Newman-Janis algorithm revisited I Wang-Wu
functions and rotating solutions in General
Relativity

Ng. Ibohal
Department of Mathematics, University of Manipur
Imphal-795003, Manipur, India
E-mail: (i) ngibohal@rediffmail.com
(ii) ngibohal@iucaa.ernet.in

June 27, 2003

Abstract

In this paper an application of Newman-Janis algorithm in spherical sym-
metric metrics with the mass function M(u,r) and the charge e(u, ) has been
discussed. After the transformation of the metric via this algorithm, these two
functions M (u,r) and e(u, ) might be of the three variables u,r,6. With these
functions of three variables, all the Newman-Penrose (NP) spin coefficients,
the Ricci as well as the Weyl scalars have been calculated and presented here
general rotating solutions in NP formalism. From these NP quantities for rotat-
ing spherically symmetric metric, a class of rotating solutions of Einstein’s field
equations could be generated. These so-generated solutions may include (a) the
rotating Kerr-Newman (known), (b) the rotating Vaidya solution, (c) rotating
Vaidya-Bonnor solution, (d) rotating Husain’s solution, (e) rotating Wang-Wu
solutions. It is found that the technique of Wang and Wu is so powerful to gen-
erate solutions, that the rotating Vaidya solution obtained here could be com-
bined smoothly with the rotating Kerr-Newman solution to generate rotating
Kerr-Newman-Vaidya solution, and similarly, rotating Kerr-Newman-Vaidya-
Bonnor solution of the field equations. It has also shown that the embedded
universes, for example, Kerr-Newman de Sitter, rotating Vaidya-Bonnor-de Sit-
ter, rotating Kerr-Newman-Vaidya-de Sitter might be derived from the rotating
solutions with Wang-Wu function. All rotating embedded solutions derived
here could be written in Kerr-Schild forms on embedded backgrounds, showing
the extension of Xanthopoulos’s theorem.

PACS number : 0420, 0420J, 0430, 0440N



1 Introduction

In an earlier paper [1] it is shown that Hawking’s radiation [2] could be expressed in
classical spacetime metrics, by considering the charge e to be function of the radial
coordinate r of non-rotating Reissner-Nordstrom as well as rotating Kerr-Newman
black holes. Since these two black holes describe the ‘stationary’ metrics, it has
intended to search for ‘non-stationary’ rotating metrics in order to incorporate rela-
tivistic aspect of Hawking’s radiation in general relativity. The non-rotating Vaidya
metric is a ‘non-stationary’ generalization of Schwarzschild vacuum solution, describ-
ing the gravitational field of a null radiating star. Many attempts have been made to
generate ‘non-stationary’ rotating metrics which describe the rotating external grav-
itational field of radiating bodies. To mention with, Vaidya and Patel [3] obtained a
non-stationary rotating metric with mass M = —m{1 + u(b/a?) — (b*/4a?) cos® 6}3/2
having minus sign, where m, a, b are constant and w is the retarded time coordinate.
They claimed that their metric recovers the Kerr metric when 6 = 0. However, it is
well known that the Kerr metric has no mass with negative sign. Carmeli and Kaye
(4] have shown, by considering the mass M of Kerr metric directly as function of
coordinate u, that the Kerr metric can be made a ‘non-stationary’ rotating metric,
called variable mass Kerr metric. However, Herrera and Martinez [5], Herrera et. al.
[6] argued that the interpretation of variable mass Kerr metric of Carmeli and Kaye
is not completely clear. Gonzalez et.al.[7] have presented a non-stationary general-
ization of the Kerr-Newman metric, by allowing the three parameters a, m and e to
be functions of coordinate u and shown that the variable a(u) does not represent the
rotating electromagnetic field of the Einstein-Maxwell equations and concluded that
to take the parameters of a metric as functions of u does not generalize the solutions
enough. Mallett [8] applied Newman-Janis algorithm to the Reissner-Nordstrom-de
Sitter ‘seed’ solution to derive a rotating Kerr-Newman-de Sitter solution and after-
ward he introduced the retarded time coordinate u to get ‘non-stationary’ charged ra-
diating metric. However, Xu [9] has commented that Mallett’s result does not satisfy
the Einstein’s equations. Jing and Wang [10] consider the mass M (u) and the charge
e(u) unchanged after the application of Newman-Janis algorithm r = 7' — i acosf,
and v = v + iacosf, to the non-rotating Vaidya-Bonnor ‘seed’ solution with mass
M (u) and charge e(u). In fact, after the application of the algorithm, the mass M (u)
and charge e(u) should be functions M (u,#), e(u,f) of two variables u and §. This
situation could be seen in equations (2.10) and (3.3) of their paper. Because of these
comments and arguments on these known ‘non-stationary’ rotating metrics cited in
(3,4,8,10], it is not suggestible to utilize these metrics directly unless one personally
verifies these results.

For this purpose, we employ the Newman-Janis algorithm [11] to generate ‘rotat-
ing non-stationary’ metrics from the spherically symmetric ‘seed’ metric with mass
M (u,r) and the charge e(u,r), where v and r are the coordinates of the space-
time geometry. Newman-Janis algorithm [11] is a complex coordinate transformation,
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which has been introduced by Newman and Janis to obtain Kerr metric, a rotating
Schwarzschild vacuum solution of Einstein’s field equations from the non-rotating
Schwarzschild ‘seed’ solution. In another paper Newman et.al. [12] again applied
the same transformation to the non-rotating charged Reissner-Nordstrom solution to
get rotating charged Reissner-Nordstrom solution, which is now commonly known
as Kerr-Newman black hole solution in General Relativity. So this complex coor-
dinate transformation is a powerful technique to derive rotating solutions from the
non-rotating ‘seed’ solutions of Einstein’s equations with spherical symmetric metrics.
Herrera and Jimenez [13] applied the same Newman-Janis algorithm to an interior
non-rotating spherically symmetric seed metric and the resulting rotating interior was
tried to match with the exterior Kerr metric on the boundary of the source. Drake
and Turolla [14] have generated a class of metrics as possible sources for the Kerr met-
ric by applying the same algorithm to any static spherically symmetric ‘seed’ metric.
Drake and Szekeres [15] have shown the uniqueness of this algorithm in generating
the Kerr-Newman metric and proved that the only electrovac Petrov type D space-
time generated by the algorithm with a vanishing Ricci scalar A is the Kerr-Newman
space-time. Yazadjiev [16] has also shown that Sen’s rotating dilation-axiom black-
hole solution [17] can be derived from the static spherically symmetric dilation black
hole solution via this algorithm too.
The purposes of this paper are

1. to apply the Newman-Janis algorithm to the spherical symmetric ‘seed’ metric
with the mass M (u,r) and the charge e(u,r) of two variables u, r,

2. to calculate all the Newman-Penrose (NP) spin coefficients, the Ricci as well as
the Weyl scalars in NP formalism [18] in general,

3. to generate possible rotating solutions of Einstein’s field equations from the
non-rotating ‘seed’ solutions.

The spherically symmetric metric with the mass and charge functions of two variables
u, 7 has been transformed via Newman-Janis algorithm [11] to get rotating spher-
ical symmetric metric. After the transformation, the mass and the charge may be
functions of three variables u,r, 6. Then we calculate all the Newman-Penrose (NP)
spin coefficients, the Ricci as well as the Weyl scalars in general. Accordingly, the
Einstein’s tensors as well as the energy momentum tensors (EMT) of the rotating
fields have been presented in terms of complex null tetrad vectors. From this EMT
one may observe the description of having two fluids system in the field equations.
To visualize the two fluid system we rewrite the Einstein’s field equations in terms
of one unit time-like and three unit space-like vectors constructed from the complex
null vectors.

Thus, we could generate rotating solutions mentioned in the abstract above from
the Ricci as well as the Weyl scalars of the transformed metric. Consequently, some



of the results are cited for ready reference in the form of theorems based on rotating
solutions discussed here.

Theorem 1. If g&Y is the Kerr-Newman solution of Einstein’s field equations and
¢, is geodesic, shear free, rotating and expanding null vector and one of the double
repeated principal null directions of the Weyl tensor of giYN, then giNY = g¢BN +
2Q(u,1,0) ¢, ¢, would be a rotating Kerr-Newman-Vaidya solution with Q(u,r,0) =

—r f(u) R™2, where f(u) is the mass function of rotating Vaidya solution.

Theorem 2. If g, is a rotating Vaidya solution of Einstein’s field equations and
{, is geodesic, shear free, rotating and expanding null vector of g, then gkNV =
gy, +2Q(r,0) £, ¢y would be a rotating Kerr-Newman-Vaidya solution with Q(r,0) =
—(rm—e*/2) R™2, where m and e are constant and represent the mass and the charge

of Kerr-Newman black hole.

Theorem 3. If g% is the rotating de Sitter solution of Einstein’s field equations
and ¢, is geodesic, shear free, rotating and expanding null vector and one of the
double repeated principal null directions of the Weyl tensor of g%, then g¥NdS =
95 +2Q(r, 0) £, £y, would be a rotating Kerr-Newman-de Sitter solution with Q(r, ) =
—(rm—e?/2) R~2, where m and e are constant and represent the mass and the charge

of Kerr-Newman black hole.

Theorem 4. If g&Y is a rotating Kerr-Newman solution of Einstein’s field equa-
tions and ¢, is geodesic, shear free, rotating and expanding null vector of gk~ then
gENGS = BN 2Q)(r, 0) £, £y would be a rotating Kerr-Newman-de Sitter solution with

Q(r,0) = —(A*r*/6)R~2, where A* is the de Sitter cosmological constant.

Theorem 5. All rotating stationary spherically symmetric solutions based on
Newman-Janis algorithm are Petrov type D whose one of the repeated null vectors
4, is geodesic, shear free, expanding as well as non-zero rotation.

