~6! and ~7! completely solve the problem of find
ing a potentialV(f) which will lead to a givena(t). These
equations determinef(t) andV(t) in terms ofa(t) thereby
implicitly determiningV(f).

In fact, the same method works even when matter ot
than a scalar field with someknownenergy densityrknown(t)
is present in the universe. In this case, Eqs.~6! and~7! gen-
eralize to

V~ t !5
1

16pG
H~12Q!F6H1

2Ḣ

H
2

Q̇

12Q
G ~8!

f~ t !5E dtFH~12Q!

8pG G1/2F Q̇

12Q
2

2Ḣ

H
G1/2

, ~9!

where Q(t)[@8pGrknown(t)/3H2(t)#. Since f has to be
real, one can invoke a scalar field in this manner only wh
the terms within the square brackets in Eq.~9! or Eq.~7! are
positive.@For example, Eq.~7! shows that if the scalar field
is theonly source, thenḢ must be negative.# In practice, this
is not a serious restriction to model buliding.

As an example of using Eqs.~6! and~7!, let us consider a
universe in whicha(t)5a0tn. Elementary algebra now give
the potential to be of the form

V~f!5V0expS 2A2

n

f

MPl
D , ~10!
02130
er

n

whereV0 andn are constants andMPl
2 51/8pG. The corre-

sponding evolution off(t) is given by

f~ t !

MPl
5A2nlnSA V0

n~3n21!

t

MPl
D . ~11!

As a second example, consider an evolution of the form

a~ t !}exp~at f !, f 5
b

41b
,

0, f ,1, a.0. ~12!

In this case, we can determine the potential to be

V~f!}S f

MPl
D 2bS 12

b2

6

MPl
2

f2 D , ~13!

whereb is a constant. The two potentials described abo
have been used extensively in inflationary models.

In fact, virtually all other potentials used in quintessen
or dark energy models for the universe can be obtained
the recipe given above. Since one seldom worries serio
about the microscopic origin ofV(f) in these models, it may
be mathematically more convenient to choose one’s favo
cosmological evolution in terms ofa(t) and then construc
V(f) and study its properties.

III. RECIPE FOR TACHYONIC POTENTIAL

Consider next a universe with a givena(t) and a tachy-
onic source with the Lagrangian L52V(f)@1
2]af]af#1/2. Whenf5f(t), the energy density and pres
sure are given by

r5
V~f!

A12ḟ2
, p52VA12ḟ2. ~14!

In this case, the ‘‘reverse engineering’’ to determineV(f)
from a(t) is almost trivial. Forany source with a paramete
w(t), we must have

ṙ

r
523H~ t !~11w!5

2Ḣ

H
~15!

leading to Eq.~4!. On the other hand, for the tachyon
model, p(t)/r(t)[w(t)5ḟ221. Combining these, we ca
determine ḟ252(2/3)(Ḣ/H2)5(2/3)(dH21/dt) in terms
of H and obtain

f~ t !5E dtS 2
2

3

Ḣ

H2D 1/2

. ~16!

Multiplying the two equations in Eq.~14! and using Eq.~4!
and the Friedman equation, we get
1-2
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V5~2w!1/2r5
3H2

8pG S 11
2

3

Ḣ

H2D 1/2

. ~17!

Equations~16! and~17! completely solve the problem. Give
any a(t), these equations determineV(t) andf(t) and thus
the potentialV(f). Equation~16! also implies thatḢ,0 for
these models.

Note the similarity between the forms ofV(f) in Eqs.
~17! and ~6!. The fact that both tachyonic and normal sca
field potentials can be used to drive the expansion of
universe, suggests that—as far as cosmological evolutio
concerned—there exists a mapping between the two po
tials directly. For example, we found that an exponentia
decaying potential for the normal scalar field leads to pow
law growth for a(t). I will now show that a tachyonic po
tential of the formV(f)}f22 will lead to the same kind of
cosmological evolution.

Consider a universe with power law expansiona5tn. In
this case, (Ḣ/H2) in Eq. ~16! is a constant makingḟ a con-
stant. The complete solution is given by

f~ t !5S 2

3nD 1/2

t1f0 ,

V~ t !5
3n2

8pG S 12
2

3nD 1/2 1

t2, ~18!

wheren.(2/3). @I will comment on then5(2/3) case later
on.# Combining the two, we find the potential to be

V~f!5
n

4pG S 12
2

3nD 1/2

~f2f0!22. ~19!

For such a potential, it is possible to have arbitrarily rap
expansion with largen. @It is also possible to reproduce th
evolution in Eq.~12! by a more complicated choice of th
potential, of the formV}fx(11c1fy)1/2. The reverse-
engineering procedure is exactly the same.#

If fafa!1 the tachyonic Lagrangian can be appro
mated by the form

L52V~f!@12]af]af#1/2'
1

2
caca2U~c! ~20!

with

c5E AV~f!df, U~c!5V@f~c!#. ~21!