Theorem 6. All rotating non-stationary spherically symmetric solutions, deriv-
able from the application of Newman-Janis algorithm and possessing a geodesic, shear
free, expanding and rotating null vector £,, are algebraically special in the Petrov clas-
sification.

Theorem 2 is an alternative theorem of theorem 1. Theorem 2 may interpret
as the Kerr-Newman black hole embedded into the rotating Vaidya null radiating
background, describing Kerr-Newman-Vaidya black hole. Similarly, theorem 3 states
that Kerr-Newman black hole may also be embedded into the de Sitter cosmological
background, describing Kerr-Newman-de Sitter black hole. Its alternative form would
be the theorem 4. The extension of these theorem 3 and 4 in non-stationary version
might be stated in the case of rotating Vaidya-Bonnor-de Sitter solution. Proofs of
these theorems may be found latter in the paper. Theorems 5 and 6 may follow from
the stationary as well as non-stationary rotating solutions to be discussed in the next



sections.

This paper is organized as follows: Section 2 presents a brief application of
Newman-Janis algorithm to a spherically symmetric ‘seed’ metric with the mass
M (u,r) and the charge e(u, 7). A general expressions of NP quantities with M (u, 7, 6)
and e(u,r,0) are cited for further use in section 3. The general properties of the ro-
tating spherically symmetric metric is discussed after observing the nature of the
NP quantities. These NP quantities can be used to generalize any known solutions
written in NP formalism within the limitation of Newman-Janis algorithm. Section 4
discusses the general properties of energy momentum tensor admitted by the trans-
formed metric. Section 5 proves the usefulness of NP quantities presented in section
3 by generating rotating ‘non-stationary’ solutions. In section 6 we introduce the
Wang-Wu function in the rotating general solutions and it is shown that the general
rotating solutions with Wang-Wu function are so powerful to generate rotating new
solutions which could not generate by Newman-Janis algorithm alone. The conclu-
sion of the paper is cited in section 7 with suggestions and remarks of the solutions
discussed in the earlier sections.

The presentation of this paper is essentially based on the Newman-Penrose (NP)
spin-coefficient formalism [18]. The NP quantities are calculated through the tech-
nique developed by McIntosh and Hickman [19] in (+,-,—,—) signature.

2 Newman-Janis algorithm

For application of Newman-Janis algorithm, we start with a spherical symmetric
‘seed’ metric written in the form

ds? = 2 du? + 2du dr — r2(df® + sin®0 dg?), (2.1)

where e** = 1—2M (u,r)/r+€*(u,r)/r? and the coordinate chosen are {z', 22, 23, z*}
={u,r,0,¢}. The u-coordinate is related to the retarded time in flat space-time.
So u-constant surfaces are null cones open to the future. The r-constant is null
coordinate. The § and ¢ are usual angle coordinates. The retarded time coordinate
are used to evaluate the radiating (or outgoing) energy momentum tensor around
the astronomical body [9]. Here the mass M and the charge e are the functions of
the retarded time coordinate u and the radial coordinate r. Initially, when M, e
are constant, this metric provides the non-rotating Reissner-Nordstrom solution and
also when both M, e are functions of u, it becomes the non-rotating Vaidya-Bonnor
solution. The contravariant components of the metric (2.1) are '

0 1 0 0

a 1 —e%/r? 0 0

= O/ e " L a,b=1,2,34. (2.2)
0 0 0  —1/r%in%)



These metric components may be expressed in terms of complex null tetrad [18]

o=,

1 i
a __ a 50/
" V2 (95 + in 6 i)
P 1 a ,L a
= \/27"( 5 sinf i)

Then the metric tensor g% of the line element (2.1) is expressed in these null tetrad

vectors as
g =000t £l — mm° — e mb. (2.4)

Here the null vectors ¢¢ and n® are real, and m® and m® are complex conjugates of
each other. According to Newman and Janis [11], one may complexify the coordinate
r and u by the following transformation

r=r —iacosh, u=u +iacosh, 0 =0 ¢=7" (2.5)

This complexification may only be done by considering r* and u' real. During the
transformation, we have used the substitution df = —isinf d¢ when required. Then
the covariant complex null tetrad vectors take the forms

by =0} — asin®f (537

1 1
e =5 H(u,r,0)8: + 82 — §H(u, r,0) asin®0 5,,

Mg = —ﬁ { —iasinf 3 + R2 63 +i(r? +a2)sin96§}, (2.6)
sl 1 P 1 2 ¢3 .2 A 4
Ty == ~ R {wsm95a + R4, —i(r*+a )sm&éa}.

where R = 7 +iacosf, R = r —iacosf and R? = 72+ a*cos’§. The null tetrad vectors
chosen here are different from those chosen in [12], but are similar to those given in
Chandrasekhar [20]. Now, after the transformation (2.5), the mass M and the charge
e of the body must be of the three variables u, 7, §, however the old ones had explicitly
u and r dependence. That is,

orM(u,r,0)  €*(u,r,0) o sin?6
R2 + R2 + R2

H(u,r,0)=1- 2.7)



All the primes are being dropped for convenience of notation. The line element of
the rotating spherically symmetric metric would be of the form

ds’ = € du® + 2dudr + 2asin®0(1 — €*) du dg
—2asin’d dr dg — R*df* — {R® — a?sin®0 (¥ — 2)} sin?0 d¢?, (2.8)

where €2 = 1 — 2rM (u,,0)/R? + €2(u,r, 0)/ R2.
Then the rotating spherically symmetric line element has the covariant components
of the metric tensor g

e2¢ 1 0 asin?g(1 — e%?)
1 0 0 —asin?f
Jab = 0 0 _RQ 0 (29)
asin’d (1 —€*) —asin®0 0 —{R2— a’sin®0(e* — 2)}sin20

a,b = 1,2,3,4. This completes the application of Newman-Janis algorithm to the
spherically symmetric ‘seed’” metric (2.1). The usefulness of this transformed metric
(2.8) would be discussed in the following sections.

3 NP quantities for the rotating metric

In this section we could derive the general NP spin coefficients, the Ricci scalars and
the Weyl scalars for the spherically symmetric metric (2.8) and present the general
properties of the metric after observing the conditions of these NP quantities. First,
the basis one-form of the tetrad vectors (2.6) are given below:

1

1
0} = nydz® = inu—i-dr— §aHsin20d¢,

0> = ¢,dz® = du — asin®0 do,

0> = -ﬂ%dfu:Véﬁ{msmedu+f¥d9—¢w2+a%d¢} (3.1)

0 = _m,da® — —iasingdu+ R0 + i(r” + a?) do).

1
V2R

The intrinsic derivative operators for the metric (2.8) take the following forms:

D=¢9,=0,
u r? + g2 H a
A=n aazT&L—E@T—Fﬁ&b,



T L .

§=m 8a—\/QR{w51n9(9u+89+——Sin93¢}, (3.2)
5= 0 = —o { —iasin0, + ) — ——0,)
- Y J2R w0 Sing 0T

By taking the exterior derivative of basis one-forms (3.1), one may obtained the spin
coefficients from the Cartan’s equations of structure written in Newman-Penrose spin
coefficients [19]:

1 __H(u,r,0)
p= Ev ,U,—— QR ’
(201 — Rcos?) ~ cotf
" 22RRsinf’ " 22R’
tasinf tasinf
e DEEDY . RS 3.3
T RRR T T 2R (8:3)
1 *
v = N [(T—M—TM,T—FeeT)R—A ],
1 ..
v = W [zasm O(rM,—eey) —(rMy— 6679)],

where A* = r2 — 2r M (u, 1, ) + a® + €2(u,,0) and the function H(u,r,?) is given in
(2.7). From these NP spin coefficients we could conclude that the transformed metric
(2.8) with the mass and the charge of three variables u,r, f possesses, in general, a
geodesic (k = € = 0), shear free (o = 0), expanding (# # 0) and rotating (w** # 0)
null vector £, [20] where

1 7
= —— D) = — 4
g 1 _o _ a’cos*f
Wil =P = (3:5)

Further we calculate the Weyl scalars:

Yo =11 =0,

Yo = = (—RM +¢€*)+ R (rM, —ee,) +

RE(-2M,— 1M+ + “ﬂ”)} ’

D=



-1

Yy = m [4{iasin9 (rM, —eey) — (rMy — 6679)}
+R {i asinf(r M, —eey), — (rMy—e 6,9)”«}}, (3.6)
I . L
Yy = TR [a281n29 (rM,, — eey) o + 2iasind (rM, —ee,) g — (rMg — 6679)79]
r asin?f 27 asin® — R%cos
“RRRR M) T pm e g Mo o).

The non-vanishing of the Weyl scalars (¢ # b3 # 14 # 0) means that the metric
(2.8) is an ‘algebraically special’ in the Petrov classification. In the expression of 1), it
is found in general that there is no differential terms of M (u,r,6) and e(u,r,6) with
respect to v and 6. This leads that for a static ‘rotating’ metric with the mass M(r)
and the charge e(r), the spacetime metric may be a Petrov type D (¢ # 0,95 =
¥y = 0), whose one of the repeated principal null vectors would be a geodesic, shear
free, expanding (3.4) and rotating (3.5) vector .

The Ricci scalars of the metric (2.8) are obtained as follows:

¢00 = ¢01 = ¢10 = ¢20 = ¢02 = 07

N 1 2 2 2
11 = W [26 +4T‘(T‘ M}r = ee,r) + R (* 2M,7' - TM,T‘T + €r +€6yTT)]7
by = ;—[iasine{(RMU—Zee )= (rM, —ee,) R}
2/2 R? R? , i ) o

+{(RM’9 —2eey) — (rM, — eeyw),gﬁ}],

1

Po1 = NI [iasin@{(RM,u —2eey)— (T M, —ee,)y R}
+H{(BMy—2eey) - (r M, —ee,) o R}, (3.7)
1
By = SRR [21"(7’ My—eey) —cotf(rMg—eey)

+a®sin®9(r M, —eey) o — (rMg — 66,9)79],

1
A= R (ZM,T +rM,, — 6,27« — eeM).

Here we observe that the general expressions of ¢;; and A do not involve any
differential terms with respect to u and 6, although the mass and the charge of the
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rotating spherically symmetric stars (2.8) are functions of three variables u,r, . The
vanishing of @go suggests the possibility that the transformed metric (2.8) may not
include the perfect fluid Ty, = (p*+P)Uatp—D Gap S Poo = 2611 = Po = —K (p"+p) /4,
A = K(3p— p*)/24 with a time-like vector u® = (£*+n®)//2 [21,22]. It is also worth
mentioning that for a static rotating metric with M (r) and the charge e(r), the Ricci
scalars @15 and ¢oy will be vanished.

Then the Einstein’s tensor is computed from these Ricci scalars (3.7) as follows

Ga = —2¢2Lly — 4611 {€amp) + MMy} — 6 A gas
+4 ¢19 (o M) + 4 P21 £(a ), (3.8)

where 2/, nyy={, 1y + ng £y. For non-rotating fields (a = 0), the Ricci scalars @12, @21
would vanish and this Einstein’s tensor might reduce to that presented by Glass and
Krisch [23]. From the Einstein’s equations:

1
Gab = Rab == 5 Rgab = —K Tab (39)

we obtain the null density u*, the matter density p*, the pressure p as well as the
rotation function w as

K,u*:2¢22, Kw:—2¢12, Kp*=2</)11+6/\, Kp=2¢11—6A (310)

where the Ricci scalars ¢i1, @12, @20, A are given in (3.7).
To have the two-rotating fluid description we might introduce a time-like unit
vector u® and three unit space-like vectors v*, w®, z* such that

1 1
Ug = —\/—Q(Eaﬁ-na), Vo — —ﬁ(ﬂa—na), (311)
W = 72 (ma +My), 24 = —ﬁ(ma — TTg) (3.12)
with the normalization conditions u, u® = 1, v4v* = w, w* = 2z, 2* = —1. Then the

explicit form of these unit vectors may be written as follows
1 .
g = \/2{1+ H)6+ 62— (1+—2-H)asm295§},

1

= ﬁ{(l_ %H)(S}l—&g— (1- %H)asin%éﬁ},

Va

1
Wa=—5{~ a’sinfcos 0 6. +r R*62 +a (r* + aQ)Sinﬂcosﬁdi},

1
%= 2 {arsin@&i +acos R*63 —r (r* + a2)sin9(53},
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The metric tensor g,, may be expressed in these unit vectors
Gab = Ug Up — Ug Up — Wq Wy — Zg 2. (3.13)
Thus the Einstein’s equations are written in two-fluid system

Gab = —K[/j’* iy Wy ,0* (ua Up — Vg Ub) +p (wa Wy + 24 Zb)
+(w + @) {uE wy) + v wy} — i(w — @) {u@az) +ve )], (3.14)

where 1*, p*, p and w are related with the Ricci scalars given in (3.7) as:

) i
K u e {27‘(7" M, —eey,)—coth(rMy—eey)

bl sin20(7‘ M~ €€,u),u = (TM,G T 66,9),0}

* 1 2
K ol= R2R2{6 +2r(7‘M’T—ee,T)}

Kp {€2+2r(rM,r —ee,) —RQ(ZM,T—I—TMM ——6,27. -ee,rr)}, (3.15)

1
T RR2

Kiwo= [iasin 9{(R M, —2ee,)— (rM, — ee,r),uﬁ}

1
- V2R?R?
+{(RM79 —2eeg)— (rM, —ee,), R}]

The expression of null radiation density u* involves the derivative of the mass M (u,r,0)
and the charge e(u, r, ) with respect to u and 6. Those of p* and p are with respect to
r only. However, the expression of the rotation function w is involved the derivative
of mass and the charge with respect to three variables u, 7, #. From the above equa-
tions, it is observed that the Einstein’s tensor (3.14) of the rotating string fluid would
reduce to those of Glass and Krisch [23] of non-rotating string fluid when a = e = 0
and M = M (u,r). In the non-rotating Vaidya-type radiation null fluid, the null den-
sity p* takes the form p* = —2M,,/Kr?. This shows that u* is always negative, since
OM/0u is positive [24].

4 Stress-energy tensor and energy conditions

From the Einstein tensor (3.9) and the relations (3.10) of Ricci scalars with u*, p*, p,
w we could introduce the total energy momentum tensor (EMT) for a rotating string
fluid as follows:

70 4 1
= ploly+2p" Loy + 2 pmy Ty
+2w€(a mb) + 2w£(a My) (41)

Tab

1IN



where the EMTs for the rotating null fluid as well as that of the rotating matter are
given respectively below:

TcE? = p" Lo Ly + w (o Mgy + W £ ) (4.2)
T =2 (p" + p) U ) — P ab + w ba Ty + B (o ), (4.3)

where @ is the complex conjugate of w. When w = 0 initially, these EMTs may be
similar to those introduced by Husain [25] in the case of non-rotating fluid.

In General Relativity the stress-energy tensor represents the matter that describes
the gravitation in the space-time geometry through Einstein’s field equations. From
the conditions of Ricci scalar ¢g9 = 0, obtained above for the space-time geometry
(2.8), it may conclude that the stress-energy tensor given above does not, in general
describe a perfect fluid, as for a perfect fluid the Ricci scalar ¢og = — K (p* +p)/4 must
not vanish. Hence, it may be interesting to study the nature of the energy conditions
for rotating non-perfect fluid given in (4.1). When the rotation factor w vanishes, this
fluid may be thought of null radiation fluid of non-rotating Vaidya space-time. So we
refer to this rotating (w # 0) null radiation fluid as rotating Vaidya type radiating
fluid, shortly rotating Vaidya fluid (4.2).

As the T, does not include the perfect fluid, it seems that the stress-energy tensor
may represent the interaction of rotating Vaidya fluid with rotating non-perfect fluid
(i.e. electromagnetic field, string fluid etc). Since there is a coupling term of the
rotation scalar a with M /0u in the expression of w appearing in T, the energy
condition of this Ty, satisfying Einstein’s field equations would be a new area to
discuss in the classical General Relativity. For this purpose, we may write the matter
part Té;“) of T, in terms of time-like as well as space-like vectors as

Tab = ,U'* ga Zb + (p* +p) (Ua Uy — Vg Ub) —DPYGab
+(w +w) {U(a Wpy + V(q wb)} — i(w — w) {U(a Zp) + V(a Zb>}, (4.4)

and its trace is T = Tppg® = 2(p* — p), which is different from that of a perfect fluid.
This trace will be vanished when p* = p. This means that the matter part Tlflr)n) of the
stress-energy tensor may be that of electromagnetic field whose trace is zero. [The
stress-energy tensor for a non-rotating perfect fluid is 7, égf) = (p*+p)ug Up — P gap With
unit time-like vector u, and trace T®") = p* — 3p, which will be zero when px = 3p|.
The energy flux J, = Tpyu® of the stress-energy tensor (4.4) is

WA B) Wa — = (W — @) 2a) (4.5)

J, = .

1 * *
-ﬁ 12 Ea + P Ug +
with J,J® = (u* + p*)p* — ww. Clearly, the energy flux vector J, may be time-like
or null when (u* + p*)p* > ww, otherwise it is space-like, when (u* + p*)p" < ww.
Ultimately, we have in general the following energy conditions:
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(i) Weak energy condition: The energy momentum tensor obeys the inequality
Tpuu® > 0 for any timelike vector u® ie., Tppuu® > 0 implies that 2p* > —u*, since
p* is always negative as M, is positive, mentioned above.

(ii) Strong energy condition: The Ricci tensor for Ty, (4.4) satisfies the inequality
Rypuu® > 0 for vu, = I, e, Toputub = %T, which implies that 2p > —u* as —pu* is
always positive.

(iii) Energy dominant condition: Since for every time-like vector u®, T,ul is a
non-space like vector, the energy momentum tensor satisfies the energy dominant
condition, i.e., it obeys the above inequality condition (u* + p*)p* > ww.

It is observed that the rotation function w is involved only in the energy dominant con-
dition (iii). The density p* of the matter part is eigen-value function of the outgoing
null ray ¢¢ as T44° = p*¢. For a incoming null vector n%, we have TEnb =y oL gin®
which may be time-like or null when p*p* > 0.

5 Rotating solutions recovered from the general
solutions

In the above section we present the full expressions of NP spin coefficients (3.3) the
Weyl scalars (3.6) and the Ricci scalars (3.7) with arbitrary mass and charge functions
of three coordinate variables u, r, §. These NP quantities are so transparent that these
would be able to explain the nature of any solution, known or unknown, of Einstein’s
equations. For example, the NP spin coefficients (3.3) easily explain that there is a
null vector £* which is geodesic, shear free, expanding (3.4) as well as rotating (315),
In this section we would discuss the utilities of the NP quantities presented above by
generating rotating, known and unknown solutions. We also try to present briefly the
nature of the spacetime metrics so generated here.