In our case,V(f)5A/f2 ~say!, giving c5AAln f and
U(c)}exp(22c/AA). Curiously, this has the sameform of
the potential we found in Eq.~10! for a normal scalar field to
produce thea5tn evolution though the coefficient ofc
matches with that in Eq.~10! only whenn@1. In this limit,
the mapping in Eq.~20! becomes increasingly accurate.

The potential in Eq.~19! has the reasonable behavior
V→0 asf→` though its form for small and intermediat
values off is not supported by string theory. It is howev
02130
r
e
is
n-

r

possible to show that the asymptotic form of the evolution
still given by the solutions found above. To see this, assu
that the late time behavior off is given by

f~ t !5S 2

3nD 1/2

t1Be2Ct5S 2

3nD 1/2

t1O~e2Ct!, ~22!

wheren,B,C are constants with (2/3)<n. This implies that
we takef(t) to grow proportional tot asymptotically with
exponentially small corrections. In this case, it is possible
repeat the above analysis and show that asymptotically~at
late times!, we have the following behavior:

a~ t !'tnexpFOS e2Ct

t D G ~23!

and

V~f!'
n

4pG S 12
2

3nD 1/2 1

f2 F11OS e2Ct

t D G . ~24!

The asymptotic form fora(t) is essentially a power law
found before with exponentially small corrections. The tim
scale for the validity of asymptotic solution is determined
(1/C) which is a parameter that can be fixed independen
n. This will allow one to ignore exponentially subdomina
terms even when large values ofn are invoked.

This analysis assumes that the asymptotic ‘‘velocity’’
the scalar field is given byḟ(`)5(2/3n)1/2 if the expansion
of the universe at late times is given bya(t)5tn. This, in
turn, requires the tachyonic potentialV(f) to have the
asymptotic formA/f2 without any restriction onA. To have
accelerated expansion, we must have reasonably largen re-
quiring ḟ(`) to be sufficiently less than unity—which i
possible ifA is nonzero and arbitrary.

The situation is different if there are string theoretic re
sons to expectḟ(`)51 asymptotically. Since Eq.~16! can
be equivalently written as

H21~ t !5
3

2E ḟ2dt, ~25!

ḟ(`)51 asymptotically will implya(t)}t2/3. Then we must
haven5(2/3)which is just a dust dominated, zero pressu
expansion law. The cosmological implications are very d
ferent depending on whether string theory requires the c
dition ḟ(`)51 asymptotically or not. Let me discuss th
different possibilities briefly.

If it is possible to haveḟ(`)Þ1 asymptotically, then an
attractive scenario emerges in which the tachyonic cond
sate could be driving the acceleration of the universe
mimicking the cosmological constant. In this case, one
interpreting the asymptotic evolution to be applicable dur
the current phase of the universe, in the range of redsh
say, 0,z,3. In a realistic model, one may need to wor
about the time scales in string theory~presumably.tPlanck)
in the manner of the cosmological time scale. But this iss
will arise in any attempt to use the tachyonic condensate
1-3
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the late phases in the evolution of the universe, like,
example, as some kind of dark matter.

An easy way out is to use the solutions in the early u
verse. The solutions I have obtained, of course, could als
used to provide a power law inflation in the very early u
verse if t→` is interpreted merely ast*tPlanck. It may be
easier to have nonvanishing pressure for the tachyonic
densate fort*tPlanck than during the current epochs of th
universe.~I think it would be nicer if string theory could
provide an effective cosmological constant at the curr
epoch—which hassomeobservational support—rather tha
merely provide yet another inflaton field. But the procedu
outlined here can be used to construct a wide class of in
tionary solutions as well.!

If, on the other hand, string theory demandsḟ(`)51
asymptotically, thenV→0 asymptotically in such a manne
as to give finiter and zero pressure. The tachyonic conde
sate can then contribute, say,V50.7 in the universe and—
together with clustered normal matter contributi
V50.3—can lead to aV51 universe. Such a model is a
extreme form of mixed dark matter model with a ve
smoothly distributed component at large scales. It is poss
at

s

x-
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that the model is consistent with CMBR and galaxy clust
ing data but will contradict the supernova data if it is inte
preted as indicatingä.0 in the recent past.~Becauseä,0
when n,1, this model will not be accelerating.! Given the
observational uncertainties, it may still be worth studying t
consequences of such a model.

Even in this case@with ḟ(`)51 asymptotically#, it may
be possible to provide an accelerated expansion for the
verse in the recent past if one considers more complica
potentials. For example, one can construct models such
n@1 in the redshift range of 3.z.0, say, with the
asymptotic regime ofn5(2/3) coming into effect only in the
future. The procedure developed in this paper can be use
obtain suitableV(f) which will ensure such a scenario.

All these emphasize the need to understand the constr
on V(f) in the Lagrangian from more fundamental cons
erations. A possible interpretation which is of relevance
cosmology is suggested in@6#.

Results partially overlapping with those in the current p
per are also reported in@7# which appeared almost simulta
neously with this paper.
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