5.1  Rotating Kerr-Newman solution: e = M = constant, a # 0

When e = M = constant, a # 0, the equation (3.10) reduces to the Kerr-Newman
solution

wrEwE
2
2
T . - oL
F=P= e B1)
and the only existing Weyl scalar is
1 2
V.= grm© ~EM)

Then the total energy momentum tensor takes the form

T = p" (bamp+ng ) + p (MM + T, my)
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— (/K RERY){(Ly niy + na by) + (MaTy + T mi) }4 (5.2)

which is the EMT for non-null electromagnetic field with Maxwell scalar

1 e

= _F,(tnt+mmb) = ——e= 5.3
for rotating Kerr-Newman solution. Here is the birth place of Kerr-Newman solution,
originally applied the Newman-Janis algorithm by Newman et. al. [12] to generate
this well known rotating solution from the non-rotating Reissner-Nordstrom ‘seed’

solution. The line element is

ds? = {1—(2rM — )R *}du® + 2dudr
+2aR~2(2rM — €®)sin®0 du d¢ — 2asin®6 dr d¢
—R2d0* — {(+* + a®)® — A*a®sin’0 R ?sin’0 d¢”’, (5.4)

where A* = 72 —2r M +a?+e¢?. The charged Kerr-Newman black hole has an external
event horizon at r. = M + \/(M? —a? —€*) and an internal Cauchy horizon at
_ = M — /(M? — a® — €%). The stationary limit surface g,, > 0 of the rotating
black hole i.e. r = 7,(f) = M + /(M? — a’cos®0 — €®) does not coincide with the
event horizon at r. thereby producing the ergosphere. This stationary limit coincides
with the event horizon at the poles § = 0 and § = m [20]. Naturally, this solution
includes Kerr (e = 0), Reissner-Nordstrom (a = 0, e # 0) as well as Schwarzschild
(a = e = 0) solutions.

5.2 Rotating Vaidya solution: M = M(u), a #0. e=0
In this case the energy momentum tensor (4.2) would take
Tab = M* fa Eb +w E(a ﬁb) -+ wﬁ(a M) (55)

where the null density x* and the rotation function w in (3.15) become

1
K o= e R2{2r2M + a?rsin GMW}
_ 1 sind M
Kw= —W iasing M,, (5.6)
and the Weyl scalars are
M
V2= "gRE
i asinf —
= ArM,+RM,), 5.7
Vs 2\/2RRR2{ Mo+ R M, (5.7)
a? r sin’f 2
Y= = {R* My —2r M}, (5.8)
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From the above we observe that w, 13, 14 would vanish when ¢ = 0, and the EMT
might be that of the original non-rotational radiating Vaidya metric [26] with u* =
—2 M, /K r?. The line element of this rotating metric is

ds*> = {1-2rM(u)R™%} du® + 2du dr
+4ar M (u)sin®0 R™% du d¢ — 2asin®6 dr d¢
—R*d6* — {(r* + a®)* — A* a?sin?0} R %sin0 d¢?, (5.9)

where A* = 72 — 2rM(u) + @®>. This metric represents a non-stationary rotating
solution of Einstein’s equations possessing an energy-momentum tensor (5.5) for a
rotating null radiating fluid, and would describe a non-stationary rotating black hole
if M(u) > a. The involvement of w in the energy-momentum tensor (5.5) indicates
that the null fluid is a rotating Vaidya null fluid. When M (u) = constant initially,
this metric would reduce to rotating vacuum Kerr solution with vanishing w* and w
in (5.6).

Carmeli and Kaye [4] studied the metric (5.9) after considering the mass M of
the Kerr solution as a function of coordinate u. That is why, they referred to the
metric (5.9) as the variable-mass Kerr solution ( see also in [27,28]) and discussed
the properties of the metric using the NP quantities. Carmeli [27] referred to these
w terms as residues of the black hole. However, we would refer to the metric (5.9) as
rotating Vaidya solution. In the next section this metric would be combining smoothly
with the usual Kerr-Newman solution as rotating Kerr-Newman-Vaidya black hole. So
the name — a rotating Vaidya solution might be suitable rather then the variable-mass
Kerr solution.

5.3  Rotating Vaidya-Bonnor solution: M = M(u), a # 0. e = e(u)

In this case the energy momentum tensor takes

Tab = /1,* fa Zb + 2,0* {Z(a nb) + m(amb)} S 2w€(a mb) &f QGE(Q mp) (510)
where
o= ——1 2 M %sin0 (r M
1 _—KRQRQ{ r(rM,—ee,)+ a’sin®f (r ,u—ee,u),u},
e?(u)
L e . Eysilils
P =P S (5.11)
gl —iasinH {RM e }
= V2K R? R? - A2

and the Weyl scalars are




—3asinf

Vo= 5o (4 (PMu = eew) T R M), (5-12)
a’sin’6 g
Vi = g R (P My —eeu) w2 (r M = ee)}

The line element would be in the form

ds? = [1—={2rM(u) — €*(u)}R™%] du® + 2du dr
+2a R~ 2r M (u) — €*(u)}sin®0 du dé — 2a sin®6 dr d¢
—R%d6? — {(r* + a*)* — A*a®sin®0 } R™?sin®0 d¢”, (5.13)

where A* = 72 —2rM (u) +a®+ €*(u). This solution would describe a black hole when
M(u) > a® + €*(u) and has ro. = M(u)* £ \/{MQ(u) —a*— eQ(U)} as the roots of
the equation A* = 0. So the rotating Vaidya-Bonnor solution has an ezrternal event
horizon at r,. = M (u) + \/{MZ(u) —a?— 62(’11,)} and an internal Cauchy horizon at
r_ = M(u) — \/{MQ(u) —a? — ¢ (u)} The non-stationary limit surface g,,, > 0 of
the rotating black hole i.e. r = re(u,0) = M(u) + \/{M2 (u) — a’cos?0 — 62(u)} does
not coincide with the event horizon at r,, thereby producing the ergosphere. The
rotating Vaidya-Bonnor metric (5.13) could be written in Kerr-Schild form on the
rotating Vaidya null radiating background as

o> = o + 2Q(u, 7, 0) Lol (5.14)
where )
e \u

Qu,n,0) = 57 (5.15)

Here, gy, is the rotating Vaidya metric (5.9) and £, is geodesic, shear free, expanding
and rotating null vector for both gY, as well as g2 and given in (2.6). The Kerr-
Schild form (5.14) may be interpreted as the existence of the electromagnetic field
on the rotating Vaidya null radiating background. If we set M (u) and e(u) are both
constant, this Kerr-Schild form may be that of Kerr-Newman black hole. That is, the
Kerr-Newman solution itself has the Kerr-Schild form on the Kerr background with
the same null vector ¢, (2.6).

From this rotating Vaidya-Bonnor metric, we could clearly recover the following
solutions: (i) rotating Vaidya metric (5.9) when e(u) = 0, (ii) rotating charged Vaidya
solution when e(u) becomes constant, (iii) the rotating Kerr-Newman solution (5.4)
when M(u) = e(u) = constant and (iv) well-known non-rotating Vaidya-Bonnor
metric [29] when a = 0. It is also noted that when e = a = 0, the null density of
Vaidya radiating fluid takes the form p* = -2 M, /K r2. The non-rotating Vaidya
null radiating metric is of type D in the Petrov classification of spacetime whose one
of the repeated principal null vectors, £, is a geodesic, shear free, non-rotating with
non-zero expansion [27], while the rotating one is of algebraically special with a null
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vector ¢, which is geodesic, shear free, rotating as well as expanding. It is also noted
that when e = a = 0, the energy-momentum tensor becomes that of the original
non-rotational null-radiating Vaidya fluid with pu* = —2 M, /K r?. Tt is noted that
the metric (5.13) may be seen in [10], where after the application of Newman-Janis
algorithm, Jing and Wang kept the mass M (u) and the e(u) unchanged as before the
application, leading to an easier calculation of NP quantities.

From (5.4) and (5.13) it is observed that the rotating Vaidya-Bonnor solution is
the ‘non-stationary’ version of Kerr-Newman black holes. That is, the parameters
M and e of Kerr-Newman solution are functions of retarded time coordinate u in
rotating Vaidya-Bonnor metric. So any known results based on stationary Kerr-
Newman black hole may be extended in non-stationary rotating Vaidya-Bonnor black
hole using these NP quantities. For example, the Hawking’s radiation of electrically
radiating Kerr-Newman black hole, expressed in classical spacetime metrics in [1] may
be extended in this non-stationary rotating Vaidya-Bonnor solution. The extended
Hawking’s radiation process in this non-stationary solution might be seen elsewhere.

6 Rotating solutions with M = M(u,r), e(u,r,0) =0

In this section we discuss the rotating spherically symmetric solutions presented in
NP quantities (3.3), (3.6) and (3.7) by considering the mass function M (u,r) of two
variables u, r only with the vanishing e(u, r, ) = 0, and derive other rotating solutions,
which were not able to obtain by the direct applications of Newman-Janis algorithm
above. In this case the energy momentum tensor would take the form

Ty = plaly+2p" 4, M) + 2P M) + 2 w £ Ty + 2w L g (6.1)
or in terms of unit vectors

Tab = M* Ea gb eh P* (ua Up — Vg Ub) +p (wa Wy + 24 Zb)
+(w + @) {ug wr) + v wy} — i(w — B) {ug 25) + v 25}, (6.2)

where
* 2 2 )
H = —W{ZT M,u + a°rsin HM,uu}’
r
O CLEE Y Y
a” cos it
e
7 a s —_
w = —m (RM,H—T'RM’W-). (63)

The line element would be of the form

ds* = {1-2rM(u,r)R™?} du? + 2dudr
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+4ar M (u,r)R™?sin?f du dé — 2asin6 dr d¢
~R2d6? — {(r? + a®)* - A"a’sin®0} R~ *sin’0 d¢?, (6.4)

where R? = r? + a%cos?f, A* = r2 — 2r M (u,r) + a? and the Weyl scalars are

1 R ] o
vy = ERRZ{—QRM+—6—M,,(47~+2mcosa)—ERRMM},
7 a S1n e s
s 2\/2RRR2{( P+ R) Mot RM o},
a? rsin’6 5
b = rrmm {R My — 27 My} (6.5)

One may regard this rotating metric (6.4) along with the stress-energy momentum
tensor (6.1) or (6.2) and the Weyl scalars as the extension of the non-rotating solutions
discussed by Glass and Krisch [23] and Husain [25].

6.1 Rotating Husain’s solution: M = M(u,r), a # 0

Husain [25] has imposed one condition in the equation of state of non-rotating null
fluid that p = kp* and obtain the solution of the equation of state with k& > 1/2
b = 1. However, due the present of the rotating factor a in equation (6.3), one may
not be able to get the solution of Husain. So we put £ = 1 and b = 1. Then, the
equation to be solved takes a simple form

M M
T = 6.6
oo Mo, (6:)
which gives the mass function M (u,r)
1
M(u.r) = () ~ - g(u). (6.7

It may be treated as rotating Husain’s solution of p = kp* for £ = 1. This rotating
Husain’s solution may degenerate to the rotating Vaidya-Bonnor solution presented
above if one puts g(u) = €*(u)/2 in (6.7).

6.2 Rotating Wang- Wu solutions

Wang and Wu [30] have expanded the mass function M(u,r) of (6.3) of the non-
rotating space in the power of r

M(u,r) = _Zi:o Gn(uw) 1", (6.8)

where g, (u) are arbitrary functions of u. They consider the above sum as an integral
when the ‘spectrum’ index n is continuous. In fact Wang and Wu technique is based
on a linear superposition that a linear superposition of mass function of particular
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solutions is also a solution of Einstein’s field equations of non-rotating spacetime.
Using the expression (6.8) in equations (6.3) we could generate rotating solutions
with Wang-Wu functions as

+o0o

e ooty TR ntl | 2.2
E = p L, e s ) ),

grr T
phrsionst ngn (u) 7",

KRR >

= _1(2a?cos?9
e il oy Baph e~ Eric

joswl . 2 - "
W = —'m n;oo(R—-nR)qn(u),ur. (69)

Here one could observe that these rotating solutions with functions g, (u) include many
known as well as unknown rotating solutions of Einstein’s field equations in spherical
symmetry as shown by Wang and Wu in non-rotating cases [30]. The functions g, (u)
in (6.8) play a great role in generating new solutions whether rotating or non-rotating.
Therefore, we would hereafter refer to these as Wang-Wu functions. Thus, rotating
solutions could be derived from these solutions as follows.

6.2.1 Rotating monopole solution

If one chooses the functions g, (u) such that

o (b/2), when n=1
Gn(u) = { 0, when n #1

(6.10)
where b is constant, then one might obtain
Mu,r) =dbn /2. s =1yp=10,
R _ ba®cos®d
"krRrR PT KRR

with the energy momentum tensor

P

Ty =2 p" bamyy + 2 pmMy).

The Weyl scalar takes the form
P
2RRR

The rotating monopole line element would be of the following form

P2 =

ds? = {1—br2R_2}du2+2dudr
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+2abr?R™?sin?0 du d¢ — 2asin6 dr de
—R2d0? — {(r* + a*)* — A"a?sin®0} R~ *sin’0 dg”, (6.11)

where R? = r? + a®cos®d, and A* = r2 — br? + a?.

Because of the non-vanishing Weyl scalar 1,, the rotating monopole solution is
stationary as well as Petrov type D whose one of the repeated principal directions is
geodesic, shear free, expanding and rotating null vector £,. The rotating monopole
solution has the non-zero pressure p, which leads the difference between the rotating
and the non-rotating monopole solutions. That is, when a = 0, one may obtain the
non-rotating metric [30] with p = 0. To study this rotating monopole solution (6.11)
would be of interest. For example, one could easily embed Kerr-Newman black hole
in this rotating monopole space to study a different physical nature of the black holes.

6.2.2 Rotating Kerr-Newman solution

We may choose the Wang-Wu functions g, (u) such that

m, when n =10
gn(u) = —e?/2, when n= -1 (6.12)
0, when n #0, -1

where m and e are constants. Then we could obtain

M(u,7) =m—e*/2r, pr=w=0,

62

PE=P= R \6: 13}

and the Weyl scalar is

which are the same as given (5.1).

6.2.3 Rotating Vaidya-Bonnor solution

The rotating Vaidya-Bonnor solution presented above, might also be obtained from
these rotating Wang-Wu solutions if we choose the functions as

f(u), when n =0
gnlw) = —h(u)?/2, when n=-1 (6.14)
0, when n # 0, —1.

Then the corresponding quantities are

M(u,r) = f(u) — h*(u)/2r
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h?(u)

Vot \mme i
. i Do
W= = 27 0 ()= hhy) + sin® (v f(w) — hho)a),
—iasinf
= —2h ; i1
YT VKRR {Rf W= 2hhy} (6,16)

This solution includes the rotating Vaidya solution (h(u) = 0) obtained above in (5.9).
These subsections (6.2.2) and (6.2.3), which are the repetition of the section (5.1) and
(5.3) above, show that the general rotating solutions with Wang-Wu functions (6.8)
could employ to derive the rotating Kerr-Newman as well as rotating Vaidya-Bonnor
solutions. in a much simpler way. :

6.2.4 Rotating Kerr-Newman-Vaidya solution

Wang and Wu [30] could combine the three non-rotating solutions, namely monopole,
de-Sitter and charged Vaidya solution to obtain a new solution representing the non-
rotating monopole-de Sitter-Vaidya charged solutions. In the same way, we would
combine the Kerr-Newman solution with the rotating Vaidya solution obtained above
in (5.9), if the Wang-Wu functions g, (u) are chosen such that

—e?/2, when n = -1 (6.17)

m + f(u), when n=0
n(u) =
0, when n #0, -1,

where m and e are constants and f(u) is the mass function of rotating Vaidya solution
(5.9). Thus, we have the mass function

M(u,r) =m+ f(u) — e*/2r

and using this in (6.9) we obtain other quantities

62

P =P= R e

* T 1
i = — o {27 (W) + i £ () ),

_ —tasinf
~ V2KRR?

The Weyl scalars for this rotating solution are

w

f(u),u (6.19)

1 2
Vs = ==—¢" ~ R{m+ f(u)}]
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—1 asinf

vs = 5 mrp i e+ B}, o]
a’rsin?f
Vs = e pr e (S (W = 27 (0)}.

This would represent a rotating non-stationary Kerr-Newman-Vaidya solution with
the line element

ds? = [1—R*2r(m+ f(u) — e*} du® + 2dudr
+2aR"{2r(m + f(u)) — €} sin®0 du d¢ — 2asin®6 dr d¢
—R%d6? — {(r* + a*)? — A*a®sin®0} R~ 2sin’0 d¢”, (6.21)

where A* = 12 — 2r{m + f(u)} + a* + €*. Here m and e are the mass and the
charge of rotating Kerr-Newman solution, a is the rotation per unit mass and f (u)
represents the mass function of rotating Vaidya null radiating fluid. The solution
(6.21) would describe a black hole if m + f(u) > a® + €* with external event horizon
at 7, = {m + f(u)} + V[{m+ f(u)}* — a* — €’], an internal Cauchy horizon at
r_ = {m+ f(w)} — V[{m+ f(u)}* — a® — €] and the non-stationary limit surface
r=re(u,0) = {m+ fu)} + v[{m+ f(uv)}* — a®cos’d — e*]. When we set f(u) =0,
the metric (6.21) recovers the usual Kerr-Newman black hole, and if m = 0, then it
is the ‘rotating’ charged Vaidya null radiating black hole (5.9).

In this rotating solution, the Vaidya null fluid is interacting with the non-null
electromagnetic field whose Maxwell scalar ¢; can be obtained from (6.18). Thus,
we could write the total energy momentum tensor (EMT) for the rotating solution
(6.21) as follows:

T =T + TO, (6.22)

a

where the EMTs for the rotating null fluid as well as that of the electromagnetic field
might be given respectively

T® = 4 0, 0, + 2w, Ty + 2T 4 ), (6.23)

T =2 p* {£(a 1) + Mo Ty }- (6.24)

The appearance of non-vanishing w shows the null fluid is rotating as the expression
(6.19) of w involves the rotating constant a coupling with 0f(u)/du - both are non-
zero quantities for a rotating Vaidya null radiating universe (5.9).

This rotating Kerr-Newman-Vaidya metric (6.21) could be written in Kerr-Schild
form on the Kerr-Newman background as

g = gy +2Q(u, 1, 0)luly (6.25)
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where

Q(u,r,0) = —rf(u)R 2, (6.26)

and the vector £, is a geodesic, shear free, expanding as well as rotating null vector of
both ggi as well as g5V and given in (2.6) and g¥N is the Kerr-Newman metric (5.4)
with m = e = constant. This null vector ¢, is one of the double repeated principal
null vectors of the Weyl tensor of g5N. This completes the proof of theorem 1 stated
above.

It appears that the rotating Kerr-Newman geometry might be thought of joining
smoothly to the rotating Vaidya geometry at its null radiative boundary, as shown by
Glass and Krisch [23] in the case of Schwarzschild geometry Joining to the non-rotating
Vaidya space-time. The Kerr-Schild form (6.23) would recover that of Xanthopoulos
[31] 9ap = gab + Caly, when Q(u,r,0) — 1/2 and that of Glass and Krisch [23] ¢/, =
gas* — {2f(u)/r}e.l, when e = a = 0 for non-rotating Schwarzschild background
space.

Thus, one could consider that the Kerr-Schild form presented in (6.25) above
would be the extension of those of Xanthopoulos as well as Glass and Krisch. When
we set a = 0, this rotating Kerr-Newman-Vaidya solution (6.21) would recover to
non-rotating Reissner-Nordstrom-Vaidya solution with the Kerr-Schild form gRNY =
9as. — {2f(w)/r}.¢, when a = 0 which is still a generalization of Xanthopoulos
and Glass and Krisch in the charged Reissner-Nordstrom solution. It is worth to
mention that our new solution (6.21) could not be considered as a bimetric theory as
9as * # 3(9a5" + 9ap)-

To interpret the Kerr-Newman-Vaidya solution as a black hole during the early
inflationary phase of rotating Vaidya null radiating universe i.e., the Kerr-Newman
black hole embedded in rotating Vaidya null radiating background space, we may
write our Kerr-Schild form (6.25) as

9as " = Gay +2Q(r, 0)Lats (6.27)

where
Q(r,0) = —(rm — €*/2)R2, (6.28)

Here, the constants m and e are the mass and the charge of Kerr-Newman black hole,
9oy is the rotating Vaidya null radiating black hole (5.9) and ¢, is the geodesic null
vector given in (2.6) for both gfi™V and gy,. When we set f(u) = a = 0, g, will
recover the flat metric, then g5"Y becomes the original Kerr-Schild form written in
spherical symmetric flat background.

These two Kerr-Schild forms (6.25) and (6.27) certainly confirm that our metric
g5V is a solution of Einstein’s field equations since the background rotating metrics
g5 and gY, are solutions of Einstein’s equations. They both have different stress-
energy tensors 7.0 and T, a(f) given in (6.24) and (6.23) respectively. Looking to the
Kerr-Schild form (6.27), the Kerr-Newman-Vaidya black hole could be treated as a
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generalization of Kerr-Newman black hole by incorporating Visser’s suggestion [32]
that Kerr-Newman black hole embedded in an azisymmetric cloud of matter would
be of interest. Hawking et al [33] have also mentioned the possibility to embed the
rotating black hole solutions with a theory for which they know the corresponding
conformal field theory.

6.2.5 Rotating Kerr-Newman-Vaidya-Bonnor solution

Similarly, one may combine the rotating Vaidya-Bonnor solution obtained above in
(5.13) with the Kerr-Newman solution (5.4) to generate another rotating solution
with the mass function

M(u,r) =m+ f(u) — (€’ + h*(u))/2r, (6.29)

representing a rotating Kerr-Newman-Vaidya-Bonnor solution:

ds*> = [1— R *2r(m+ f(u)) — € — h*(u)}] du® + 2du dr
+2aR™2{2r(m + f(u)) — € — h?(u)} sin® du d¢ — 2asin*0 dr d¢
—R%d0? — {(r* + a*)? — A*a?sin’0} R™sin%0 d¢’, (6.30)

where A* =72 — 2r{m + f(u)} + a® + €® + h*(u). This rotating solution could also
be written in Kerr-Schild form (6.25) with the function:

Q(u,r,0) = —{r f(u) = k*(u)/2} R,

When the charge e of the Kerr-Newman solution vanishes, this rotating solution (6.30)
would reduce to a rotating Kerr-Vaidya-Bonnor solution with the mass function:

M(u,r) = m+ f(u) — h*(u)/2r. (6.31)

It suggests that by choosing the Wang-Wu functions ¢, (u) properly one could
generate as many rotating solutions as required. However, the generation of these
types of rotating solutions would be restricted that the energy-momentum tensor of
the fluids must be of the form given in (4.1).

6.2.6 Rotating Kerr-Newman-de Sitter metrics
Here we present the rotating de Sitter as well as rotating Kerr-Newman-de Sitter met-
rics in NP formalism.

A. Rotating de Sitter solution:

First we derive a rotating de Sitter solution of Einstein’s equations. For this we
choose the Wang-Wu functions as

A*/6, when n=3

Gn(u) = { 0, when n # 3 (6:32)
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to obtaln the mass function
A* 3

My, 7) = o (6433)
The line element for the rotating de Sitter metric is
A* ,,,4
A G 2
d¢ = {1 377 } du? + 2du.dr
+2a i R™%sin%0 du dé — 2a sin®0 dr do
- —Rd6* - {(r* + a*)? - A sin*0} R~%sin®) dg?, (6.34)

where R? = r? +a’cos®0, A* = r? — A*r*/3+ a2, This corresponds to the rotating de
Sitter solution for A* > 0, and to the anti-de Sitter solution for A* < 0. In general
A* denotes the cosmological constant of the de Sitter space. Then the changed NP
quantities are

i il i
= ~oR R {(1 — gA*TQ)rR -+ A*} ,
1
iy e N A*r?a? cos?0, (6.35)
1

Py = i 3 A*r?a®cos®f), (6.36)

A*’f’2
A=—. .37
6 R? (6.57)

This means that in rotating de Sitter cosmological universe, the A* is coupling with
the rotational parameter a. From these NP quantities we could clearly observe that
the rotating de Sitter cosmological metric is a Petrov type D gravitational field whose
one of the repeated principal null vectors, ¢, is geodesic, shear free, expanding as well
as non-zero rotation. The rotating cosmological space possesses an energy-momentum
tensor

dp= 20 E(a Tp) + me(am)), (6.38)

where K p* = 2¢1; + 6A and Kp = 2¢1; — 6 A are related to the density and the
pressure of the cosmological matter which is, however not a perfect fluid. If we set the
rotational parameter a, we would recover the non-rotating de Sitter metric [34], which
is a solution of the Einstein’s equations for an empty space with A = g B = A [6 or
constant curvature. However, it is observed that the rotating de Sitter metric (6.34)
is neither empty nor constant curvature. It certainly describes a stationary rotating
spherical symmetric solution representing Petrov type D spacetime. So it is noted
that to the best of the present author’s knowledge, this rotating de Sitter metric has
not been seen discussed before.

B. Kerr-Newman-de Sitter solution:
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By choosing the Wang-Wu function as

m, when n =20
—e?/2, when n=-1
W= A /é when n = (6:39)
0, when n #0,-1,3
we could obtain the mass function
62 A* 7,3
M =m- — :
(u,r) =m o + 5 (6.40)

where m and e are constants and are the mass and the charge of the Kerr-Newman
solution. The line element with this mass function is
ds® = {1 Y (2mr -2+ ﬂj)} du?® + 2du dr
3

A* ’f'4

+2aR™? (Zmr —e? 4+ ) sin0 du d¢ — 2asin®d dr do
~R2d0? — {(r* + a*)? — A"a®sin8} R~*sin’0 d¢s”, (6.41)

where R? = r2 + a2cos20, A* = r?> — 2mr — A*r*/3 + a® + €®. Then the changed NP
quantities are

]

o = 2R R (¢ - A"’ j\os:f)

Yo = ﬁ—*@{62—mR+ a2c0329}

A= T (6.42)

We have seen from the above that in each expression of ¢;; and v, there is a cos-
mological A* coupling with the rotational parameter a. This means that the rotating
cosmological parameter A* has the effect of its presence in the curvature of the em-
bedded Kerr-Newman black hole. The metric (6.41) admits the following energy
momentum tensor

Top = 2 p* L(q My + 2 pM(aTT),

with the density and the pressure of the matter field

= KR12R2 (¢ +a7r),

p = K—Rgﬁ{& — A*r? (7“2 + 2a? cosQH) }
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Without loss of generality, we could write this 7, with the decomposition of p* =
p*E) + p*(©) and p = p® + p(©) that

T —= 4p*(E){€(a gy + M) } + 2{p*© Loy + 2p(© M) }, (6.43)
where
2
#(E) o] 4l B L il
p p ) 4KR2 Rz’
W _ AT s =

= L D il

i gt @R g (i ek el

The advantage of writing T, in the form (6.43) is that, for non-rotating Reissner-
Nordstrom-de Sitter metric (¢ = 0), the energy-momentum tensor could be written

in the form of Guth’s modification of T, [35] as
T =Toy) + A'gas (6.44)

where TOS,,E ) is the energy-momentum tensor for non-null electromagnetic field and gq,
is the Reissner-Nordstrom metric. This indicates that Guth’s modification of T}, may
be acceptable only in the case of non-rotating metrics, and it may not be possible to
extend to the rotating solutions as seen from (6.43). Otherwise the energy-momentum
tensor (6.43) itself may consider the Guth’s modification of 7, in the case of rotating
embedded spaces.

The metric (6.41) describes a rotating stationary spherically symmetric solution
and is Petrov type D, whose one of the repeated principal null directions is £,. That
is, the metric could be written in Kerr-Schild form on the de Sitter background as

a5 = g +2Q(r, 0)Lat (6.45)

where Q(r,0) = —(rm—e®/2)R™2, and the vector £, is a geodesic, shear free, expand-
ing as well as rotating null vector of both gf"% as well as g% and given in (2.6). and
gy is the Kerr-Newman metric (5.4) with m = e = constant. This null vector i
is one of the double repeated principal null vectors of the Weyl tensor of g&N4S and
gay- This completes the proof of theorem 3 stated above. We could also write the

Kerr-Schild form (6.45) on the Kerr-Newman background as
as = Gay +2Q(r,0) £ by, (6.46)

where Q(r,0) = —(A*r*/6) R™2, and A* is the de Sitter cosmological constant and
gas" is the Kerr-Newman metric (5.4) with m = e = constant. This gives the proof
of the theorem 4 cited in the introduction.

It is quite natural to recover rotating de Sitter (m = 0,a # 0,e = 0) and non-
rotating Reissner-Nordstrom-de Sitter (m # 0, a = o, e # 0) metrics from the rotating
Kerr-Newman-de Sitter solution (m # 0,a # 0,e # 0). It is also worth mentioning
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that from the rotating Kerr-Newman-de Sitter metric, we could recover a rotating
charged de Sitter cosmological universe (m = 0,a # 0,e # 0), which may be seen
in [36] as an ‘instantaneous’ naked singularity, where the Hawking’s evaporation of
black holes embedded into the de Sitter space has been expressed in classical spacetime
metrics by considering the charge e as a function of radial coordinate .

It is noted that one could find the difference between this Kerr-Newman-de Sitter
metric (6.41) and that of Mallett [8] used by Koberlin [37] with the comments made
by Xu [9]. Mallett’s derivation of Kerr-Newman-de Sitter metric is based on the
direct application of Newman-Janis algorithm to the Reissner-Nordstrom-de Sitter
‘seed’ solution. That makes the difference between our metric (6.41) and his solution.
One may also observe that our Kerr-Newman-de Sitter solution (6.41) is different, in
the terms involving the cosmological constant A*, from the one derived by Carter [38]
and used by Gibbon and Hawking [39], Khanal [40], Hawking, et al [33], and others.

6.2.7 Rotating Kerr-Newman-Vaidya-de Sitter solution

In the same way, we would combine the Kerr-Newman-de Sitter solution with the
rotating Vaidya solution obtained above in (5.9), if the Wang-Wu functions g, (u) are
chosen such that

m+ f(u), when n =20
—e2/2, when n = —1
Gn(u) = A*/6, when n =3 (6:47)

0, when n #0,-1,3,

where m and e are constants and f(u) is related with the mass of rotating Vaidya
solution (5.9). Thus, we have the mass function

2 ARy
M(u,r)=m+f(u)——;—r+ GT
and other quantities are
x 1 2+A* 4
= kR AT
1 2 % 202 2
p = m{e — A r*(r* + 2a COSH)}, (6.48)
* r 1
= "KR R2{27“f(u),u+GQSIHQQf(“),W}v
—2asinf
@ = JArme!e
A*T2
A = gab Rab = 6R27 (649)
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and @11, @12, ¢92 could be obtained from equations (6.48) with (3.10). The Weyl
scalars are given below

1 A* 2
by = m=—[e - Rim+ fu)} + =
—1 asinf sy
¥ = grRm U R,
a’r sin®f
Yy = W{RQf(u),uu*Qrf(u),u}- (6.50)

CLQCOSQH] ,

This may represent a rotating Kerr-Newman-Vaidya-de Sitter solution with the line
element

ds* = [1- B *or(m+ f(u) + A;T) — ¢*}] du? + 2du dr
+2aR‘2{27’ (m + f(u) + A_Br_) = 62} sin®f du d¢ — 2asin0 dr dé
—Rd0* — {(r* + a?)? — A"a? sin’0} R~%sin d¢?, (6.51)

where A* = 72 — 2r{m + f(u) — A*7*/3} + a® + ¢%. Here m and e are the mass and
the charge of rotating Kerr-Newman solution, a is the non-zero rotation parameter
per unit mass and f(u) represents the mass function of rotating Vaidya null radiating
fluid. When we set f(u) = 0, the metric (6.51) recovers the Kerr-Newman-de Sitter
black hole (6.41), and if m = 0, then it is the ‘rotating’ charged Vaidya null radiating
black hole (5.13). When one sets A* = 0, this metric would recover the Kerr-Newman-
Vaidya metric ((6.21). In this rotating solution, the Vaidya null fluid is interacting
with the non-null electromagnetic field whose Maxwell scalar ¢1 can be obtained
from (6.48). Thus, we could write the total energy momentum tensor (EMT) for the
rotating solution (6.51) as follows:

=2 + 0 +a) (6.52)

ab

where the EMTs for the rotating null fluid, the electromagnetic field and cosmological
matter field are given respectively

Tofl?) = e by + 2w L, Ty + 2W b my),
T, = 4 P B8,y + M (M) },
TS = 2{p"© by + 29O mmy}, (6.53)

where 4* and w are given in (6.49) and

p® = @ LA
o R K
ey e @) = r 5 D o
= e WY s e (P uf s (6.54)
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The appearance of non-vanishing w shows the null fluid is rotating as the expression
(6.53) of w involves the rotating constant a coupling with 0f(u)/0u — both are non-
zero quantities for a rotating Vaidya null radiating universe.

This rotating Kerr-Newman-Vaidya-de Sitter metric (6.51) could be written in
Kerr-Schild form on the de Sitter background as

Gar S = g5 +2Q(u, 7, 0)lal (6.55)

where

Qu,r,0) = =[r{m+ f(u)} — e" /2R, (6.56)

and the vector £, is a geodesic, shear free, expanding as well as rotating null vector
of both ¢%& as well as g&NV% and given in (2.6). We could also write this solution

(6.51) in another Kerr-Schild form on the Kerr-Newman background as
g5 S = gy +2Q(u, 7, 0) bl (6.57)

where Q(u,,0) = —{rf(u) + A*r*/6}R=2. These two Kerr-Schild forms (6.55) and
(6.57) certainly confirm that our metric g&y~ % is a solution of Einstein’s field equa-
tions since the background rotating metrics gk~ and g% are both solutions of Ein-
stein’s field equations. They both have different stress-energy tensors Ta(,}?) and Tcsbc )

given in (6.53).

6.2.8 Rotating Vaidya-Bonnor-de Sitter solution

In the same way, we would combine the rotating Vaidya-Bonnor solution (5.13) with
the rotating de Sitter solution obtained above in (6.34), if the Wang-Wu functions
¢n(u) are chosen such that

f(w), when n =0
) —€*(u)/2, when n=-1
an () = A*/6, when n =3 (6:58)
0, when n #0,-1,3,

where f(u) and e(u) are related with the mass and the charge of rotating Vaidya-
Bonnor solution (5.13). Thus, we have the mass function

lu) . Jhar

= - 6.59
Mu,r) = ) - 2+ 2L (6.59)
and other quantities are
* 1 2 * 4
" = grE @A
p = —o—{e(u) - A'r2(r? + 2a%osh) }, (6.60)
i R? B*
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uo= *ﬁ[zrz{ by ;ew e(w) .} + a’sin? { f(u).. — }ew e(w)u} ],
—iasinf
0 = BREE A 260 e}

and @11, @12, ¢ could be obtained from equations (6.60) with (3.10). The Weyl
scalars are given below

k 2 Ar? o, 2
Wy = E_—RRQ_[GH (u) — R f(u) + —3acos 9],
iy = m [(47’ — E)f(u)u} — de(u) e(u),u],
a? sin®f 5
0 — TFRRR [R {r fu) .y — e(u)e(u),u}’u
—27"{7" fu) — e(u)e(u),u}]. (6.61)

This may represent a rotating Vaidya-Bonnor-de Sitter solution with the line element

A* 7.4

2 —2 2 2

ds’ = [1 -R {2r(f(u) +A*34 ) —e (u)}] du® + 2du dr
+2aR_2{2r (f(u) + TT) - 62(u)} sin0 du dé — 2a sin®6 dr d¢
—R*d0* — {(r* + a?)? - A*&? sin*0} R~2sin’0 dg?, (6.62)

where A* = 7% — 2r{f(u) — A*r3/3} + a® + €*(u). Here, a is the non-zero rotational
parameter per unit mass and f(u) represents the mass function of rotating Vaidya
null radiating fluid. We could write the total energy momentum tensor (EMT) for
the rotating solution (6.62) as follows:

Tpi= T AT T, (6.63)

where the EMTs for the rotating null fluid, the electromagnetic field and cosmological
matter field might be given respectively

TS = Wb+ 2wl Ty + 2 £ my, (6.64)
T =0 w Sy, M) } (6.65)
T = 2{p"@ fongy + 20 mm ), (6.66)
where
p® = ® e?(u)
KR’ R?’



i A*T4 A*TZ
(C) = p(C) i

REE - KRR )

p
If we set a = 0, we would recover the non-rotating Vaidya-Bonnor-de Sitter solution
and then the energy-momentum tensor (6.63) could be written in the form of Guth’s
modification of Ty, [35] as

Ty =T FEY £ Ao (6.67)

where Ta(,l;j) is the energy-momentum tensor for non-null electromagnetic field and g
is the non-rotating Vaidya-Bonnor-de Sitter metric tensor. From this, without loss of
generality, one could regard the EMT (6.63) as the extension of Guth’s modification
[35] of energy-momentum tensor in rotating space.
The Vaidya-Bonnor-de Sitter metric could be written in the following Kerr-Schild
form
gy = g +2Q(u, 7, 0)Lals (6.68)

where Q(u,r,0) = —{rf(u) — e?(u)/2} R~2. Here, g3 is the rotating de Sitter metric
(6.34) and ¢, is geodesic, shear free, expanding and rotating null vector for both ¢g&
as well as g2 and given in (2.6). The above Kerr-Schild form could be written on

the rotating Vaidya-Bonnor background given in (5.13).
G =g =20 (r, )l (6.69)

where Q(r,0) = —(A*r*/6)R~2. These two Kerr-Schild forms (6.68) and (6.69) would
prove the non-stationary version of theorem 3 and 4 in the case of non-stationary
rotating Vaidya-Bonnor-de Sitter solution. If we set f(u) and e(u) are both constant,
this Kerr-Schild form may be that of Kerr-Newman-de Sitter black hole (6.45). The
rotating Vaidya-Bonnor-de Sitter metric may describe a non-stationary spherically
symmetric solution whose Weyl curvature tensor is algebraically special in Petrov
classification possessing a geodesic, shear free, expanding and non-zero rotation null
vector £, given in (2.6). One could easily recover a rotating Vaidya-de Sitter metric
from this Vaidya-Bonnor-de Sitter solution by setting the charge e(u) = 0. If one sets
a =0, e(u) = 0 in (6.62), one may obtain the standard non-rotating Vaidya-de Sitter
solution [41]. Ghosh and Dadhich [42] have studied the gravitational collapse prob-
lem in non-rotating Vaidya-de Sitter space by identifying the de Sitter cosmological
constant A* with the bag constant of the null strange quark fluid. Also if one sets
a = 0 in (6.62) one could recover the non-rotating Vaidya-Bonnor-de Sitter black hole
[43]. Tt certainly indicates that all embedded solutions (6.21), (6.30), (6.41), (6.62)
could derive by using Wang-Wu functions (6.8) in the rotating solutions (6.4), other-
wise it might not be possible to obtain them by direct application of Newman-Janis
algorithm as seen above in section 5.
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7 Conclusion

In summary this paper has exhibited general solutions in terms of NP quantities for
generating rotating solutions of Einstein’s equations of spherically symmetric metric
within the limitation of Newman-Janis algorithm. We could observe that the general
solutions in NP quantities are so powerful to study the nature of the spacetime ge-
ometries. For example, we could conclude that the metric (2.8) with three variables,
in general possesses a geodesic, shear free, rotating and expanding null vector ¢, as
shown by equation (3.3)—(3.5). The non-vanishing vy, 13, ¥4, suggest that the space is
algebraically special in the Petrov classification. Chandrasekhar [20] has established a
relation of spin coefficients p, u, 7, 7 in the case of an affinely parameterized geodesic
vector, generating an integral which is constant along the geodesic in a vacuum Petrov
type D space-time

Rrlospsitim
This relation is being derived on the basis of the vacuum Petrov type D space-time
with ¢o # 0, o = ¥y = ¢35 = P4 = 0 and ¢o1 = o2 = d10 = P20 = P12 = P21 =
boo = @22 = ¢11 = A = 0. However, it has been shown in [22] that the non-vacuum
Petrov type D spacetimes i.e. Kerr-Newman solution possessing electromagnetic field

2 Dl » T

(7.1)

Sk

and Kantowski-Sachs metric with dust energy-momentum tensor, satisfy the Chan-
drasekhar’s relation (7.1). We would also like to show that the very general metric
(2.8) with three variables, which is of algebraically special in Petrov classification hav-
ing non-zero 19, 13, ¥4 and stress-energy tensor (4.1), still satisfies the relation (7.1)
as follows o
i

= 4=
This relation (7.2) shows that all rotating solutions, stationary and non-stationary,
discussed here satisfy the relation (7.1). Thus, it seems reasonable to refer to the
relation (7.1) as Chandrasekhar’s identity as mentioned by Fermandes and Lun [44].
This certainly indicates that the NP spin coefficients (3.3) could be used to extend
the known vacuum results like the relation (7.1) to the non-vacuum ones. Further,
we also easily observe from the energy-momentum tensor (4.1) that the metric (2.8)
with three variables does not include the perfect fluid. From the above discussion, it
certainly indicates that the Newman-Janis algorithm is a powerful tool to generate
rotating solutions from non-rotating ‘seed’ solutions, However such generated rotating
solutions from the application of Newman-Janis algorithm have some limitations that
these rotating solutions do not include spacetimes admitting rotating perfect fluid.
To have a spacetime admitting a rotating perfect fluid one may look for another
algorithm rather than that of Newman and Janis.

From the above results presented in this paper, it suggests that rotating spacetime
geometry must also, in general have rotating matter fields, like the one represented
by the stress-energy tensor Ty, in (4.1) with rotation function w. It means that
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the matching of a rotating non-stationary space-time geometry with the usual non-
rotating perfect fluid may not have a reasonably good sense. So one might need to look
for a rotating perfect fluid to match with a rotating non-stationary spacetime geom-
etry. Some of the rotating solutions discussed above include rotating non-stationary
solutions, like Kerr-Newman-Vaidya black hole, Kerr-Newman-Vaidya-de Sitter black
hole, Vaidya-Bonnor-de Sitter black hole. To study the nature of these rotating black
holes would certainly be a new area of interest in classical General Relativity, since
all known black hole theorems, like ‘no hair theorem’, Penrose’s theorems are based
on stationary black holes, rotating or non-rotating.

It is found that the Wang-Wu functions (6.8) in rotating spacetime geometry is also
powerful to generate rotating solutions as shown above. By choosing a suitable Wang-
Wu function ¢(u), we obtain a rotating de Sitter space-time model. We could also
recover the widely used (i) Schwarzschild-de Sitter solution, (ii) Reissner-Nordstrom-
de Sitter black hole solution, (iii) Kerr-de Sitter solution, (iv) Kerr-Newman-de Sitter
solution for early inflation scenarios from the rotating Vaidya-Bonnor-de Sitter solu-
tion (6.62). These embedded de Sitter space-times could generate by using Wang-Wu
functions in rotating solutions given in (6.9). This shows that Wang-Wu functions in
rotating space-time geometry could be applied to generate Kerr-de Sitter and Kerr-
Newman-de Sitter solutions in a simple way — not directly applying Newman-Janis
algorithm to Schwarzschild-de Sitter as well as Reissner-Nordstrom-de Sitter ‘seed’
solutions to derive Kerr-de Sitter as well as Kerr-Newman-de Sitter solutions respec-
tively. Thus, our rotating solutions (6.9) with Wang-Wu functions could avoid the
difficulties suggested by Xu [9] that Newman-Janis algorithm cannot be used to derive
rotating Kerr-Newman-de Sitter solution from non-rotating Reissner-Nordstrom-de
Sitter ‘seed’ metric. The definitions of embedded spaces used here are in agreement
with the one defined by Cai et al. [45]. It is worth mentioning that our rotating
embedded solutions into the rotating de Sitter universe, namely Kerr-Newman-de
Sitter solutions (6.41) is found different from the ones discussed in [8,9,38]. Hence
one could conclude that, to the best of the author’s knowledge, the rotating embed-
ded solutions (6.41), (6.51), (6.62) and other reducible solutions from (6.62), and also
(6.21), (6.30) have not been seen derived before. Other non-rotating embedded solu-
tions of Einstein’s equations might be found in Kramer, et al. [46] ( and references
there in), Hodgkinson [47]. One may also have rotating solutions describing rotat-
ing black holes embedded into the rotating monopole solutions (6.11) if one chooses
the Wang-Wu functions according to his choice, for examble, rotating Kerr-Newman-
monopole, rotating Vaidya-Bonnor-monopole etc. However, one has to remember the
suggestions made by Lee, et al [48] and Visser [32] that ‘matters of such embedded
spacetimes may become more complicated if horizons are present.” The situation of
this statement could be seen in equations (6.22), (6.43), (6.44), (6.63), (6.67) above of
different matter fields located at the same radial coordinate of the embedded space-
time geometries. This certainly suggests that one has either to confine oneself within
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the standard spacetimes with well-defined horizons or to forget the arbitrary horizons
while looking for new investigations with such embedded classical solutions presented
here. Therefore, it is emphasized here that, if we do not investigate these rotating
embedded de Sitter solutions, we might have not come accross the natural existence of
Guth’s modification of energy-momentum tensors (6.44), (6.67) and their extensions
in rotating cases (6.43), (6.52), (6.63).

It is also believed that these rotating solutions (5.9) and (5.13) discussed above
could be able to avoid the undesirable comments on (i) the interpretation of vari-
able mass Kerr solution [4] made by Herrera and Martinez [5], Herrera et.at [6], (ii)
Mallett,s result [8] on de Sitter space mentioned by Xu [9] and (iii) the assumptions
of Jing and Wang [10] on the mass M (u) and the charge e(u) after the application
of Newman-Janis algorithm to the non-rotating Vaidya-Bonnor ‘seed’ solution with
mass M (u) and charge e(u) as mentioned in the introduction. The rotating solu-
tions (5.13) would strongly complement the spirit of the effort to generate rotating
non-stationary metrics discussed in [4,10,27].

Looking to these overall rotating solutions derived above one could conclude that

1. all stationary rotating spherically symmetric solutions including (a) Kerr-Newman,
(b) rotating monopole, (c) rotating de Sitter, (d) Kerr-Newman de Sitter solu-
tions which are derivable from the application of Newman-Janis algorithm, are
Petrov type D and each spacetime has the same repeated principal null vector
¢,, which is geodesic, shear free, expanding as well as rotating. This completes
the proof of theorem 5.

2. rotating Vaidya (5.9), rotating Vaidya-Bonnor (5.13), rotating Kerr-Newman-
Vaidya (6.21), rotating Kerr-Newman-Vaidya-Bonnor (6.26), rotating Vaidya-de
Sitter (6.62) when e(u) = 0 and rotating Vaidya-Bonnor-de Sitter (6.62) are all
non-stationary spherically symmetric solutions. Their Weyl curvature tensors
are algebraically special in the Petrov classification with null vector ¢, given in
(2.6). This leads the proof of the theorem 6 stated in the introduction.

The remarkable feature of the analysis of rotating solutions in this paper is that all the
rotating solutions, stationary Petrov type D and non-stationary algebraically special,
presented here possess the same null vector £,, which is geodesic, shear free, expand-
ing as well as non-zero rotation. From the analysis of these rotating solutions one
could observe that some solutions after making rotating spacetimes have disturbed
their gravitational structure. For example, the rotating monopole solution possesses a
different energy-momentum tensor by introducing the monopole pressure p in which
the monopole constant couples with the rotating parameter a . Similarly, the rotat-
ing de Sitter solution becomes Petrov type D spacetime metric, where the rotating
parameter a is coupled with the de Sitter cosmological constant and so on. We have
shown that all the rotating embedded solutions presented here could be written in
Kerr-Schild forms, indicating the extension of those of Xanthopoulos [31] and of Glass
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and Krisch [23] as mentioned before. Also our new rotating embedded solutions could
not be considered as bimetric theories because g&NY # 1(g5Y + g3,) as an example.

As a part of the further discussion of physical properties of rotating solutions
appeared in section 5 and 6 above, the paper II [36] deals with the variable-charged,
non-rotating Reissner-Nordstrom-de Sitter and rotating Kerr-Newman-de Sitter black
holes to study the Hawking’s radiation effect in relativistic viewpoint. One might
regard the results of paper II as an extension in embedded de Sitter spaces of the
earlier results discussed in [1]. These two papers [1,36] are based on stationary black
holes. In another paper, we might discuss the extension of earlier works of relativistic
aspect of Hawking radiation in non-stationary variable-charged black holes, rotating
and non-rotating. Therefore, it may conclude that all these rotating non-stationary
solutions presented here might serve the need for the extension of stationary solutions
of Einstein’s field equations to non-stationary ones for future investigation.
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